SOVIET PHYSICS 
JETP 


A translation of the Journal of Experimental and Theoretical Physics of the USSR. 


SOVIET PHYSICS—JETP 


VoL. 4, No. 5, PP 623-775 


JUNE, 1957 


Cscillographic Determination of Energy of 
Electric Explosion of Wires 


I. F. KVARTSKHAVA, V. V. BONDARENKO, A. A. PLIUTTO AND A. A. CHERNOV 
(Submitted to JETP editor April 16, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 745-751 (November, 1956 ) 


A procedure is described for oscillographic determination of the energy of the electric 
explosion of wires; this procedure is free of the errors due to the inductive distortion 
of the explosion oscillograms. It is shown that in high-voltage electric explosions the 
wire resistance is not a single-valued function of the amount of energy supplied. 


1, INTRODUCTION 
RTICLES devoted to various aspects of the 


investigation of electric explosion of wires 

~ have been appearing recently with increasing 
frequency’"!°, The interest in this phenomenon 
is due principally to the fact that it permits in- 
vestigation of the properties of a substance to 
which a large quantity of energy is supplied 

(behavior of substances at high temperatures, 
transitions between different aggregate states, 
emission properties, electric resistance, etc.). It 
is evident that as accurate a determination as pos- 
sible of the energy supplied is essential in these 
investigations. The energy is usually calculated 
from the current and voltage oscillograms. In view 
of the short duration of the explosion process, 
energy losses due to thermal radiation, thermal 
conduction, convection, etc., are neglected. 

Given below are experimental results on the 

oscillographyof electric explosion of wires, per- 
formed over a relatively wide range of voltages 
across the capacitor of the explosion circuit. A 
‘‘current-measuring resistor,’’ described in Ref. 6, 
was used to obtain current oscillograms free of 
any inductive distortion whatever. The energy 


supplied to the wire is calculated only from cur- 
rent oscillograms and from known values of the 
initial capacitor voltage and capacitance, and 
from the inductance of the explosion circuit. The 
data obtained point to several conclusions con- 
cerning the variation of the wire resistance with 
the energy supplied and with the relative energy 
balance during the electric explosion. 


2. MEASUREMENT PROCEDURE 
AND 
EXPERIMENTAL RESULTS 


The electric explosion was produced by dis- 
charging a high-voltage capacitor through the 
wire. A diagram of the explosion circuit and a 
description of the oscillography procedure and of 
the construction of the ‘‘current-measuring resis- 
tor’ are given in Ref. 6. 

This investigation concerns primarily copper 
wires, for it is in this case that the principal 
featuresof electric explosions become most pro- 
nounced. The wires were 60 mm long and 0.05, 0.1 
and 0.15 mm in diameter. Approximately these di- 
mensions are the most frequently encountered in 
investigations of this type. Experiments were 
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made with a 2.5 microfarad bank of capacitors at 
initial voltages U, ranging from 5 to 40 kv and at 
two values of the total inductance of the explosion 


circuit, 0.4 and 4.2 microhenries. Two correspond- 
ing groups of oscillograms are given in Figs. 1 and 
2. These oscillograms show that as Uy increases, 
or as L decreases, the first current pulse that 
causes the electric explosion of the wire becomes 
shorter and taller. At relatively low values of U, , 
the first current pulse in the explosion circuit is 
followed by a discharge ‘‘pause,’’ which frequently 
ends in a more powerful current pulse. There is no 
discharge pause at high values of U, and the cur- 
rent again starts increasing after reaching a cer- 
tain nonzero minimum. Analogous oscillograms are 
obtained for other size wires. 
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Fic. 1. Current oscillograms, obtained in an explosion 


of copper wires 60 mm long and 0.15 mm in diameter. 
Explosion-circuit inductance L = 0.4 x 10°© henry. QOs- 
cillograms ], 2, 3, 4 correspond to capacitor voltage of 


35, 25, 15 and 10 kv. T—time, /—current. 
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Fic. 2. Current oscillograms for the same wires as in 
Fig. 1 at L = 4,2 x 10° henry. Oscillograms J, 2, 3; 4 
correspond to values of Uo = 40, 30, 20 and 10 kv. 
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Figure 3 shows two current oscillograms that 
illustrate the role of the inductive distortion of the 
oscillograms in the calculation of the explosion 
energy. Curve ] was obtained with the “‘current- 
measuring resistor’’ connected as usual in the 
oscillograph circuit, while curve 2 was obtained 


with this resistor connected noninductively*. Curve 
3 represents the difference of these two curves and 
evidently shows the approximate behavior of the 
inductive voltage drop across the “‘current-measur- 
ing resistor,’’ while curve 2 shows the purely re- 


sistive drop, proportional tothe explosion circuit. 
As could be expected, curve J of these oscillo- 
grams intersects curve 2 at the maximum of the 
latter where d//dt = 0. It follows from the curves 
that the inductive voltage drop is comparable with 


the resistive drop, even exceeding it considerably 
in the initial portion, and it is therefore evident 


that the use of the upper oscillogram for energy 
calculation results in energy values that are much 
too high. 
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Fic. 3. Oscillograms illustrating the role of inductive 
distortion, 


We start the wire energy calculation with the 
current oscillogram. Knowing the explosion- 
circuit parameters and the initial capacitor voltage, 
we can calculate the energy E, delivered to the 
wire within the time ¢ elapsed since the start of 
the discharge. During this time, the capacitor 
supplies an amount of energy 


E(t) = (C/2) [U3 — (Up — AU)? (1) 


= U.AQ — AG*/2€, 


* The inductance for curve | is somewhat different 
from that for curve 2, 
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where U) is the initial capacitor voltage, AU is 
the decrease in this voltage during the time ¢, and 


AQ=CAU is the discharge from the capacitor 
during the same time. AQ can be calculated from 


the current oscillogram using the following equation: 


t 


AQ =\1 (t) dt, 


0 
where /(t) is the value of the current at the in- 
stant ¢t, also determined from the current oscillo- 
gram. Knowing U,, C and AQ we obtain E(t) 

from Eq. (1). However, not all of E(t) is liber- 
ated in the wire. Neglecting, in view of the short 
duration of the process, the energy lost through 
thermal radiation, electromagnetic radiation of the 
explosion circuit, etc., we can assume that part 

of the energy £ (t) in the wire is in the form of 
Joule heat E and the remaining part is in the 

form of the energy of the magnetic field produced by 
the current*. The latter can be calculated fromthe 


well-known equation 


Ea = Lye (t)/2, 


where L is determined from the expression for the 
period of the damped oscillations of the explosion 
circuit. Knowing E(t) and |e we can calculate 
E, as the difference 


Bev=E (tt) — En- (2) 


The oscillograms obtained make it possible to 
determine the values of the current with an accur- 
acy to 2-3%. The measurement accuracy of ee L 
and C are of the same order, and L, can therefore 
be determined with an accuracy to not less than 


4-6%. Figure 4 shows curves of the energy de- 
livered to the wire by the time the current reaches 
its first maximum iets to the capacitor voltage 
U5 

Dashes A, and A, parallel to the abscissa show 
the values of energy, obtained from tabular data, 
required to melt wires 0.1 and 0.15 mm in diameter 
by heating from room temperature. Markers P| and 


* The resistance of the remaining portion of the ex- 
plosion circuit is assumed negligible compared with 
that of the wire. Evidently the estimate of the energy 
supplied to the wire is somewhat exaggerated here. An 
estimate based on the attenuation decrement of the 
circuit shows that this exaggeration does not exceed 
10-15%, and therefore does not affect the deductions 
substantially. 


625 


& (ws) 


Fc. 4. Curves showing the dependence of E, on the 
capacitor voltage. Wire diameter is 0.10 mm in curves 
1 and 2 and 0.15 in curves 3 and 4; L is 0.4 x 107° 


henry for curves 1 and 4 and 4.2 x 10° henry for curves 
2 and 3. 


P., give the energy required for total evaporation 
Of tiese wires under the same conditions. We re- 
strict ourselves only to the calculation of EL, for 


the first current maximum, for by the instant the 
maximum occurs all the remaining capacitor voltage 
is across the ohmic resistance of the wire 

making it possible to calculate the value of this 
resistance with sufficient accuracy without needing 
to allow for the inductive voltage drop in the ex- 
plosion circuit. Itmust be noted that our oscillo- 
grams show that the rate at which the current in- 
creases, d//dt, remains constant at relatively large 
values of U,(> 10 kv) from the start of the dis- 
charge almost up to the occurrence of the first maxi- 
mum. It follows from this that in this region the 
ohmic resistance of the wire is much sinaller than 
the surge resistance of the tuned circuit, and its 
value cannot readily be computed with any accur- 


acy. It is only nearthe current maximum that the 
wire resistance begins to increase rapidly, con- 


tinuing to increase also beyond the current maxi- 
mum (see also the curves of Fig. 3 in Ref. 6, ob- 
tained for copper wires at relatively low voltages). 
it follows that near the current maximum the rate at 


which the energy is liberated begins to increase 
very rapidly leading eventually to a rapid increase 
in the wire resistance and to formation of a dis- 


charge pause. 
The curves of Fig. 4 show that E, does not in- 


crease monotonically with U), as expected, but be- 
gins to diminish upon reaching a certain maximum 
that either exceeds or approximates the energy of 


total evaporation of the wire. If the explosion cir- 
cuit inductance is high, these curves exhibit a 


wide plateau, where E, does not vary with E ) 
(curves 2 and3). At low values of Us (less than 
5 kv) E, approaches the energy needed to melt the 
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corresponding wire, in agreement with our data® 
and in contradiction with the data of Refs. 3-5. One 
can therefore conclude from examination of the 
curves in Fig. 4 that the start of the processes 
leading to the discharge pause doesnot depend on 
the energy delivered to the wire alone, but also 

on the value and duration of the current. 

The curves of Fig. 5 show the dependence of the 
wire resistance for the maximum of the first current 
pulse, R == CU; — AU)/T,, on the initial capaci- 
tor voltage U,. Curves 1, 2, 3 and 4 correspond 
to curves 1, 2, 3 and 4 of Fig. 4. They show that 
R_ increases with U, for identical wires. For the 
same value of U, and for the same wire, KR in- 
creases with the inductance L. This apparently is 
due to theincreasedduration ofthe current at large 
values of L. It follows from comparison of the 
curves of Figs. 4 and 5 that the value of RK is 
not determined uniquely by the amount of energy as 
supplied, but is also a function of i and 7 , where 
T, is the time interval from the start of the dis- 
charge to the occurrence of the first current maxi- 
mum; this interval characterizes the time of action 
of the current. [tis evident from examination of the 
current oscillogram that the wire resistance be- 
haves analogously near the maximum of the first 
current pulse and to the right of it up to the follow- 
ing current minimum, where if thereis no discharge 
pause, the resistance assumes a maximum value 
and then drops sharply to a very small value owing 
to the wire ‘‘breakdown;’’ if a discharge pause 
occurs, the resistance continues to increase and 
tends to infinity. 


£ (9) _ 
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FIG. 5. Dependence of wire resistance R_ at the in- 


stant of the maximum of the first current pulse on the 
capacitor voltage. 
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Markers A,, A,, B, and B, on Fig. 5 corre- 
spond to the tabular values of copper wire resis- 
tance: A, and A, give the resistances of 0.15 and 
0.1 mm diameter wires just below their melting 
point, and B, and B, give the resistances of the 
same wire towardsthe end of theirmelting. Com- 
paring these resistances with the values RX, ob- 
tained from the curves of Fig. 5, wesee that at low 
values of U, (approximately 5kv) R_ assumes 

™m 
values that are comparable with the above data. 
At higher values of U), the value of KR, exceeds 
considerably the resistance corresponding to the 
fully melted wire. 

Figure 6 gives curves of 7, vs.U,. Curves I, 2, 
3 and 4 correspond to curves 1, 2, 3 and 4 of Fig. 
4. They show that as U increases, the value of 
7, diminishes at all times for all wire diameters 
and for all values ofthe inductance L. At high 
values of U,, the rate at which T,, decreases is 
constant, while the rate at which /_ increases 
tends to zero (see oscillograms and also curves of 


Fig. 7). 
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Fic. 6. Curves showing T,, VS. capacitor voltage. 
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Fics 7. Dependence of the force compressing the wire 
on the initial capacitor voltage. Curves 1, 2 and 3 cor- 


respond to wire diameters of 0.05, 0.10 and 0.15 mm. 
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3. EVALUATION OF RESULTS 


It is possible to conclude from the data given 
that at high capacitor voltages the resistance of a 
wire in electric explosion is not uniquely de- 
termined by the energy supplied to it. It follows 
from a comparison of the curves of Figs. 4 and5 
that under certain experimental conditions (low 
inductance in the explosion circuit) the wire ab- 
sorbs more energy and has less resistance, while 
under other conditions ( greater inductance in ex- 
plosion circuit) it absorbs less energy and has a 
higher resistance. The resistances may differ by 
a factor of several times for the same value of 
voltage and for identical wires. It appears to us, 
in agreement with Ref. 11, that such large resis- 
tance variations cannot be explained with the aid 
of any electronic mechanism whatever. It is most 
sensible, apparently, to admit the existence of 
energy leakage from the wire during the explosion 
process itself, this leakage depending on the dis- 
charge conditions. The apparent “‘excess energy”’ 
could then be attributed to this leakage. Careful 
examination of the electric-explosion process 
makes it possible to ascertain whether such energy 
leakage exists. 

In fact, according to the explanation of the elec- 
tric explosion given in Ref. 10, the characteristic 
feature of the explosion is its irregularity, or more 
accurately, its periodicity in space. Shadow photo- 
graphs given in that reference show that at a certain 
stage of development the wire explosion breaks up 


. . . 99 
into a large number of separate ‘‘micro-explosions, 


which are distributed approximately periodically 
along the wire and which occur simultaneously over 
the entire length of the wire. Upon further develop- 
ment, the micro-explosions merge into one overall 
explosion. The total power of the micro-explosions 
is considerably greater than the average wire-ex- 
plosion power in view of their short duration and in 
view of the fact that they liberate a large amount of 
energy, and therefore, as the same photographs 
show, the products of the micro-explosions, having 
a higher velocity, penetrate deeper into the sur- 
rounding medium (air) than the main mass of ex- 
plosion products that follows them. It is evident 
that the dispersion of the micro-explosion products 
is associated with consumption of a certain por- 
tion of the capacitor energy, which indeed de- . 
termines, in our opinion, the “‘excess energy” in 
the wire. 

It is possible to estimate approximately the 
‘excess energy’’ from the spatial periodicity of 
the explosion process and from experiments made 
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with wire explosions in vacuum. Shadow photo- 
graphs?° illustrating the periodicity and the radial 
stratification of the explosion show that the mass 
expelled by the micro-explosions does not exceed 
approximately one-tenth of the total mass of the 
wire. The mass of a wire 0.15 mm in diameter and 
16 mm long is approximately 10-2 gm. Conse- 


quently, the ‘“‘excess energy’’ should be carried 


away by a mass approximately 10°° gm. It isim- 
possible to determine the “‘excess energy”’ from 
the curves of Figs. 4 and 5, for the increased re- 
sistance of the wire may be due either to the heat- 
ing and partial evaporation*, or to the dispersion 
of the still-unevaporated portions of the wire under 
the influence of the shock waves that propagate 
from the centers of the micro-explosions!°. One 
can estimate, however, the upper limit of the 
‘excess energy”’ in the case, for example, of 
curve 4 of Fig. 4, to be approximately several tens 
of Joules. Let us assume that this limit for the 
maximum of the curve is 100 J or 10° erg. Then, 
if all this energy is converted into the kinetic 
energy of the expelled mass, the approximate 
velocity of this mass should be 10° cm/sec. Ex- 
periments made in a vacuum chamber with a bal- 
listic pendulum have shown that with 40 kv across 
the capacitor the average escape velocity of the 
explosion products from the wire reaches 2x 10° 
cm/sec, and when the voltage is decreased to 20 
kv the escape velocity decreases to 10° cm/sec. 
Taking into account the statements made earlier 
about the micro-explosion power, one must assume 
that the escape velocity of the micro-explosion 
products should be considerably greater than the 


escape velocity of all the explosion products. In 
addition, we know that when a wire explodes in 


vacuum it is shunted by the arc discharge that is 
produced in the metal vapor, and this should evi- 
dently result in a lower micro-explosion energy in 
vacuum Compared with micro-explosions in air, 
where no shunting or wire ‘*breakdown”’ is observed 
up to the first current maximum. Under the condi- 
tions in which a wire explodes in air an escape 


* We have in mind here not the evaporation of the 
wire at the sites of the micro-explosions, but the 
evaporation of the remaining parts, for the micro- 
explosion sections are strongly heated and enveloped 
by low-resistance arcs, thus not affecting noticeably 
the overall resistance of the wire. 
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velocity of approximately 10° cm/sec for the micro- 
explosion products appears quite reasonable, and 
the energy carried away in this case is quanti- 
tatively quite adequate to account for the 
‘¢anomalous”’ behavior of the resistance described 
above. No difficult-to-explain anomalies are thus 
encountered with respect to the relationship be- 
tweenthe wire resistance and the amount of energy 
supplied even if the current density is approxi- 
mately 108 a/cm?2 (the maximum current density 


for a wire 0.15 mm diameter at U, = 40 kv is 1.6 

x 10° a/sq.-cm). It would be interesting to de- 
termine quantitatively, from the curves of Figs. 4 
and 5, the behavior of the ‘‘excess energy’’ as a 
function of Os but we are not in a position to do 
so, owing to the complexity of the processes lead- 
ing to the increase in the wire resistance near the 
current maximum. Not knowing the amount of 
energy remaining in the wire, we can nevertheless 
assume that R_ will be proportional to the amount 
of this energy. It is then clear from the curves of 
Figs. 4 and 5 that the behavior of the ‘‘excess 
energy’’ as a function of the behavior of E, should 
be qualitatively characterized by the presence of a 
maximum. In order to understand such a behavior 
of the ‘‘excess energy’’, let us turn to Figs. 6 and 


7. Figure 7 shows curves for the voltage vs. the 
force that compresses the wire ina radial direc- 
tion and that is caused by the magnetic field. This 
force can be expressed by the well-known equa- 


tion}? 


— 


where f is the force acting on unit volume of wire 
carrying current on its periphery, a is the circum- 
ference of the wire section, and j is the cwrent 
density; f is given in dynes if o is given in centi- 
meters and j in electromagnetic current units. It 
is evident from these curves that f varies over a 
wide range and becomes large enough to compress 
the liquid portions of the wire for a very short time. 
This compression indeed causes micro-explosions 
in accordance with the mechanism suggested in 
Ref. 10 for the electric explosion. Assuming that 
f is either constant or increases slowly at high 
capacitor voltages, one can conclude that the 
micro-explosion energy will be determined by the 
time of action of this force. Quantitatively, this 
energy is roughly the square of the momentum 
Che. )*, Calculations of this product, based on 
the data of Figs. 6 and 7, show that the behavior 
OL. Cia )? as a function of the voltage across the 
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capacitor is analogous to the behavior of the 
‘“excess energy’’ described above. This con- 
firms the assumption made above that energy leak- 
age causes the ‘‘anomalous”’ behavior of the re- 
sistance during the electric explosion of the wire. 

An assumption was stated in Ref. 10 that the 
action of the magnetic field on the wire imposes an 
upper limit on the current density attainable in an 
electric explosion. The oscillograms obtained 
show that for small-diameter wires (0.1 mm and be- 
low) such a limit indeed exists and equals approxi- 
mately 108 a/cm? (see Fig. 7). It follows from 
the same oscillograms that increasing the wire 
diameter and using a voltage source of sufficient 
energy increases the attainable current densities, 
although slowly. One must evidently seek in this 
direction a possible path for obtaining higher 
current densities. 


4. CONCLUSIONS 


1. The experiments described above have 
established that at relatively low capacitor vol- 
tages the electric explosion produces during the 
time interval from the start of the discharge to the 
first current maximum no anomalies in the relation- 
ship between the energy supplied and the wire re- 
sistance, at least for copper wire. 

2. At high capacitor voltages, to the contrary, 
the resistance of the wire exhibits an absence of 
a unique relationship between the energy liberated, 
even within these limits; this is attributed to 
energy leakage from the wire during the explosion 
process. 

3. The compressing action of the magnetic field 
of the current in the electric explosion limits at- 
tainable values of current density, particularly in 
the case of thin wires. As the wire diameter in- 


creases, the attainable current densities also in- 
crease. 
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1 
Using a previously described method, we measured the ionization spectra produced 
by the soft and hard components of cosmic rays of various ranges at 3250 m above sea 
level. The proton momentum spectrum was obtained in the interval 0.36—1.0 bev/c. 


if an earlier paper,! we described in detail a 
method for measuring the ionization spectrum 

of cosmic rays. The basic idea of the method is 

to select the minimum ionization produced by a 

particle as it passes through several scintillation 

crystals; experiments at sea level showed that 

quantitative information about the proton component 

of cosmic rays with ranges 2 to 15 cm of lead could 

be obtained. 

It was interesting to apply this method to the 
ionization spectra of cosmic rays at mountain 
altitudes, especially as the resolving power of our 
system was considerably better than that available 
to previous authors.”’? With this in mind, the 
apparatus was transported to the Alagez high alti- 
tude (3250 m. above sea level) station of the Acad- 
emy of Sciences of the Armenian SSR. 

Two series of measurements were made. In the 
first series, lasting 407 hours, we measured the 
ionization spectrum of particles having ranges 
2—3, 3-5, 5—9 and 9-15 cm of lead. In the second 
series, which lasted 270 hours, the lead filters 
were replaced by carbon ones equivalent to 
1-1.5, 1.5—2, and 2~3 em of lead. During both 
series, the ionization spectrum of particles with 
ranges in excess of 15 cm of lead was also mea- 
sured. 

The amount of material above the apparatus was 
kept to a minimum and consisted of a single layer 
of iron roofing plus 0.5 cm plywood. During both 
series of measurements (i.e., for ranges 2 to 15 
cm of lead) we counted the number of times two or 


more particles went through the system together 
(multiple traversals). In analyzing the data, these 
multiple traversals were discarded, so that our 
results forthe soft component refer to single par- 
ticles only. Multiple traversals in the hard com- 
ponent were not registered. 

Figure 1 shows the ionization spectrum obtained 
for the hard component (particles with ranges of 
more than 15cm of lead); from it we can obtain the 
resolving power of our system. [onization in arbi- 
trary units is plotted along the abscissa, and the 
relative intensity in some ionization interval 
along the ordinate. Our method?! is such that the 
ionization spectrum shown in Fig. 1, together 
with all the other spectra presented in this paper, 
is the product of the differential distribution of 
ionization and the fourth power of the integral dis- 
tribution. The curve in the figure is almost sym- 
metric and has one sharp maximum. The relative 
width at half maximum is 18%. 

Seven ionization spectra for particles of various 
ranges in the soft component were taken. As an 
example of these, Fig. 2 gives the spectrum corre- 
sponding to 1—1.5 cm of lead. The insert shows the 
right-hand side of the spectrum on an enlarged scale. 
In this graph ionization is measured in units of 
the minimal ionization, which is taken to be the 
ionization at the maximum in the spectrum corre- 
sponding to the hard component. The arrows show 
the most probable ionization A, for p-mesons, pro- 


tons and mesons of masses 550 and 965 electron 
masses. The other 6 ionization spectra for the 
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Ftc. 1. Ionization spectrum for the hard component 
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Fic. 2. Ionization spectrum for particles with 
ranges 1—-1.5 cm Pb. 


soft component are similar to the one in Fig. 2. 
Two well separated groups of particles are visible. 
The right-hand group consists of protons, the left- 
hand one of p-mesons and electrons. The total 
spectrum for ionization by the soft component can 
be obtained by adding all the data for a given 
group. For example, Fig. 3 shows the sum of the 
five spectra corresponding to ranges 0.7—1, 1—1.5, 
1.5—2, 2—3 and 3—5 cm of lead. We see that in 
the total spectrum the large range interval (0.7 to 
5 cm of lead) has smeared out the distinction be- 
tween protons and p-mesons and electrons, so that 
we have a smooth ionization curve. 
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? Fic. 3. The total ionization spectrum for particles 
in the soft component (ranges 0.7 to 5 cm Pb.) 


Can our method detect particles with masses in- 
termediate between those of the proton and [- 
meson? From Fig. 2 we see that the left-hand edge 
of the proton spectrum overlaps the calculated 
most probable ionization due to K-mesons, so that 
it is hardly likely that our spectra can separate 
these particles from protons. 

Indeed, since there was little matter above our 
apparatus, one would not expect many K-mesons to 
appear in our spectra. There are, however, a consi- 
derable number of particles in the interval corre- 
sponding to the most probable ionization by mesons 
of mass 550 m.4 . The resolution, as obtained 
from Fig. 1, and the number of /4-mesons with 
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ranges 1—1.5 cm of lead are not large enough to 
account for these particles as the right-hand 
side of the p-meson ionization spectrum. Calcula- 
tions show that almost all the particles with ioni- 
zation 2.4 to 3.2 A.,;, can be accounted for as 
non-ionizing protons stopping in the layer corre- 
sponding to ranges 1—1.5 cm of lead, and hence 
nothing definite can be said about the presence in 
this spectrum of mesons with mass of about 500 m,. 
Our spectra lead to certain conclusions about 
the proton component of cosmic rays 3250 m above 


sea level and with ranges 0.7 to 15 cm of lead. The 
ee oe eae 
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results are shown in the following Table, which 
also gives the number of multiple traversals of 
particles through our system. 


The proton momentum spectrum shown in Fig. 
4 was drawn from the results in the Table. 
The absolute value of the vertical proton current 
was obtained from the vertical current of p-mesons 
with range more than 15 cm Pb. The latter current 
was taken to be 1.56 cm™* sec”! sterad“! , in agree- 
ment with Rossi.® The spectrum is corrected for 
non-ionizing protons. 


ee 


Number of 


| 4 
Number of protons in % (corrected for 
those which stop without ionizing) 


Range protons, Cor-| _ Number of 
interval riled e. rected for Relative to the | Relatieotter tne multiple tra- 
em Pb da aas those which | total number of number of particles| Versals 
ges stop without| particles in a with range more 
ionizing BiveH canes than 15 ecm Pb 
interval 
0.7—1.0 508 59 3.50-L0.46 0.407-+-0.053 0) 
1. 0—1 5 83 85 3.38+0.37 0.610-+-0.066 O 
1.5—2.0 7o 79 5.09+-0.57 0.540-+-0.060 Z 
2—3 318 346 7,08-40.39 0, 863-0 .047 10 
3—o 338 365 15.15-+-0.80 4.3950 .072 14 
59 414 480 18, 69+1 ,87 1.870+0.187 20 
9—15 362 500 24,91+4.00 2.110-+0.338 42 
Oi» 6.18-+0.19 3.820+0,114 
0.7—15 9.71+0.77 7.81040. 610 
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Fic. 4. Momentum spectrum of protons 3250 m above 
sea level ; x—Ref. 7, A—Ref. 6, @—our data. 


In the momentum range 0.36—0.6 bev/c our spec- 
trum agrees well with that obtained by Kocharian®, 
who used a magnetic spectrometer. For momenta 


ereater than 0.6 bev/c our curve lies above 


Kocharian’s data, but agrees well with the data of 
Miller et al.,” which were obtained by a Wilson 
cloud chamber in a magnetic field. For momenta 
larger than 1 bev/c, where we have no data, we 
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show several points obtained by other workers.°*? 


In conclusion we should like to express our 
deep gratitude to A. I. Alikhanian, who made the 
present research possible at Alagez, and to A. D. 
Maiorov for his help in carrying out the experiments, 
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a 


The properties of g-stars produced by 7 -mesons stopping in an emulsion chamber were 
investigated. Data obtained from the analysis of 938 o-stars were used to determine the 
distribution of the number of prongs as well as the energy distribution of secondary parti- 
cles. The obtained energy spectrum is compared to the data on o-stars produced by 


K”-mesons. 


THE properties of o-stars, produced by 7 - 

*mesons stopping in emulsion, were investi- 
gated by Menon, Muirhead and Rochat!. In par- 
ticular, data were given on the energy distribution 
of the secondary particles formed in the interaction. 
This information is of considerableinterestfor the 
sake of elucidating of the capture process of 77. 
mesons by nuclei, and for comparison with o-stars 
produced by other unstable particles, for instance, 
the K--mesons. This is especially true for second- 
ary particles of energy higher than 30 mev. 

The experimental data, however, are grossly in- 
accurate in this energy region. This is due to the 
fact that the particles under consideration have a 
very long range, and therefore cannot come to a stop 
in relatively thin single emulsion layers used by 
the authors of Ref. 1. The energy could therefore 
have been determined only by ionization measure- 
ment or, in a few cases, by multiple scattering, 
procedures which are connected with large errors. 


In order to avoid this limitation, the o-stars were 
investigated in the present work by means of an 
emulsion chamber, consisting of a large number of 
stripped emulsion layers. An appreciable part of 
the secondary particles came to a stop within the 
chamber, which made it possible to determine their 
ener gy simply from the value of their ionization 
range. The emulsion chamber used consisted of 
126 type P emulsion layers, each 450 thick. The 
layers had the shape of a circle 10 cm in diameter. 
The chamber was exposed in the stratosphere for 
7 hours. 

For every disk, the central part only, 4 cm in 
diameter, was scanned at a low magnification. 
Since the range of the investigated secondary parti- 
cles is not larger than 3 cm, the particles of even 
highest energy could leave the chamber through its top 
or bottom surface only, which permitted a simple 
calculation of the geometrical corrections. In fact, 
these corrections were necessary only for the case 
these corrections were necessary only for 
the case of protons with energy greater 
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than 60 mev and even in this case were very small. 
The cases of light negative mesons coming to a 
stop were noted in scanning and the cases possess- 
ing at least one heavy charged secondary were 
selected. In this way, the cases of 7 - and p'- 
mesons were practically separated. Furthermore, 
the inherent length of each track was determined, 
the track being followed from one emulsion to an- 
other if necessary, up to the end point of the 
trajectory. 

The secondary particles were not positively 
identified, and therefore the energy of each was 
determined conditionally from its range under the 
assumption that the particle was a proton. In 
the energy region of interest, this assumption does 
not lead to serious errors, since in this region the 


secondary particles are, in fact, mainly protons. 
Those o-stars, from the center of which tracks 
of slow electrons emerged, were especially noted 
in scanning. Such electrons are connected with 
the mesic atom stage of the negative pion capture 
and are as a rule formed in 7 -meson capture by 


the heavy (Ag and Br) emulsion nuclei. Very 
slow electrons have such a small range that their 
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tracks appear as blobs consisting of several ad- 
joining grains. Such events were ascribed to slow 
electrons and the corresponding o-stars were as- 
sumed to represent the disintegration of the Ag and 
Br nuclei. 

A minor part of the o-stars with slow electrons 
and blobs can, in fact, be due to the random over- 


lapping of grains. Some 103 cases of the m-y-decay 
of positive pions were selected to estimate the 
real contribution of this background effect. In 

nine of them, slow electrons and blobs, which 
seemed to be connected with the points of stopping 
of pions, were observed. Corresponding correc- 
tions were introduced in all the succeeding data. 

2. The distribution of the prong number, ob- 
tained from the analysis of 983 o-stars, is given 
in Table I. The results are in good agreement 
with those of Ref. 1. 

Analogous distributions for stars with and with- 
out slow electrons and blobs are given in Tables 
II and III, respectively. The comparison shows 
that,during the capture of 7 -mesons by heavy 
nuclei, o-stars with a small numberof prongs are 
more frequently produced. This result is also in 
accord with the data of Ref. 1. 


TABLE I, Prong number distribution of o-stars. Mean number of prongs 2.06 + 0.03. 


I 
Number of prongs 4 | 2 | 3 | 4 | 5 | 6 Total 
Number of stars. . 395 262 213 95 16 2 983 
% ... .|40.4+2.0] 26.744 .6) 24.7+1.3) 9.741.0] 1.60.4] 0.2+0.2) 100 


TABLE II. o-Stars without slow electrons and blobs. Mean number of prongs 2.63 £0.05. 


Number of prongs 4 | 2 | 3 4 5 6 Total 
Number of stars. . 82 102 sles 76 16 2 415 
% . . . «(19.343.8] 24.644.0) 33.0+-4.5/18,343,7 3,841.8] 0.5-+-0.5} 100 


TABLE II]. o-Stars with slow electrons and blobs. Mean number of prongs 1.65 + 0.03. 


Number of prongs 4 | 2 3 | 4 5 | 6 Total 
Number of stars. . 313 160 76 19 0 0 | 568 
% . 2 « «(55 14+4.1) 28.243.7) 13.4+2.8) 3.3-4+1.9 0 0 100 
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We shall now pass on to the discussion of energy 
relations. Data on the number of secondary parti- 
cles of various energies, for stars with different 
number of prongs, are given in Tables [V and V. It 
should be noted that, since the energy of secondary 
particles was determined from the range under the 
assumption that all the particles were protons, the 
data in the low energy regionrepresent the range 
spectrum rather than the energyspectrum. Table 
IV pertains to 356 stars possessing slow electrons 


pee ee Be eS _ 
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and blobs, and Table V to 622 stars not having 
any. The number of the o-stars with secondary 
particles of energies greater than 30 mev amounts 
to 20.1 +1.3%*, which differs appreciably from 
the value 11.9 +1.4% given in Ref. 1. The differ- 
ence is probably due to the fact that, in the 
present work, the energy of the secondary parti- 
cles was determined from their range under the 
assumption that all of them were protons, while in 
Ref. 1 the particle energy was determined basically 
from the ionization. 


TABLE IV. Energy spectrum of secondary particles produced in heavy 


emulsion nuclei disintegrations. 


Number of prongs in star 


Energy 


region, 4 2 3 | 4 | 5 6 
mev Number of secondary particles 

O=—5 ol 425 141 49 — — 

o—10 84 90 45 10 — — 
10—15 45 DS) 14 7 — Bex 
15—20 Pail DD, 6 2 — a= 
20—25 20 13 6 Zi — — 
20—30 21 7 6 
30—39 141 14 i) 1 — = 
3040) Ae 8 2 2 — — 
40—45 fe, 4 il 4 = a. 
45— 50 8) 7 — — = Bee 
50—90 = e 
55—60 oO : 
60—65 2 {l — 4 —_ = 
65—70 2 4 oe — _ at 
70—795 4 — aa = ae ee 
75—80 — — — — —_ = 
80—85 4 — — = e- aes 
85—90 4 a = = _ ES 
90—95 — — = 


It is interesting to note that the proportion of 
stars with secondary particles with EF > 30 mev 
is almost the same for both heavy and light nu- 
clei. For the o-stars with slow electrons and 
blobs, their share amounts to 20.5 +1.8%, while 
for the other stars, it equals 19.5 +1.8%. An analo- 
gous statement can be made with respect to the 
energy distribution of secondary particlesin the 
energy region represented in the histograms 1, 2 
and 3. Figure 1 pertains to the case of the o- 
stars with slow electrons and blobs, Fig. 2 to the 
o-stars without them, and Fig. 3 to all o-stars. The 
histograms all have a similar shape. The mean 
energy values, calculated for particles with 
E > 30 mev are, correspondingly, almost identical. 

It is interesting to compare the obtained energy 
spectrum with the dataon the o-stars produced by 
K~-mesons. It is thought at present?’? that, 
during the nuclear capture of a stopping K~-meson, 


a fast pion and a hyperon are created. The latter 
remains mostly within the nucleus in a bound 

state and finally transforms into a A°-particle.The 
possibility that the A°-particle is created in the 
primary reaction is also not excluded. The rela- 
tively slow pion, producedin the decay of the A°- 
particle, is kept in the nucleus and creates a star 
similar to the o-stars produced by pions. If the 
fast pion produced in the first stage of the 
process transfers its energy to the nucleus, then 
the star will be of considerably higher energy than 
a pion produced g-star. In this way, o-stars pro- 
duced by K~-mesons will, on the average, possess 
secondary particles of higher energy, and also with 


* We recall that only o-stars with at least one 
charged secondary were considered, 
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TABLE V. Energy spectrum of secondary particles produced in light 


emulsion nuclei disintegrations, 


SS SS ee ee ee ee 
Number of prongs in star 


Number of particles 


é 


Energy 
region. 1 2 Sl Bliss 6 
BON) is Number of secondary particles 
Qe] § 16 98 Zoo 195 ot 7 
o—10 27 39 87 49 AD DP 
NOS) D 49 7A 21 6 4 
15-20 9) 12 16 14 4 = 
20) 4 6 9 i} 7 = 
20—30) 6 7 Hi 6 — 1 
30=—35 5 8 i) 10 2 — 
30—40 3 4 4 4 — f 
40—45 2 4 im 4 — — 
45—50 | 3 2 2 — — 
O55) 2. 3 2 — = seo 
55—60 — | — 4 4 
60—65 -- 2 2 a = ae 
65—70 _ 1 2 = = = 
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75—80 Sha ee ee 
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Fic. 1. E =(43.3 £0.9) mev. 


D 0 20.30 40 30 60 10 80 W 100 mev 


BiG. 2. = (44.55+1.2) mev. 


D 10 £0.30 40 80 60 10 60 90 100 mev 


Ie, Be E = ( 42.7 +0.6) mev. 
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a greater frequency, than will the 7 -meson pro- 
duced g-stars. This deduction is in good agree- 
ment with experimental data*~’, 

We shall now consider only those o-stars pro- 
duced by K~-mesons which do not contain 7- 
meson tracks. Among such stars, 65.4 + 10.0% 
possess secondary particles of energy £ > 30 
mev, which is considerably more than the corre- 
sponding value for the 7 -meson produced o- 
stars. The mean value of the energy, calculated 
for secondary particles with EF > 30 mev, equals 


= & 


Number of particles 
ese & Bf 
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79.2 +8.5 mev, i.e., is also much higher than for 
the secondary particles in the 7 -meson produced 
o-stars, 

The energy distribution of secondary particles 
in K—-meson produced o-stars is shown in Fig. 4. 
Comparison with Fig. 3 reveals a slower decrease 


of the histogram with increasing EF and the pres- 
ence of secondary particles of considerably higher 
energy than isthe case for the 7 -meson produced 


o-stars. 


£ 
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Fic. 4. E =(79.2 +8.5) mev. 


The authors wish to express their thanks to A.T. 
Barfolomeev and J. M. Gramenitskii for their par- 
ticipation in the discussion. 
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Results of an investigation of electric explosion of wires in vacuum are described. It 


is shown that regardles 


s of the initial shape of the wire the explosion products propagate 
as in an ordinary explosion, in a direction normal to the surface ofthe wire. 
across the capacitor of the explosion circuit is telatively 


If the voltage 
low, the vapor streams, as in 


the case of an explosion in air, from layers that range themselves perpendicular to the 


wire. It has been established that at high capacitor volta 


ges the motion of the vapor 


Streams affects the distribution of the discharge current in the space around the wire. A 
qualitative explanation is given for the observed effects. 


SS 


1. INTRODUCTION 


i) Gee investigations '“> have been devoted to 
electric explosion of wires in air and in various 
condensed media, but explosion of wires in vacuum 
still receives little attention. It would be interest- 
ing to investigate this phenomenon because the ab- 
sence of the perturbing effects of the surrounding 
medium and the ready condensibility of the metal 
vapors could make it possible to obtain much addi- 
tional information concerning the mechanism of the 
wire explosion to investigate the streams of the ex- 
plosion products, to study the effect ofthe motion 
ofthese products onthe spatial distribution of the 
discharge about the wire, etc. 

We give below the results of experiments on the 
explosion of wires in a vacuum of approximately 
10-5 mm Ilg in a relatively large chamber. 

There is no need for a higher vacuum, for further 
reduction in pressure does not affect the observed 
phenomena. 


2. PROCEDURE AND EXPERIMENTAL RESULTS 


Reference 3 gives the electric diagram ofthe 
set-up used in the experiments described below. 
A cross section through the explosion chamber is 
shown in Fig. 1, where I is the body of the chamber, 
2 the high-voltage electrode, and 3 the wire under 
investigation; the linkage 4 serves to connect the 
chamber to the vacuum pump. The inside walls of 
the chamber were covered with a thick layer of 
lampblack to prevent reflection of light. Both 
flanges 5 are equipped with symmetrically-located 
windows of thick plane-parallel glass through which 
the explosion is photographed. The experiments 


were performed principally with copper wires. The 
explosion circuit comprised a 1.2-microhenry induct- 


ance and a four-microfarad capacitor. 

In the investigation of the explosion-product con- 
densation the wire was enclosed ina coaxial alumi- 
num screen. A time exposure of the explosion was 


made in the natural light of the discharge in a direc- 
tion perpendicular to the axis of the wire. The ex- 
plosion picture was scanned with a mirror through 

a slit placed transversely through the wire near 

its center. The corresponding photographs are 
shown in Figs. 2-10. 
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Fic. 1. Diagram of a vacuum chamber. 


Figures 2—9 show the photographs of the con- 
densates and ofthe time-exposures for copper 
wires in vacuum. Figure 2 shows a part of the 
aluminum screen coated with the explosion-product 
condensate from a straight copper wire. It is seen 
that the condensate forms stripes of constant height 
over the entire length ofthe screen. The stripes 
are perpendicular to the wire, and the height of the 
condensate is almost equal to the length of the 
wire. This indicates a radial distribution of the 
vapor streams from the wire. Figure 3 shows the 
developed screen with the condensate from an ex- 
ploded wire bent in an arc; the ends of this arc 
lie on the axis ofthe screen. As can be seen, the 
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height of the condensate goes in this case through 
two unequal maxima and two minima over the length 
ofthe screen. The two maxima are located where 
the plane of the bent wire intersects the screen, the 
greater maximum being on the convex side of the 
wire arc, andthe smaller on the concave one. The 
two minimaare closer to the smaller maximum and 
are symmetrical about it. It follows from simple 
geometric considerations that the geometric locus 
ofthe normal projections of the surface points of 
the wire onthe screen reproduces the form and 
dimensions ofthe condensate with sufficient ac- 
curacy. This leads to a general conclusion that 
the products ofthe electric explosion of the wire 
propagate in directions normal to each point of its 
surface, regardless of the initial shape of the wire. 
It should be noted that this propagation of ex- 
plosion products is similarto the usual explosion 
caused by strongly stretched charges. 

It is evident that under these experimental con- 
ditions only the leading front of the vapor stream 
moves in a high vacuum, and the remaining por- 
tions of the stream move in a lower vacuum. 
Nevertheless, as can be seen from the photographs 
enclosed, boundaries of the condensate remain dis- 
tinct and reproduce well the stratified structure of 
the vapor streams. This is possible only if the 
vapor streams move at very high radial velocities. 
Experiments with a ballistic pendulum have shown 


that the average vapor-stream velocities in our con- 
ditions reach approximately 2 x 10° cm/sec. 


It must be noted that the stratification of the ex- 
plosion in vacuum, as in air, is characterized by a 
certain periodicity, which is well noticeable in 
the structure of the condensate in Figs. 2 and 3. 
Fig. 4, obtained with six kv onthe capacitor , 
shews clearly the stratified scattering of the explo- 
sion products. The same photographs exhibit also 


Fic. 2. Part of aluminum shield on which the wire- 


explosion product condensed. Wire diameter 0.2 mm, 
length 60 mm. Capacitator voltage U, = 40 kv. 


a certain stringing ofthe charge aroundthe wire 
(the diameter of the string is approximately 4 mill- 
imeters). Fig. 5, obtained with 4 kv on the capaci- 
tor, shows that the wire did not have a chance to 
scatter duringthe discharge time ofthe capacitor 
and assumed a clearly pronounced wavy form owing 
to the shock compression caused by the rapid 
heating. No. stringing ofthe discharge is noted 


3 
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‘Fic. 3. Developed view of screen with condensed 
wire-explosion products. Wire 0.3 mm in diameter and 
45 mm long, bent in an are of 50 mm radius. Ug= 40 kv. 
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here. The attached pictures aregood illustrations processes 
that the mechanism described in Ref. 4 for the 
electric explosion of wire in air is correct. 


°, the wire vapors scatter radially into 
the vacuum at high velocities. As the discharge 
develops further, each photograph shows the image 
of a thin-wall glowing cylinder, which flares out 
towards the electrodes, always more towards the 
high-voltage electrode than toward the grounded 
one, regardless of the polarity. 


Fic. 4. Wire 45 mm long, 0.15 mm dia. Uy = 6 kv. 


Figures 6 and 7 show examples of integral photo- 


eraphs of explosion of straight wires. The signs FIG. 5.) Wire ste ouniallone O85 mapa a), =A ky 
+ and — indicate the positions ofthe high-voltage ‘ # 


and grounded discharge electrodes. What is striking 
about these photographs is that although they repre- 
sent a violent explosion process, they exhibit 


clearly certain discharge states that are, so to 
speak,stabilized. The physical interpretation and 


the time sequence of the appearance of these states 
can be represented as follows. The center of each 
photograph shows the image ofthe still unexploded 
wire, related evidently to the initial stage of the dis- 
charge. As can be seen, the wire is surrounded in 
this stage by a thin layer of discharge, which glows 
more brightly than the wire itself. It is indeed its 
small thickness that causes the glowing layer to 
produce a brighter image at the edges of the wire, 
and the greatest thickness of the layer is conse- 
quently projected on the photographic plate. The 
fact that the discharge is concentrated ina thin 
cylindrical layer about the wire can be attributed 

to compression of the discharge around the wire by 
the strong magnetic field produced by the current 
reaching hundreds of thousands of oersteds mee 
below) at the surface of the wire. In view of the a ; Q 
high discharge power the wire is almost instan- ENG GE Ware dona tong, 0.1 diaa y= 20/ky. 
taneously transformed, toward the end of this stage, 

into a high-pressure gas of high heat content and of 

almost the density asthe wire. Under these con- 

ditions, as is known from the theory of explosive 


Capacitator 10 microfarad. 
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Assuming that the glow ofthe discharge must Figures 6—10 are eeeg ea) a5 Lane 6 
underthese experimental conditions be due to the scanned BaCtoetaPae of wires exp o canes : 
flow of current throughthe gas, it is possible to Figure 7 shows that Coney rs pacit “3 
deduce from the distribution of the brightness in voltage not only increases the ra ik eae ; 
the second glowing layer, (from the sharp increase the second glowing layer, be a nee also : r 
in the brightness towards its edges) that in this layer coaxial with the ae . In the ies 5] 
discharge stage the total current is concentrated longer wires, several thir “eke oe pro “ 
principally in the thin glowing layer (second layer), sequence along the wire. The third layers ; 
bounded onthe outside and on the inside by two sometimes internal branches of the second layer. 


coaxial surfaces of revolutions. 


Fic. 9. Photograph analogous to that of Fig. 8, but 


Fic. 7. Wire 45 mm long, 0.15 mm dia, Ug = 30 kv. with 20 mm hole in the plate and Uy = 30 kv. 


‘Fic. 10. Mirror scan of explosion of wire 90 mm long, 
0.15 mm dia, at Uy = 30 kv (full size). 


Decreasing the wire diameter reducesthe radial 
dimensions of the glowing channels as shown in. the 
corresponding photographs. If the exploded wires 
are bent in an arc, the generatrices of the glowing 
channels are similarly bent. An axial time-exposed 
photograph of an exploding wire with right angle 
bends onthe ends shows an almost-uniform 
glowing circle around the wire. 

All the time-exposed photographs obtained by us 
indicate the presence of brightly glowing vapor 
streams originating at both discharge electrodes. 
Assuming the duration of the glow not to exceed the 

Fic. 8. Wire 90 mm long, 0.15 mm dia, Uy = 35 kv. discharge time of the capacitor (40 microseconds) 
A plexiglass plate measuring 1 x 100 x 100 mm was placed the average velocity of these streams parallel to 
transverse to the wire. the wire amounts to 104 cm/sec. Interaction with 
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the radial streams apparently causes these longi- 
tudinal streams to slow down in an axial direction 
and to accelerate in a radial direction. 

We proposed that the main cause ofthe formation 
of the glowing channels described above is the 
radial motion of the wire vapors inthe strong mag- 
netic field of the current. To check this premise, 
we set up experiments to determine how disturb- 
ances of the vapor streams and forced redistri- 
bution of the current around the wire would influ- 
ence the effect under investigation. Figure 8 
illustrates the explosion of a wire across which 
an insulating plate of organic glass is placed. The. 
wire passes through the center of a 3 mm hole in 
the middle of this plate. In the photograph, the 
projection of the plate coincides with the illumi- 
nated line aa. As can be seen, introducing the 
insulating plate results in a strong disturbance to 
the radial vapor streams and in addition to chang- 


ing the integral picture, it also causes a considerable 


redistribution of the discharge current. The 
increased current density causes the maximum 
brightness of the glow to occur in the region of the 
hole. From the structure of this region it can be 
seen that the current density is not uniformly dis- 
tributed over the cross section of the hole: it in- 
creases towards the edges of the glowing cones that 
lead upwards and downwards from the plane of the 
hole. In the upper portion of the discharge, the 
current first flows over the conical channels bb 


outside cones) and cc (inside cone), which result 
rom the reflection of the radial vapor stream from 


the edges of the hole. Both these cones merge in 
the upper base (where the radial streams are still 
undisturbed) with current channels analagous to the 
second and third channels of Fig. 7. The second 
channel, owing to its considerable spreading, is not 
very pronounced on this photograph, but it can be 
easily distinguished on the corresponding negative. 
Located over the bases of the cones is a region 
of sufficiently bright diffused discharge glow due 
apparently tothe fact that the presence of the in- 
sulating plate in this region diverts a portion of the 
current tothe nearest walls of the grounded chamber 
causing it to flow over the radial streams of the 
vapor. Here one must expect the current flowing 
through the radial vapor streams to scatter some of 
the vapor atoms in an axial direction. After the 
wire explodes, the upper portion of the plate actually 
becomes covered by noticeable deposit of copper, 
while below, where there is no noticeable discharge 
glow, and where consequently the radial streams are 
hardly disturbed by the current, the plate remains 
quite clean. The deposit above has a sharp boundary 
which is a circle of equal diameter as the upper base 
of the cone bb, and which is concentric with the 
hole in the plate. The deposit is much thinner inside 
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the circular boundary than outside. On the circle 
itself the thickness of the deposit has a very sharp 
and relatively high maximum, this being apparently 
due to the additional material carried away by the 
copper ions from the section of the second glowing 
channel. The photometry curve forthe copper de- 
posit, taken with transmitted light along one of the 
diameter of the boundary circle (Fig. 11), illustrates 
well the deposit structure described below. The 
presence of a round deposit boundary of an increased 
thickness confirms the above hypothesis that the 
current is concentrated in thin-layered cylindrical 
channels. 


EEE EE = 
0 40 0 2 0 0 0 20 3 ¥O Elum) 
Fic. 11. Photometry curve of copper deposited on 


insulating plate. /—intensity of light in relative units, 
!—distance from center of hole in plate. 


In the region between the plate and the grounded 
electrode one can also see avery weakly glowing 
channel (approximately cylindrical in shape), which 
is a continuation of the second upper channel (it 


is more distinguishable on the corresponding nega- 
tive ). The weak glow ofthischannel and its smaller 
radial dimensions (compared with the second upper 


channel) must be attributed to the smaller current 
flowing in the region under consideration owing 

to the presence of the insulating barrier, since the 
explosion conditions for the wire , and consequently 
the velocities of the radial vapor streams, are iden- 
tical on both sides of the insulating plate. 

Figure 9 shows an explosion with a 20 mm round 
hole inthe insulating plates. Here the channels 
are seen more clearly. They pass freely through 
the large hole, experiencing thereby a certain 
deformation. The radius ofthe second channel be- 
comes somewhat smaller in the vicinity of the hole, 
and the third channel is discontinuous as it passes 
through the plane of the hole. The deformation of 
the second channel is apparently due to the lower 
velocity of the radial streams due totheir collision 
with the edges of the hole. 

If the non-conducting plate transverse to the wire 
in Fig. 8 is replaced by a conducting plate, in- 
sulated from the chamber walls of equal size and 
with the same size hole, the channels remain the 
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same as in the absence of the plate, as can be 
seen from the corresponding photograph. Only in 
the direct vicinity of the conducting plate do the 
channels become discontinuous, probably owing 
toa reflection of the vapor streams from the edges 
of the hole. Here, too, a copper deposit of notice- 
able thickness is formed only onthe side of the 
positive electrode, with hardly any deposit on the 
negative-electrode side. 
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abscissa: t(microsec). 


Fic. 12. Oscillogram of current for wire explosion 
in vacuum. Wire 45 mm long, 0.15 mm dia, Ug = 25 kv. 


Figure 10 showsthe wire explosion in vacuum, 
scanned from left to right with a mirror through a 
transverse slit. The speed of the image along the 
photograph film is 2.2 x 10° cm/sec. Starting at 
the bottom, the photograph shows the glowing 
wire in its state prior to the start of the explosion. 
Towards the end ofthe explosion, the glowing 
region starts moving rapidly upwards in a radial 
direction (speed of displacement greater than 
5 x 105 cm/sec). The displacement is then slowed 
down and the glowing section settles at a certain 
distance from the wire image. This evidently 
corresponds to the position of the second current 
channel (the lower half of this channel is outside 
the photographed area). The glow from the stabi- 
lized channel lasts approximately 10 micro- 
seconds. The half period ofthe discharge in the 
explosion circuit is 12 microseconds in this case. 

The photograph therefore confirms the assumed 
sequence with which the current channels are 
formed, and shows at the same time that these chan- 
nels are formed and exist only in the first half 
period ofthe current. 


3. ANALYSIS OF RESULTS 


The experimental results given above shows that 
when electric explosion occurs in vacuum the wire 
vapors escape at high velocities in directions per- 
pendicular tothe wire surfaces. It is known that the 
explosion of ordinary explosive substances has 
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analogous properties. The physical features of 
processes that develop in ordinary explosions have 
been sufficiently well studied at the presenttime. 

In view of the common basic properties that electric 
explosions have with ordinary explosions, the quali- 
tative results given above can be understood from 
the existing theory of ordinary explosive processes, 
particularly if the explosion has cylindrical sym- 
metry (see, for example, Ref. 6). 

Unlike ordinary explosions, electric explosions 
are characterized by forces that result from a strong 
magnetic field due to the current. These forces, 
as was already noted in Ref. 4, cause certain anom- 
alies of the electric explosion, such as periodic 


stratification of the escaping wire vapors and others, 
occurring as the joint result of the axial compression 
of the wire by thermal shock and a radial compression | 


of the wire by the magnetic field of the current. 
Figures 2—5 confirm the ideas presented in that 
work concerning the mechanism ofthe electric ex- 
plosion of the wire. 

Let us analyze in greater detail the possible 
causes of the thin-layered cylindrical current chan- 
nels formed by electric explosion of wires in a 
vacuum. Starting from the interpretation ofthe time 
exposures ofthe explosion asgiven above, and also 
of the mirror scanning ofthe explosion, one must 
assume that the main cause the current is concen- 
trated in thin-layered channels isthe radial motion 
of the wire vapors at high velocities in a strong 
magnetic field of the current. 

The time exposures shows that prior to the explo- 
sion,the wire is surrounded by a thin layer of a 
strongly stringing and brightly glowing discharge. 
Let us assume that the radial thickness of this 
layer is zero andthat the current is distributed uni- 


formly over the cross section of the wire (i.e., we 
neglect the skin effect, a valid assumption for the 


dimensions of our wire). In this case theleading 
front ofthe vapor stream launched by the explosion 
must break through the magnetic field H of the 
current. Inside the wire we have 


H = QI r fr? (1) 
where / isthe total current inthe wire, ro the wire 
radius and r the distance from the point of observa- 
tion to the wire axis. Qutside the wire we have 


H =2I/r. (2) 
In our experiments the current is of the order of 
104 amperes and r of the order of 1072 cm, making 
H approximately 10° oersteds on the surface of the 
wire. 
A ballistic determination of the average escape 
velocity of the escape of the wire vapor yields 


ee 
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approximately 10° cm/sec. Considering that in 
explosive evaporation in vacuum the velocity of 
the leading stream of particles is generally con- 
siderably higher than the average escape velocity 
ofthe explosion products,® we can assume the 
escape velocity ofthe vapor to be even higher at 
the beginning of the explosion. 

The stream moving through the magnetic field 
must produce electric field (see Ref. 7, for example) 
determined from the vector product 


E = (1/c) [vH], (3) 


where c is the velocity of light, v the velocity of 
the vapor stream, and H the magnetic field intens- 
ity. When the vapors scatterradically this field 
has the same as the external field £, . We thus 
have an effective total field £, +£ outside the 
wire, while inside the wire, where v = 0 and con- 
sequently F = 0, the field intensity is only FE, . 
For the order of magnitude of v and H in our experi- 
ments, we have from (3) a field E of 1,000 v/cm on 
the surface of the wire. An additional field £ 
formed where the vapor streams move should accel- 
erate the ignition of the arc discharge along the 
wire and correspondingly decrease the discharge re- 
sistance. To illustrate this process, Fig. 12 
shows the oscillogram of the current produced during 
an explosion of a wire in vacuum. It is evident 
from this oscillogram that the current in the wire 
first increases smoothly until it reaches a 
“‘plateau’’ of 1.2 x 10a (in the explosion circuit) 
approximately two microseconds after the start 
of the discharge. The width of the “‘plateau’’ is 
approximately 0.3 microseconds. Within the 
““plateau’’ region the discharge resistance be- 
comes sufficient to carry the remaining capacitor 
voltage and the current stops increasing. The 
firing ofthe arc and the sharp reduction inthe re- 
sistance at the end of the discharge ‘‘plateau’’ 
causes the current to resume its increase. 
According to Eq. (2), the magnetic field on the 
surface ofthe wire reaches a value of approximately 
3 x 10° oersteds in the ‘‘plateau’’ region. The 
formation of such a large magnetic field leads to 
a strong stringing of the discharge.’ This gives 
rise to the first current channel, described above in 
the discussion of the wire-explosion time exposures. 
At this stage of the discharge, the total current 


flow should divide between the wire and the first 
channel according to the ratio oftheir resistances. 


The first current channel can remain stable at 
the surface ofthe wire as long as the pressure from 
the side of theradial vapor stream against the 
strung discharge layer does not exceed the counter- 
pressure due to the magnetic field of the total 


current. In view of the high discharge power, par- 
ticularly in the ‘‘plateau’’ stage, a pressure excess 
is bound to occur and initiate a rapid radial 
broadening of the channel. 

The broadening of the channel forms first of all 
an arc discharge along the wire and reduces corre- 
spondingly the applied field £, from several 
thousands v/cm in the ‘‘plateau’’ stage to several 
v/cm in the arc. This should result in a certain 
redistribution of the current in the discharge gap, 
owing to the effect of the radial motion of the wire 
vapor and of the magnetic field on the distribution 
of the field E. The current is guided along the 
channel axis only by the weak field E, , for 7 and 


v are equal to zero here andhence E= 0 from (3). 
Towards the outer boundary of the channel we have 
[from Eq. (1)] that H increases in proportion to 
the radius (it is assumed that in this stage the 
current is distributed approximately uniformly over 
the cross section of the channel), reaches a very 
sharp maximum on the outer boundary of the channel, 
and then starts diminishing in inverse proportion 
to the radius, in accordance withEg. (2). The 
dependence of the stream velocity v on the radius 
can be given here only qualitatively. At the start 
of the explosion the velocity on the surface of the 
wire increases almost in a jump to a certain critical 
value, beyond which it does not experience any 
considerable variation.© In view of the fact that 
the metal vapor shows good condensation properties, 
the same distribution should be maintained from 
there on. 

Based on the above-mentioned distributions of 
v and //, Eq. (3) shows that the distribution of 
the field E will be characterized by a sharp maxi- 
mum at the outer boundary of the current channel. 
From the values of H and v given above it follows 
that the value of this maximum is considerably 
ereater than the value of E, in the arc, and almost 


the entire discharge current should therefore be 
concentrated in the narrow region around the maxi- 
mum of the field E. 

As the current channelexpands the current densi- 
ty in its conducting layer diminishes to agree with 
the accompanying decrease in 1 and £. The 
concentration of the particles in the radial streams 
which penetrate the thin walls of the channel 
also decreases. The walls of the channel therefore 
become continuously more “‘transparent”’ to these 
streams, and at a certain distance from the wire 
axis a new equilibrium is established between the 
forces accelerating the channel and the pressure 
of the magnetic field which retards its radial 
expansion. This makes possible the stabilized 
state corresponding to the second current channel. 
In view of the cylindrical symmetry of the magnetic 
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field and of theradial vapor streams, these chan- 
nels should be coaxial with the wire. 

The duration of the stabilized channel should 
depend on the time interval during which EF re- 
mains sufficiently high in the thin conducting layer 
of the channel. From Eq. (3), this should be deter- 
mined in turn by the character of the time depen- 
dence of // and v. We do not know tht time depen- 
dence of v, but it follows from the current oscillo- 
gram on Fig. 12 that H can stay sufficiently high 
for a considerable fraction ofthe first half cycle 
of the current. Assuming that v also remains suf- 
ficiently high during the same time, one can say that 
the duration of the stabilized state of the second 
channel cannot exceed the first half cycle of cur- 
rent. 

Once the discharge current passes through zero 
at the end ofthe first half cycle, the second current 
channel cannot form again since the conditions 
necessary for its formation no longer exist (no 
stringing of the current and no high-velocity radial 
vapor stream). This is in good agreement with 
the mirror-scanned picture of the wire explosion in 
vacuum given above. 

It follows also from the above qualitative mech- 
anism for the formation of current channel that the 
greater the initial voltage on the capacitor, i.e., 
the greater the radial velocities and the concentra- 
tion of particles in the vapor stream, and also 
the greater the current density in the corresponding 
channels, the greater the diameter of the stable 
channel should be. It is also easierto understand 
the variation in channel diameter and of its glow 
intensity with the disturbances produced by the 
radial vapor streams and of the re-distribution 
of the current in the discharge gap (Figs. 8 and 9). 
These changes are related to the corresponding 
changes in the radial velocity of the vapor 
streams and of the magnetic field. The broadening 
of the second current channel near the discharge 
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electrodes (Fig. 6 and 7) is due to the fact that the 
electrode streamsers, by compressing the radial 
flow axially, cause it to become radially acceler- 
ated to some extent. 

The above discussion makes it possible to 
understand the principal features of the processes 
that lead to the formation of the first and second 
current channels in electric explusion of wires 
in a vacuum. It is evident, however, that the pic- 
ture given above is merely a rough approximation 
of actuality and cannot pretend to offer any 
complete description of the phenomena observed. 
For example, it is still not understood why third 
current channels are produced at high capacitor 
voltages, etc. A more complete analysis of the 
observed phenomena should evidently be based on 
a quantitative theory of magnetic-hydrodynamic dis- 
charges in a moving gas stream. 

The authors express their gratitude to A. T. 
Kapin for aid in the experimental work. 
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In this work results are given of investigations on the a-spectrum of Pu24° carried out 
with the help of an &-spectrometer. The a-spectra obtained are presented along with a 
level scheme for the U236 nucleus. The parameters of the 47 level are given with pre- 
cision; the first a-line corresponding to the transition to a6 level is observed and the 


parameters of this level measured; two weak lines are found which can be assigned to the 
a-decay of Pu249, A comparison of the experimental data with the theoretical formula 
of Landau is made for the intensities of the or, gt, 4+ and 67 levels. 


A» is now well known, the low-lying levels of 
heavy nuclei have a rotational character if the 
number of neutrons and protons in these nuclei are 
sufficiently distant from the magic numbers. The 
low-lying levels of nuclei are particularly clearly 
exhibited in a-decay; for this reason the investi- 
gation of the fine structure of «-spectra appears 
to be an important method for studyingrotational 
levels. Particularly interesting is the investiga- 
tion of the u-decay of even-even nuclei for which 
the theoretical formulas havea simple form and 
the comparisons with experiment take place in 
the most direct way. 

For rotational levels of even nuclei the excita- 
tion energies are described by the known 
formula! 


Ey = (h/2J) 1 (1+ 1), (1) 


where J is the effective moment of inertia of the 
nucleus, and/ is the angular momentum of the 
nucleus in the excited state having an energy E 


For the calculation of the intensities of the o- 


decay to levels belonging to the same rotational 
band, there is an approximate formula by Landau? 


h= (20+ lyew +9, (2) 


where A is the probability of the u-decay to a 
level with momentum / and « is a constant which 
can be determined experimentally. Formula (2) is 
in good agreement with the intensities of the decay 
to the 2* and 4+ levels of even nuclei. Until now 
it was not possible to check this formula for 6* 
levels because of the lack of experimental data. 

We carried out investigations of the a-spectra 
in the energy region 4.800 to 5.050 mev for two 


plutonium sources. The isotopic composition 
of these two sources is shown in Table I, 


The measurements were carried out with the w- 


spectrometer of the Academy of Sciences of the 
USSR?. The results of two exposures, each of 
which lasted two weeks, are shown in Pigs. 


TABLE | 
Isotopic Composition 
Source Pu23® | Pu24? | Pu2t Pu2tz 
in% | in% V/A | ate wh 
A 12 88 KANG 7) <0) 
B 80 7 3 0.5 
Line A,, clearly displayed in Fig. 14, is 


known from the literature*’® as the line due to the 


a-decay of Pu?*° to the 4* level of the daughter 
nucleus. This level was measured by us in this 
work with substantially better resolution than in a 
previous experiment” and therefore we were able to 
determine more precisely the parameters obtained 
earlier for this level (see Table III). 

In the spectrum of source A, besides line A is 
several other lines are also observed: A,, Aa: A, 
and an In the spectrum of source B, besides line 
B, which corresponds to 4,, lines B, and B, are 
observed. These last two lines are explained by 
the admixture of Pu24! and Pu24? in source B. The 
energy of line 5, is in good agreement with the 
energies of the main levels in the a-spectra of 
Pu?4? and Pu24?, while line B, is due to their 
unresolved first satellites. 

As illustration the energies and relative intensi- 
ties of w-particles from Pu?4? and Pu2*?, taken 
from Ref. 4, and lines B, and B, are displayed in 
Table II. 


Line A, is known not to belong to either Pu 
or Pu?4?, since its intensity is larger, rather than 
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600; 


100 


4851 4868 4924 4958 50% Energy of the 
M-particles, mev 


5000 5080. 
4895 i017 Kner gy of the 


X-particles, mev 


Fic. 1. The u-spectrum of two samples of Pu with different isotopic compositions. 
(N is the average number of particles in a 0.2 mm strip. ) 


TABLE I]. The energies and intensities of the u-lines from 
Pu2*? and Pu?4? and lines B, and B.. 


Energy of the| Intensity in % 
u-particles 
‘ 4.893 {75 
gee 4.848 1 25 
¢e ( 4,898 ( 80 
te | 4.854 1 20 
Line B, 4,895 80 
Line B. 4.852 20 
3 times smaller, than the intensity of line A,. By state that none of the lines on Fig. 1, including 
comparison with the intensities of the main Pu??? also line A., belong to Bu 
u-lines of sources A and B (not shown in Fig. 1) There remains the assumption that line A, be- 
it is not difficult to calculate that any line belong- longs to Pu?4°. This assumption is particularly 
ing to Pu7*? must be 3.5 times more intense on natural because the excitation corresponds to a 


Fig. 16 than on Fig. 1A. Therefore, one can level at 313 kev, which is the energy calculated 


ALPHA DEGAY OF Pu24° 


from Eq. (1) for a 6* state. According to Ref. 6, 
the excitation energy of the first level of Pu24® 
is 44.9 kev. The excitation energy of the 4* level 
calculated fromthe spectrum presented in Fig. 1A 
is 147 kev. The ratios of the energies of the 2°, 
4* and 6* levels go’ as 1:3.28:7.0, while Eq. 
(1) predicts 1:3.33:7.0 in excellent agreement with 
experiment. 

At this time it is difficult to say anything about 
the weak lines A, and A,. They cannot belong to 
Pu2°°, or Pu24? or Pu24?. Evidently they are 


also connected with the u-decay of Pu24°. In 
such a case, it is natural to assume that they 
belong to an odd rotational structure and that 
they have angular moments and parities of 1~and 
3~. The experimental results of the work are pre- 
sented in Table III. The energies of the u-lines 
in Table III were computed relative tothe main 
Pu?° line, the energy of which was taken to be 
5158.9 kev®. 


The w-decay scheme of Pu24® 


and the levels 
of the daughter nucleus U??° are shown in Fig. 2. 


TABLE II]. New lines 


in the O-spectrum of Pu24°, 


SS a ee ee 


Energy of Spin 
Line eee the ico Intensity ae 
es : in kev parity 
O47 5,014+0.002 14742 (9.1-+0.6)-10-4 | 4- 
Xe19? 4.952+0.008 210+8 (2,7+2)-10-5 1—? 
y39 2 4,924+-0 008 239+8 (3,1+1)-10-5 3—? 
2313 4851-40 .005 313+5 (3.2+1)-10-5 6+ 


y238 


240 and the level scheme of 


Fic. 2. The u-decay of Pu 
U236, Transitions: ]—4.851 mev (3.2 x 10°? percent ); 
2—4.924 mev (3.1 x 10°? percent); 3—4.952 mev (2.7 


x 1078 percent); 4—5.014 mev (0.091 percent); 5—5.115 


mev (24.4 percent); 6—5.159 mev (75.5 percent). 


Let us compare the intensity of the a-lines of 
Pu2?4° with Eq. (2). Choosing constant o = 0.46, 
so that the formula describes correctly the intensi- 
ties of the first levels, we will find the theoretical 
ratios 1:0.32:1.2 x 107°: 5 x 10°® for the intensi- 
ties of the transitions to the 2*, 4 and 6* levels. 
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The observed intensity of the transition to the 6° 
level then turns out to be 800 times larger than the 
calculated value. Let usnote that the fact that the 
experimental intensities are greater than the cal- 
culated ones was already noted inthe work of 
Gol’din, Novikov and Tret’iakov® for U223, 

We take this occasion to express our gratitude 
to G. M. Kukavadze for his mass-spectroscopi c 
investigation of the plutonium samples and E. F. 
Tret’i akov, I. I. Agapkin and G. I. Grishuk for their 
help in the work. 
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An exact solution is obtained for the three body problem in the limiting case of a vanish- 
ingly small radius of action of the forces. In this case, the Schrodinger equation for the 
system of three particles reduces, for motion with a definite momentum, to an integral 
equation for a function of a single variable. The solution is used for the calculation of the 
neutron-deuteron scattering cross section. In the limiting case of zero energy of the neutrons, 


the theory gives the values a, ,. = 0.51 x 10 
amplitudes. 


-12 


-12 


em, @) /9 = 0.30 x 10 “cm for the scattering 


p i YHE problem of the motion of two nucleons at 
low energy £ has a solution in the form of a 
series in powers of the small parameters r)/A and 


Ory, where r. is the radius of action of the nuclear 


0 
forces, A = it /\ME is the wavelength, and ]/a is 
the radius of the bound state or scattering length. 

In the zeroth approximation, which corresponds 
tor, > 0, the wave function of the two-nucleon 
system can be constructed beyond the range of 
action of the forces if we put upon itthe boundary 
condition 


re (1) 


and consider that the potential in the Schrédinger 
equation has the form: 


U (9) = — (4rh2/M) 03 (0), (2) 


i.e., that it vanishes everywhere for p + 0. In 
this approximation, which corresponds tothe Bethe- 
Peierls theory of the deuteron!, the properties of 
the system do not depend upon the details ofthe ° 
path of the actual potential function U(p) and are 
determined by the value of only a single parameter 
O. 

In the next approximation the wave function can 
be determined in an expansion in powers of r 
(outside the range of action of the forces) if the 
potential in the Schrédinger equation remains in the 
form (2) as before, but the boundary condition is 
made more precise: 


ae ; meee 
[ae lm(¥) |= 2+ ele “AOU (la) 


me eet ee 


where a, r, and 7 are parameters which character- 
ize the actual potential U(p). 


A similar expansion in powers of r, can be 
carried out for the problem of the motion of three 
nucleons at small values of the energy E, when the 
characteristic dimensions of the system, which are 
defined by the length r S i /\/ ME, greatly exceed 
the radius of force action, r). We consider below 
the zeroth approximation of this expansion, which 
ow (i.e., the Bethe-Peierls 
theory in the case of two nucleons), in application 
to the problem ofthe scattering of neutrons at low 
energy E < 20 mev by deuterons. ° 


corresponds tor 


The problem of the bound state of three nucleons 
(the nuclei H® and He®) is not considered here, 


since, in the approximation r, > 0, it has no solu- 


tion; for r, > 0, the binding energy becomes infin- 


ite”. 


0 
In this case, a more accurate analysis is re- 


quired, with account being taken of terms of higher 
order in the expansion in ro 

In the approximation i O (where the effective 
depth U) ~ ir 2/M re of the potential well is infin- 
ite ) the wave function 7it r,) of the system 
of three nucleons satisfies the boundary condition 
(1), just as in the case of two nucleons, for 


Pi, = 11; -% | 20G, k= 1, 2,3). Here the 


boundary condition can be constructed approxi- 
mately (with accuracy up to terms of order ro /* 
and ar, ) outside the range of force action for a 


potential of the form (2) in the Schrédinger equation. 


As is shown below, the problem here reduces to the 
solution of an integral equation for a function 
which depends on the three variables, or, if we are 
dealing with a state of definite momentum, on a 
single variable. 

For simplicity, the analysis is first carried out 
without consideration of the isotopic spin of the 
nucleons for the three particle system. 
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THREE BODY PROBLEM 


1, CASE OF THREE IDENTICAL PARTICLES. 
THE INTEGRAL EQUATION. 


We shall describe the position of the particles 
in the center-of-mass system: 


Pos = T2— fz, 


Py = Py — */y (to + rs), 


where, in analogy to P37 Py» We can also intro- 
duce two pairs of vectors Pi0>Ps and Payer si the 
furnishing of which (along with the first pair) de- 
termines the position of the particles. Between 
these three systems of vectors we have the fol- 
lowing relations 


P23 = —*/2 Piz — Ps = — */2 Psi + Po, (3) 
(Ue °/sP12 — ‘a Ps = —3/4 par = Taps. 


The wave function of the system is symmetric 
relative to a permutation of particles; in particular, 


¥ (p23, pi) = ¥ (pis, Ps) = F (Pis, Pe); (3a) 


T(p.5,6— (—Pe3, Px) 


etc., and satisfies the Schrédinger equation 


-—(h | M) (Veos+ 3/4 Van) — E} ¥ (pes, pi) (4) 
= — {U (p23) + U (pra) + U (p31)} F (P23, 1). 
For what follows, it is useful to transform this 


equation into integral form. F'or this purpose, we 
introduce the Green’s function 


Ge (pas, P1) = \e™ (e*/paa) dk /(25)°, (5) 


where y, = y/ 3k2/4 — ME/h 2 if 3h?/4 — ME/tr? 


>O and y, =~iV ME/h2 — 3k°/4 in the opposite 
case*; it satisfies the condition 


2 3 ME 
(Vi, ie a 2, $i a Ge (Pos, p1) 
= — 456 (pg3) 4 (p,). 
In spite of the external asymmetry of the de- 


scription, the function G, is symmetric relative to 


a permutation of coordinates r), Tr, and r,; actually, 
it is not difficult to prove that Eq. (5) for G, 
represents an expansion in the Fourier integral of 


* In order that Gp have the form of a diverging wave 


at large po.- 
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a function thatis symmetric in the coordinates of 
the nucleons: 


2i ME 
Gr (pos, P ee ME \ 
Pas» Ps) 3V3nVR? hn? 3) 
200 
8 ey _ ME ; 
Se ee ex ——— T————— Pie L ae 
svEa\ ee. sf f es Ste Gi hie 


where oe is an Hankel function and R? = One 


Bi De ee Fae) : 
$4/Sp_ = 4/375 $15 404 — 8 to fy - r,—1,‘T,), 


and where it must be kept in mind that 
VME/h2 =+iVM(-E)/f?, if E is negative (in 
order that Gr decrease and not increase as R > »; 
this corresponds to the definition of Y, given 
above ). 

By means of the function G,, the Schrédinger 
equation (4) can be written in the form* 


¥ (pos, Pi) = \ Gz (po3 — Oe Py —p.) {u (po3) ie 


ey (p19) + u (ps1)} 
x ¥ (P23, p:) dp» dp, . 


Here we have introduced the notation u(p) 
= ~(M/47t*)U(p) where, for ri 7 0; u(p) 
> 5p(p). 

Substituting the function (5) in (6), and trans- 
forming to the Fourier representation of the wave 
function, 


F (Pog, Kk) = ean (P23, P1) ps, 


we get [taking into account the symmetry of ¥ rela- 


tive tor ie and making use of Eq. (3) ], after 


13 5? 


* It would be necessary to add the plane wave 
5 2 
Vy = exp (ikyp, + if Pos)» Te + 3k3 {4=MEl/T, 


to the right-hand side of Eq. (6) ifwe were interested in 
the state Wipe: pi)» which corresponds to the motion 
of all three nucleons to infinity with definite momenta 

(such a state can arise, for example, in the photoeffect 


on H® or He®). In the problem of the scattering of a 
particle on the bound state of two others (or in the 
problem of the bound state of all three particles) the 
right side of (6) ought not to contain the term oe 
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some transformations*, 


F (p, k) (7) 
xP 4— 1p | pacP ale ¥ F 
=| as u(p’) F (p’, k) dp 
dk’ 
+88 \ So 
cos (k’ -+ k/2, p) § cos (k + k’/2,p') 4 (p’) P(e’, k’) dp 
“ i + k® + kk’ — ME / kh? — it 
or 
{Vp — 4nu (p) + MEx |W} F (p, k) (8) 
> dk 
=—8:\ 5, cos (k’ + k/2, p) 


x Jos (k + k/2, p’) 1 (0') F (p’, k’) dp 


Here E, = EF — 3% 2k2/4M; for brevity, the indi- 
ceson py, are omitted everywhere; the quantity 
T>0, 7> O furnishes the rule in (7) for detouring the 
poles; (8) is obtained from (7) by application of the 
operator Ue ox VY, = ve 4. MET / 2. The form of 


Eqs. (7) and (8) of the Schrédinger equation is 
suitable for consideration of the case in which 
u(p) is the short range potential. It follows from 
Eq. (7) that the function F (p, k) is defined for ar- 
bitrary p if its values are known in the region of 
action of the forces, p < r,. In this region, we can 
limit consideration, with accuracy up to terms of 
order a7. x)°, to the spherically symmetric part 

of F: 


* The first term in Eq. (7) follows trivially from the term 
in (6) which contains the factor ul pss )s the Fourier com- 
ponent of the following term in( 6), which contains 
u( pj) is transformed, by means of (3) and (3a), into 


the form 
; (3 F 4 ; exp [— V6 i a as , 
\ exp lik Cayae — Ps) | t | Pas : Bee Sale I] 
| Pos + "/2 Pye +3 | 
X 4 (py) F (Pi2» Ps) dpi dp, == 


= \ dk 4x exp [— i(k’ + k / 2, Poa)] 
(2)* (1? FR kK —ME Th? — i) 


f 1 
x \ exp[— i(k + > kK’; py5)| u (Pio) iPr. k’) dP 19. 


Along with the Fourier component of the third term in 
Eq. (6), this expression gives the second component in 


Eq. (7). 
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Fy (pk) = \ F (p, k) dO, / 4 


[ in order to establish this, we can substitute in 


Eq. (7) 
le (pi, k) 


foo) 
= >) (2 + 1) Fi(p, k) Pi (pk / pk) 
l=0 
and estimate the contribution from terms with 
L =O l: 
Rut in the region p < ry, we can neglect the 
right-hand side of Eq. (8). Actually, substituting 
unity for the cosines in Eq. (8), we get for it the 


estimate 
~\(2ay3dke| w (o') Fo (0’, k’) dp’ 
~ rp (ey Pk’ Fy (ros k’) ~ 
~ Fo" (ro/K)” Fo (79, k). 


[In obtaining this estimate, i has been taken into 
account that fu(p’)dp’ ~ r° and also ae k and 
k’ are everywhere of order a(or 1/4, if CIS 
for large values of k, the function F AIDS k) vani- 
ishes or oscillates.] 

Comparing this estimate with any of the terms 


on the left-hand side of Eq. (8), 
VeF ~u(p)F~r'F (p24), 


(ME; [h®) F ~ 15? (ro /*)? F, 


we note that the right-hand side of Eq. (8) differs 
by the factor (r)/A) < 1 fron: the smallest term 
(ME/ 1°) F on the left-hand side. 

Thus, in the zeroth approximation, we do not 
have to take the right-hand side of Eq. (8) into 
consideration. But this means that the function 
Joy, k), which is regular for p = 0, satisfies the 
same equation 


[d? / do? —4r un (p) (9) 


+ MEx/f?] (oF (p, k)] = 


in the region p < r) as the function of the system 
of two particles, i.e., 


for p = aeit has the same 
value (1) of the logarithmic derivative as the wave 
function for the two-particle system. Physically, 
neglect of the right-hand side of Eq. (8) [i.e., use 
of Eq. (1)] corresponds to neglect of random pene- 
trations of the third particle into the region of 
interaction of the other two. 


Therefore, in accord with Eq. (1), we have, in 


THREE BODY PROBLEM 


the approximation r, > 0, 


d 
tae PFolp WIL = —aleFo(p,k)},_4 (10) 


In this approximation, we have, by Eqs. (2) and (7), 


exp (— ye) 


F (p,k) =" 5 (ky) (1) 


ie dk’ x (k’) cos (k’ + k/2, @) 
* \(an)3 k® +k”? + kk’ — (ME/h?2)—it’ 


x(k) = lim {oF (p, k)} = lim {oF (p, k)}. 


Substituting Eq. (11) in Eq. (10), we get an in- 
tegral equation for y(k): 


(% — yr) x (k) (12) 
Beck” x(k’) = 
Te es lor (2m) A? + k’2 + kk’ — (ME/h2) —it 0 


The solution of this equation determines the 
wave function of the system, in accord with Eq. 
(11). For states with a definite quantity of 
momentum, Eq. (12) reduces to an equation for a 


function which depends on one independent variable, 


which can be solved numerically. 
The idea for this consideration of the three body 
problem was supplied by L. D. Landau. 


2. CASE OF THREE IDENTICAL PARTICLES. 
THE SCATTERING OF A PARTICLE BY THE BOUND 
STATE OF THE OTHER TWO. 


If « > 0, then there exists a bound state of two 
particles with binding energy « = #*a7/M. This 
state is described, beyond the region of action of 
the forces, by the wave function 


29 (p) = Va/2n exp (—ap)/o. 


Let us consider the problem of the scattering of a 
third particle by such a system. 
Let &k. be the momentum relative to the motion 


of the incident particle. Then 
eh he / Dy — noe/M; wp =?/3M 
e., ME/#7 = — [a — 3432/4]. 


The wave function of the system of three parti- 
cles W , for large p, (or p, or p,), ought to undergo 
transition to the product of the function ~, and the 
sum of a plane and a diverging wave. This re- 
quirement will be satisfied if Hq. (11) has a solu- 
tion of the form 
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x(k) = & {(2=) 3(K — Ko) (13) 


4. 47a (k, ky) 


oe poe a 
k RD 
where the amplitude of elastic scattering is 


a (d) = lim, 


BoB, 
+h? Te \¢ (p) F (p, k) dp; 
for such a choice, y(k) is seen equal to 


a(%) = [a(k, Ky)]n—n,; 


J is the angle between k and ky [ the second term 
in Eq. (11) vanishes after multiplication by 
hk? —k*, if kh? + k2]. 

In a similar way, the inelastic scattering ampli- 
tude is determined by the equation 


p2 — p2 
a (k,, f; k,d) = z fi \ 9 (p) F (p, k) ao}, a 


Here, in the approximation faiOe 


fier AWC RoI) 


is the wave function of the final state of two parti- 
cles with relative momentumf: 


S/, ki + fp? — ol4 


2 
hey — a; 


me Ve his(Gae (2) 


kis the momentum of the particle after inelastic 
scattering. This amplitude can also be expressed 
by a(k, k,), with the aid of Eqs. (11) and (12): 
a (ky, ko) 

a(Ky, f, 

(Ky, f, ky d) = V Bua [Le 

GF o ks, Ke) 
alte — Ms ky)? — kG] 


a (— f — 1/2 ky, ko) 
a 3K) a a. 

Substituting (13) in (12), we get the inhomogene- 
ous equation 


— */, @ (k, i) 
a-eV dh? 4— Mc / h* 


(14) 


1 
Re REA ky — (MEY 82) — it 
4 ie a(k’, ko) 
Maan yea 42) — it) (k’* — k2 — iz) 
dk’ 
* ws ’ 
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whose solution, in accord with kqs. (13) and (11), 
determines (in zeroth approximation in ro) the 
wave function of the system and all the scattering 
amplitudes. This equation has a much simpler 
form for ky +0, ME/fr2 = ~a*, when the scattering 
is spherically symmetric. 

If we introduce the dimensionless quantity 


a(k, 0) =a(k, 0) =a a(x), x=k/«, 
we get 
oTe a (x) = 4 


V 5x2/4 +1+14 


co 


4 1. x2 (15) 

PIA gE NDS a ria ce See Sed A 

=| Dex DT yey gyre 2 (x) dx’, 
0 


where the scattering amplitude of particles with 


zero energy is determined by the value a (0): 


a = a(0, 0) = % 14 (0), 


The function a (x) is plotted in Fig. 1.-This 
function was obtained by numerical integration of 


Kg. (15). According to Fug. 1, 


~ 8 hoe: a(x’) aa! 
a(0) =(+)[1+ =| pat |@ 25. 
; 0 
For k . #0, we can expand the function a(k, k,) 
in a series of Legendre polynomials: 
a(k, ky) = D) (21 + 1) a1(k, Ro) Pr (cos). 


1=0 


(16) 


The equations for a, (k, ky) follow from (14), in 
analogy to Eq. (15). These can be solved numeri- 
cally (this is done in the Appendix at the end of 
this paper). In contrast to Eq. (15), the kernel of 
these equations is complex*, so that the quanti- 
ties a, (k, ky) are complex for ko ~0. 

It should be noted that kg. (12) formally has the 


form of a three-dimensional Schrédinger equation. 
Actually, introducing the function 


* For ky = 0, the quantity 


12 12 2 
R’? [k’? — Re 


it}1=P —_ + ick’28 (k’? — k?) 
ko 
in Eq. (14) is complex ( for ko =0, it reduces to unity). 
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b (p3) (17) 


Gn "Ne 5 * 
— ee ee k) ek": dk / (27), 
yee x(k) oe, 
which, for p; > °° has the form [in accord with 


Eq. (13) ]: 
& (py) ~ etter + a (Ko, Ky) 27°" / 01, 


k’=k p,/p,, i-e., it describes the elastic scatter- 
ing of a particle on the bound state of the other 

two; we note that Eq. (12) is equivalent to the 
Schrodinger equation for w(p,) in the usual form: 


[— (A? / 2) Var + V1 & (pi) = (746 / 2p) & (px); 


A 
where p. = 2M/3 is the reduced mass. Here V is 
the interaction operator (of one particle with the 
bound state of the two others ), defined by the 
matrix elements 


| eke the, do, (18) 
Bh? [(% + ¥p_) (% + y,)]" 
M (K?/4) +342 — (ME/ #2) is VK, q), 


k=q+K/2, k’ =q—K/2, V o(p,) 
=\V(p,, 7) & (0}) do’, 
V (p,, 91) = \\exp {iK (p, + 9,)/2 
+ tq (p, — p1)} V(K, q)(2z)-8 dK dq. 
The operator V is Hermitian only when the eneeey 


he) 2u of the particle is less than the energy ¢€ 
binding the other two, i.e., under the condition 


E = ky/2u—e <0; 


in the converse case (when inelastic scattering is 
impossible ) the potential (18) is complex*. 


* For its crude estimate, we set V(K, qi) CKn Oe 
This gives V(p,)~ V(p,)W(p,) where, for V (p,), we get the 
estimate V(p,) pe ol l6e/ap,) e2"P 1 for ky = 0 and 
V(p,) © exp(ip,/X) for 3k2/4 >> 0°. For ky = 0, the 
potential falls off with increase in Pp, as the density of 
the bound state eae 


THREE BODY PROBLEM 


653 


Fic. 1. 


3. CONSIDERATION OF SPIN AND ISOTOPIC SPIN 


The previous analysis can be generalized to the 
case of the motion of three nucleons, in which 
spin and isotopic spin are taken into account. We 
assume that central forces (we do not consider 
non-pair forces, triple forces and also tensor forces) 
act between each pair of nucleons. The potential 
for such forces, 


U (p) = Uy (p) + (6,83) Uz (p) (19) 


+ (4%) U3 (p) + (6,42) (7%) U4 (p) 


corresponds to the hypothesis of isotopic invariance 
of nuclear forces; here UT Lie U, and Uy are 


certain functions of p which vanish for p >r,, and 
o and 7 are the operators of spin and isotopic spin, 
respectively. In this case, the total spin S, the 
isotopic spin 7’, and their projections on the OL 
axis---S, and 7’, ---will be constants of the motion. 


Let a, =a(€,) and B; = B(E;) be the spin 


wave functions of the ith nucleon (€, is the spin 
variable ) corresponding tothe spin projections 
S,=1/2 and S| = —1/2. The wave functions of the 
system of three nucleons can be constructed from 
a, and 8. by making use of the well-known values 
u L 

of the coefficients of the Clebsch-Gordan series; 
for s. = 1/2, we get two functions in the case 


S= 1/2: 


4 
i= Vo (83 — Bo%g) %, 


1 I 2 
> Vs oo Vo (%283 + Bo%3) — yes P1203, 


9 
v 


and one in the case S = 3/2: 


= hea 1 
ei ee itis (%283 + Bo%s) + V3 Bi %o%q. 


Cf these, Sa is symmetric relative to a permuta- 
“a 
tion Pe of the spin variables of an arbitrary pair 
vay 
. po) Ne : 
of nucleons: a 3 BN eo while XG and X. trans- 


form lineraly into each other upon permutations: 


X, is antisymmetric and X, is symmetric relative 
A 
to the permutation aad so that the permutation 


AN 
(oc) “af eee seo 
Ls corresponds to the matrix M, = ( ; ee) ofa 


linear transformation of the functions NG and Xs 
similarly, it is not difficult to prove that the 
matrices 


1/ 3; 
/2 —V /2 
Mis =( 2 


ayy ee and My, =( 1p mel 


V 3/5 ee we) 


A aN 
correspond to the permutations pie and Pe . We 


note that the functions y, and X_ and y, can be 
obtained asa result of application of the operators 


(20) 


and the symmetrization operator 


1 
Bo = r 


Fa Aiwa ey 
to the function 8 ;u4.4,, which is symmetric in the 
spins of the 2nd and 3rd nucleons. Similar func- 
tions of isotopic spin for i = 1/2 (this value of 
fie corresponds to a system of two neutrons and 
one proton) are denoted by #, and #, for f =172 
and v, for T = 3/2. 

The spin and isotopic spin wave functions ® are ob- 
tained by multiplication of the functions y and 3; 


654 


we have, evidently, 


for T = 3/2, S = 3/2, the function o =X5 Us} 
for T = 3/2, S = 1/2, two functions 0; =X, 0; 
and 9, =X» V3) 
for T = 1/2, S = 3/2, two functions ®; =X, 0 
and ®; = X3 V3 
for T = 1/2, S = 1/2, four functions x 13), XqV: 
Xe oy and x, Jo: 
In the latter case, instead of the four functions 
listed, it is appropriate to choose (as the basic 
system) linear combinations of them, which possess 


definite properties relative to permutations. Such 
combinations are?: 


| = 


4 
OB, = —= (X192 — X21); O,= Vy Xa%e + X91); 


1 
V5 (x19 — X29) 


| — 
— 
bol 


Oo, = (X19, + X29); Do = 


= 
IN] 


[the factor 1/ V2 is introduced for normalization: 
(m+, ©)=1]. As is not difficult to show, ®, is 
antisymmetric relative to simultaneous permuta- 
tion of the spin and isotopic spin of an arbitrary 
pair of nucleons, ®. is completely symmetric, 
while the pair of functions ®, and ®, transform 
into each other in the same fashion as the func- 
tions x, and x, (i.e., with the help of the matrices 


Magy Myy and My,). Evidently, the pairs ©), ©; 


NS. 


and ®;, ®5 possess this same property of trans- 
formation. 

It should be noted that if se and eS (functions 
of the coordinates of the nucleons), which trans- 
form into one another upon a permutation Pe of the 
coordinates r, and r, (i, k= 1, 2,:3;-4 = &),m the 
same way as x, and yx, transform under a permuta- 
tion of the corresponding spins, then we can con- 
struct (in analogy to ®,» constructed from y and 


0) the function 


To; ae eas 


which will be antisymmetric relative to the permu- 
© O(a) D(T) plr) ; ‘ 

tation P i ie i IP a of all coordinates of any pair 

of nucleons. Taking this into account, we write 


the antisymmetric function of a system of three 
nucleons in the form: 
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T=, S=%s ~ Vy = Pas, (21) 
T= 3). S= Ye. Vea oP (Oy ot 
T= 1s, S= 3/9: Pa, ae Y®, a 1, D, 
LE a Mos S = 19: V2 Pah tla ¥,2,— WO. 


All the functions W,. , will be antisymmetric 
D(a) PIT) ptr) 
relative to a permutation P;?’P\,’P\ of all co- 
ordinates of any pair of nucleons if, upon permuta- 
A 
tion Pa? of the coordinates r,, r,, the functions 
WY and W_ will be antisymmetric, V_ will be sym- 
a a Cc 
¢ 7 ITP 
LAP and the pairs bs and va. and Lee .5 and 
> will transform linearly one into the other, just 
as x, and xy, transform upon the corresponding 
permutation of spins (the factor /2 for Py y is 


written for normalization purposes). 

The isotopic spin of the deuteron is equal to 
zero, and that of the neutron is one-half. Therefore, 
keeping in mind the problem of deutéron-neutron 
scattering, it suffices to limit ourselves to a con- 
sideration of the latter two of the states described 
above, i.e., the states with T = 1/2. We find the 
coordinate part of ee ve ee ve and sane Sue cor- 


responding to the wave functions. 


The wave function isa solution of the Schrédinger 
equation which can be written in the form (6) if 
by U(p) is understood the potential (19). 


In the approximation rg > 0, in the first term on 


the right-hand side of (6), 


VG, (Pas — Pog> Py — Pi) 
{— MU (e, 


)} 
23 , , F 
4th? Bo (Po5» p;) dp), dp’ U 


only the region p3, < r, > 0 will be essential for 
the integration; therefore, the dependence of this 
term on the coordinates Po3 and p, is determined 
by the relation 


[22 = F (P20 P1) = \Ge (Pass px —p) F (p) dp, (22) 


where 


i (p) = — {Post (po3, p)} 


023 > 


is some unknown function. Similarly, the depend- 
ence of the coordinates of the following two terms 


THREE BODY PROBLEM 


in (6) is determined by the functions 
fis =f (Pis» P2) and fy, = I (Pra Ps). 


In other words, according to Eq. (6), the coordinate 
part of the wave function is represented by some 
linear combination of terms of the form f,,, f;, and 
fy5- In principle, we could, by substituting the 
potential (19) in Eq. (6) and multiplying succes- 
sively both parts of (6) by different functions WV of 


the spin and the isotopic spin, obtain integral equa- 


tions for the coordinate parts of V only, which would 
also define the form of the linear combination 
described above. However, this could also be 
done, not by writing out the equation for the co- 
ordinate part, but by making use only of the sym- 
metry properties of the function W. Since the func- 
tion Y, being symmetric relative tor,,r, andr,, 
ought to be equal to the sum fy, +f, + fy3 of the 
functions f,, which are determined by a single 
function Aa), since only this sum remains un- 
changed upon the permutation po) of the coordin- 
ates of an arbitrary pair of nucleons: 


eho has a ie: 


The antisymmetric Y, in the coordinates of the 
nucleons is a function identically equal to zero, 
since, in accord with (5) a function of the type (22) 


is symmetric inr, andr,: f(p,,,0,)=f(-p.3,p,) andasa 


(23) 


result of its antisymmetrization inr, andr,, we 
obtain zero. With the help of integral eascons for 
the coordinate parts of Y of the wave function we 
can show that this result is valid with accuracy up 
to terms of order (r)/X)° in comparison with 
unity. 

The functions ¥, and ¥,, which transform upon 
permutation like x , and y,, are represented in the 
form of a linear combination of functions of the 


type (22), Pog? P13 and $9 [i-e., Po3 
=(GCp (p53 0P1—P) g(p) d p, where ¢(p ) is an unknown 


function]. Introducing the operators po and Po) 
which are analogous to (20) but which permute the 
coordinates of the nucleons, we evidently get 


W, = 3/2 P© g,,; ¥, = 3/2 P® ¢,, [ just the 


same as XY, and Ge could be obtained as a result of 


A ( A 
the action of P @ and Pugh on the function 


£45 %3, which is symmetric in the spins of nucle- 


ons 2 and 3; the factor V 3/2 was chosen for 
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normalizing the functions ~(p)]. Thus 


aa (V3/2) (P12 — 413), (24) 


YT’, = a (P19 = 13) — Qo5. 


In similar fashion, Lg and ¥” are expressed by 
the functions Y; me ets 


og = \ GE (Pos, Py — P) ¢’ (p) dp; 


p(p) is a third unknown function. 


Just as in the case of three identical particles, 
it is appropriate to consider the Fourier Component 


E Opack) 3 ae (P23, Py )dp, 


of the wave functions in the coordinate p, of any 
one of the three nucleons (in view of the symmetry, 
all are equally suitable ); by Eqs. (22), (23) and 
(24), and using the value (5) of the Green’s func- 
tion Cae we get [ just as was done above for the 
Fourier components F obtained fromthe values of 


(7), (8)]: 


aetes 


fe=0e f= ; (25) 
a c eels 
ar \ x(k’) cos (k’ + k/2, po:) dk’ 
k2 +R’? + kk’ — (ME/p?) —it (2x) ’ 
2. ) sin (k’ + k/2, poa) dk’ 
ieee ae ee (ME/p2) — it (2n)® 
F = 4-( E(k’) cos (k’ + k/2, pos) dk’ 
as ke +k + kk’ — (ME/p?) — it (2x)? 
Yip P23 
(2 a \ 
merece 


ana Ba and F’’ (the Fourier components of > and 
bas ) have values similar to We and |e. upon re- 
eee of Ek) bye Ck); hae ee &(k) and 
&(k) are functions analogous to y(k) in the case 
of identical particles; these are Fourier compon- 
ents, correspondingly, of f(p), p(p) and p(p). 
Substituting the value of the function Ns in Eq. 
(21), we write down the Fourier component of the 
wave function F,, ¢ of a system ofthree nucleons 


for the case 7’ = es For) = 2: 
Die as a aah GK — Yo%o) 


eo) ya 


(26) 


25 + oll oa foyer 
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for S = 3/2: 


|B Plas Fiys%s a Foys91- (26 *) 


We can find the functions y(k), E(k) and &’(k) 
by imposing on the wave function the boundary con- 
dition similar to (1) or, more precisely, (1a). In order 
to obtain this, we note that, similar to the way in 
which Eq. (9) follows from the integral equation (6), 
there follow from (6), upon substitution of a po- 
tential in the form (19), equations for the coeffi- 
cients 


Fy='Yo(Fe— F,)and Fs = — 4/2 (Fe + FP) 


for the case of yy %, and x, Gy in Eq. (26): 


[(4?/do") — (M/h*) Uz (g) (27) 


+ (ME}/h?)] {oF s(p, k)} ~ 0, 
[(d?/dp?) — (M/k?) Us(p) 
+ (ME,/h?)] {oF s(p, k)} = 0. 


Here U, and Ue are potentials acting between the 


neutron and the proton in the triplet and singlet 
states: 


Us (023) = (29, U 28X09), 


= U,+ U,— 3U;— 3U,, 
Us (093) = (71920 987192) 


= U,—3U, Se Us; — 3U,. 


Equations (27) are approximate, valid with accur- 
acy up to terms of order Crane in the region of 
force action [ since, on the right-hand side, there 
are actually small terms in the exact equations 
similar to the term on the right side of Eq. (8) ]. 
We can also obtain an equation for the function F'’ 
in the coefficient for X3 0, in Eq. (26’). This 
equation is identical with the first of Kq. (27). The 
validity of Eq. (27), analogous to Eq. (9), is 
almost self-evident; its precise demonstration is 
connected with several rough calculations and is 
not carried out here. 


It follows from kq. (27) that the functions F 


: = 
and lee satisfy boundary conditions of the type (10) 
at the point p = tae 0: 
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(i [Posl*¢ (Pes> KI og (28) 


— te {Pog ls (Pos, Kee 0» 


Posl’s (Pos, K)] 
{ P23 } 


Pes> 0. 


= — ts {Posl’s (Pos, K) bog o» 


where a, and a, are reciprocals of the scattering 
length (in the approximation r, > 0, the difference 
between the scattering length and the radius of the 
bound state disappears ), and are constants which 
characterize the potentials U, and U,. The func- 
tion Ff = ~F* satisfies the boundary condition 
identical to the condition (28) for F’,. 


Substituting (25) in (28), we get, for S = 1/2: 


[/ ME — 04) (2 (18) + (6) (29) 
re {2y (k’) — 6 (k’)} dk’ 
we \ Rk? + k’® + kk’ — (ME/p2) — it (2n)8 ’ 
(V3 ME — 2) 21K) — 5 (0) 
Are {2x (k’) + & (k’)} dk’ 


-{ 


and for S = 3/2, 


(Ve — as) 2 (hy) 


2 + k’® + kk’ — (ME/42) —it (2m)? ’ 


~ 


* 4n&’ (k’) dk 0 

R? + k’% + kk’ — (ME/p,2) — it (22)° (9a 
The solutions of these equations determine the 
wave function of the system in accord with igs. 
(25) and (26). In the case S = 1/2, the equations 
can be written in a more appropriate form if we 
denote: 


X+(K) = 1/2 {y (kK) + &(k)}, 
Xs (k) = 1/2 {x (Kk) — 5 (K)}s 


then we obtain 


3h2 ME \ (30) 
(VE — ea) H(t 
a 4n O/ox,(k’) + 3/ex, (k’)} dk’ 
oi \ R? + k’2 + kk’ — (ME/72) —ixt_ (2n)>’ 
3k? ME 
( Tae eat a as) Xs (kK) 
4x {3/ox 4 (k’) + 4/ex, (k’)} dk’ 


= (ny * 


Rk - R’® + kk’ — (ME/p2) — it 
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Here, we have everywhere 


3k? ME ME 3R2 
pe — => i : 
h rH 4? 
: ME 3k2 
SE umern eas 


Let us consider the problem of the scattering of 
neutrons by deuterons. For large p, the wave 
function of the system must contain the incident 
wave eee is proportional to X20 ; if S = 1/2, 
and to y at S = 3/2) and various diverging 


waves. t, 2 accord with (25) and (26), this will 
occur if (29) and (30) have solutions of the form 


dirty, (K, Kg) |. 
Bk ie)” 


4ray), (k, Ko)) | 


£ (hs) = Y// 24 {(2m)%8 (hk — ky) + 


> 


e(k) =V_ si-{(2n)% (k— k,) + 2 


ci 4nby) (Kk, ko) 
Qn Re Re 


Pas 


Xs (kK) = (31) 


—it 


(the function y, (k) actually ( a is evident from 
Eq. (30), where ME/ #2 = ae - an), has no pole 
for k = ko: i.e. bulk, ky ia =O is Arepsc oo in 


(V 9h2/4 — (ME/p,)— «,) 


S =o - 
; — k? 


as),(K, 
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the form written above for one-dimensional nota- 


tion]. Here the amplitudes of elastic scattering of 
neutrons are: 


fri. (9) 
Lae career he 
hi, (9) 
: R —k * * 
rr mas es ~ (421 \ 90 (P2s) Pr), 1/2 (Pas, K) dpss)| , 


where Pog) = y%,/20e 23/9, is the 


wave function of the deuteron, and, by Eqs. (25), 
(26) and (31), are equal to 


Ile (3) = {Qs), (k, Ko) }n=ho> 


Pip (9) = {as, (K, Ko) }a—ny- 

Substituting (31) in (29), (30), we get inhomo- 
geneous equations which permit us to find the 
wave functions of the complicated spectrum: 


—1 
ki, +R? + kk, — (ME/h*) — i 


ky) = 


(32) 


AT As), (k’, ky) dk’ 


oy eomeaerrces 


(ME/h2) — it) (Rk? — k2 — ix) (2m)? 


2/4 — 2) — & 1 
[ (V 372 ET) Lee S an(ske) = aap MEO 
oe T{*/904) _ Ck’, ko) + F/obs), (k’, ky)} dk’ 
ihe pe i kK’ — (ME/#) — it) (k?— 2 — iz) (2m)? ” 
=") (V3n2/4 — (MEjh pea V 30/4 — (META) — 2) , ge 3/5 
— ‘A OU et REE kk — (MEV?) — ix 
4r{3/2a1), (ky Kaa wELaT _ (k, Ko)} dk’ 
f vate a kk’? = (ME [i®) in) (2? — A — iz) Qn)? 


For ky + 0, similar to the case of three identical 
Particles, we can introduce the dimensionless 
quantities 


Gs), (x) = %0:),(R, 0), 
Quy, (x) = a0), (R, 0), 


bsp (x) = or), (R, 0); x= R/as, 
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for which it follows that 
or 


V3x2/44+1—1 - —1 


S = */s: 2 as}, (xX) = 5 


x 


These equations are integrated numerically. The 


functions a, , 9 (A, 0), a, 2 (&, 0) and 5, i fk, 0) 
are plotted in aes 2: i eee ae 
a,,,(0, 0) and a, ,,(0, 0) of neutrons with k, =0 


by deuterons are seen to be equal to 
as, (0. 0) = 0.51-107-!? cm; 
ay, (0. 0) = 0.30- 10722 em. 


Here, for o and « ., we have taken the following 
~ 4.32 x 10723 em; 1/ o.. =—2xlo* 
cm. The Se ae of the calculation depend weakly 


on the value of & ., since this quantity enters in 


values: 1, O 


the form of a small parameter —% ./a, = 0.173 < 1 
in the sum, with y 3x*/4+1> 1. 
For ky = 0, the functions Bx 75> F179 bi i can 


be ae in a series of Legendre polynomials: 
az, (k, Ky) (34) 


+ 1) {CP (&) + iCP (&)} P; (cos 9): 


1=0 


by, (k, k,) 


= D>) (20+ 1) {BP (a) + 


™~ 
o 


The equations which determine the functions 
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SPSh4 ——|\ as), (x) In ae 
0 


~ . > 1+ x2+ x/2+ xx’ dx’ 
1/2, (x") + 3/aby, (x’)} ln ———_. |; —  ; 


>) (20+ 1) {AM (&) 4.14? (£)} P: (cos $): 


iB,” (&)} P1 (cos 9). 


. A. TER-MARTIROSIAN 


Seer Lx’? 1 xx’ ah 
pat xt xe xx! 


1+ x? + x2? — xx! xx’? 
$s 
a ~ 3/ 
t én /2 
bs), (x) ee — 


14 x24 x/24 xx’ dx! 
by, (x')} In a es ae» oe 


Serf Ce: A Sar Ane : BL Be are developed 

in the Appendix. 
For the case k, 

r, of the theory corresponds to neglect of terms 

i the order a,r, ~ (1.7/4.34) ~ 0.4, in comparison 

with unity; therefore, the theoretical values of 


+0, the zeroth approximation in 


Aso and Oy, are valid with accuracy up to terms 


of the order 
(Xs o)/az at To = ie ree 10°22 cm. 


In agreement with the experimental data of ~ 
Hurst and Alcock®, a, ,, = (0.64 + 0.01) x 10° 


cm; a, ,,5 = (0.07 £0.03) x 10°! em; thus, for 
spin 3/2, the correspondence with experiment is * 
excellent; but the small amplitude of %) 9 as de- 
termined by the zeroth approximation of the theory 
is imprecise. Consequently, the first approxima- 
tion of the theory in an expansion in r, will be 
considered later. 

The authors express their gratitude to Acad. L.D. 
Landau, O. B. Firsov and I. M. Shmushkevich for 


discussions of the work. 


APPENDIX 
INTEGRAL EQUATIONS FOR THE CASE k, #0 


Below we obtain equations which determine the 
wave function of the three-particle system with 
k = 0 and with arbitrary momentum. 

First, let us consider the case of three sdentiecla 
particles. Making use of the expansion (16) and 


representing the kernel of the integral equation (14) 
in the form , 
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[R? +k? + kk’ — (ME/R2) iz] (a) 


= [kR’ (Q + cosy — it) = 


rs G, (Rk, k’) 
= Ae eco) 5 


(7-0), where we have introduced the notation 
QO(k, k’) =(k2 +k’? —ME/h?)/kk’, x = cos y 

= kk’/kk’, we obtain, after multiplication of (14) 
by P, (cos #) and integration over the directions of 


the vector k: 


3/,a,(R, Ro) * G,(R, Ro) (b) 
a + V 3k2/4 — (ME/h)? 2kRy 
2¢ Gk, 2) 4,(k',%) ,,..., 
real R2— pe — iz RR’ oe 


Taking it into account that 


Al 1 
Q+«—it aoe 


+ ind (Q + x) 


(P denotes the “‘principal part’’), we obtain 


Gi(k, k) = GY (k, k') + in6(Q) P(—Q), ©) 


where Gy is substantially: 


1 
Grey (ipa 


Ec Q+x 
Q+14 
In] $= » L=0; 
ee Q+1 . 
,2 Q In Gaeta baal 
4 
( (3@2—1) In| eee | + 6Q, De 


and by @ is meant the equation 6(G) = 1, f. 
(Oli< and 6(G) 0; RIG aa ae 


The kernel of the integral equation (b) is com- 


plex not only because, in view of (c),Q, (k, k’) has 
an imaginary part (it differs from zero if 3k? /4 


3) . 
>a”; otherwise, Q > 1), but also because of the 
fact that the factor 


qseeugk feet pres 
EO oy) ae yD 
ko Ta Rk ke 


+ ink?8 (k? — ke?) 


is complex. Therefore, the functions a,(k, ky) are 
complex [ except for the case k, > 0, where they 


BiGae. 


are real, by Eq. (15)]. Writing a(k, ky )=€,(k) 


+ in, (k), we get the following equations for €, and 


2) from (b) and (c): 


(R,—«) Ey (k)+-J,91 (R) 
2 (k? — ke) 
ae 2 ¢ GW (k, k’) RIE, (k') 
0 
4 
— x Gi (hy Ro) 40 (Ro) 


Jp+ki2 


k’ P, —Q) , es 
oe are 


Jp—kle| F 


, 


all the integrals are taken in the sense of the 


principal value (the integral with the limits from 
\J,- k/2\to J, +k/2 arises fromthe imagin- 
ary part of (c): |Q| < 1 only if k” changes in these 


limits ). ; so 
We treat the case of three nucleons in a similar 


fashion. Taking into account the expansion of Eq. 
(34) and denoting C, = Cy + ale A, - a 
a PAs ; B, = ee ie Wiese we get a system of two 


coupled equations for S = 3/2: 
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(Ry, — x4) CP (k) + 1,C?() 


hk? — Ke 
(1) © GO) (k, &’) RCW (B’) GD (k. Ro) 
GY) (kk) 10 Gy’ (A, F’) i dp 0 C® (hy) 
=e) a ca te 
2kko tT k Re 
0 
Jpthki2 
Ci) (k’) Py (—Q) kt pe 
+ \ ki? — 2 k ‘ 
|Jp—AI2| o 
ce , , 2 , 
(Ry, — %) CP (k) — J, CP? (A) 1 Gf) (ke, RY RAC (k') 4, 
——$ — =< SS) TT Oo 
k? — k2 bas kR hk’? — ke 
\Jp+kl2] . 
GD (Rk, Ro) CY (p { ch) (k )Pi—@) BY ape 
a QR l ( 1) eee A hk’? — ke kR ® 
|Jp—h2! 


and for S = 1/2, a system of four coupled equations: 


Lx 2) AP WHAM) _ GPP tb ty 


k? — ke? Rk, 


kk’ (R/2 — ke) dk = Rk 


ae 


wT 


(GM (e, b’) k® PAW (k') +9/2BM (b')} GY!) (hk, Ro) 
Vremuar cm oe 
0 


Jp+rie 
P(—Q) 2/24 (k’) + 3/.B (k)} pe 
La IT gg oie ers Ts ag hE dk’; 
iJ p—k/2| 0 


(Ry — 9%) AP (@)— TAP (A) ( GY) (k, k’) k? /oAY) (b") + 9/,B®) (b’)} a 
wT 


[oN P kk! (h’2 — k?) 
Jp+kie 
GY) (k, ko) Fe (0) /,A® (b) 4.9/8 (4 
pee aged) 1 (—Q) G27? (k’) + 3/2By? (k’)} ' 
fe a —_ ee 
Jp—hk]2l 0 
(Ry—«,)BY) (k) +J,BP (k) 3G) (k, Ro) 
hk? — ke — A4kRo 
rare (ER) RUA) (RV +BY HD sy, 3G PO) sen op 
™ kh! (k’? — k?) iinnag, peels) 
0 0 
Jpt+hkl2 (2) 
P(-Q) P/oAP (+ U2BYP (k)} opr 
= eC. Cee eee pe ma dk 5 
\Jp—R|2| 0 
(Ry— 4) BP (e)—SnB (A) (oe CAP (eB ET 
pe ay ivy t , 
kh? — ko a RR’ (k’* — Fe) 
( J p+hkl2 
Bai" (bd) A (gy Py (—Q) {2/24 (ke!) + BO (RY gr 
4k l 0 + po 2 > dk 5 


|\Jp—R|2| 
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The possibility of the measurementof the ionizing power of particles in a propane 
bubble chamber is demonstrated. The chamber was operating in conjunction with an 
accelerator, The use of the method of the reduction of pressure to a controllable 
constant level ensured the stability of chamber operation necessary for ionization mea- 
surements. The period of sensitivity was 40 m sec. Measurements of the ionizing power 
of particles were carried out in therange up to eighty times minimum ionization. It was 
found that the track density changes with the velocity of the particle as 1/8? for B < 0.6. 
For velocities close to that of light, relativistic increase in the track density is ob- 
served. The used methods on the track evaluation are described. 


1, INTRODUCTION 


iz was shown by Glaser! in 1953 that ionizing 

particles cause an overheated liquid to boil, 
leaving tracks in the form of vapor bubble chains. 
It is possible to describe the expected dependence 
of the number of bubbles along the track on the 
charge and the velocity of the particle not entering 
into the detailed formation mechanism of the nuclei 
of vaporization under the influence of ionization. 
It is well known that an overheated liquid starts 
boiling on the vaporization nuclei, the radius of 
which is greater than a critical value r,, . 


eae), (1) 


where o is the surface tension coefficient of the 
liquid-vapor boundary, Pois the pressure of the 
saturated vapor and P, is the hydrostatic pressure 
of the liquid. The energy losses of a particle 
due to the ionization of the medium can entail 
conditions favoring the formation of vaporization 
nuclei. 3ubble chambers usually operate at values 
of o inthe range from 1-10 dyne/cm and of 
= Nears ) in the range from 5 to 20 atm, which 
correspond to r,, = 10°° —10° cm. 

It is evident that the nuclei of vaporization are 
formed in the region where the ionization density, 
over distances of the order of r,, 18 considerably 
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larger than the average ionization density along 
the particle trajectory. This condition is fulfilled 
by the end points of the tracks of the 6-electrons 
produced by the particles. Indeed, electrons of 
about 200 ev lose all their energy on a path 
shorter than 10-5 cm ina liquid, producing some 
20 ion pairs*, while for the case of a relativistic 
particle, the number of ion pairs along the 
trajectory is not greater than 0.5 per 107° cm, and 
the probability of many acts of primary ionization 
over such a length is vanishingly small. It can 

be therefore assumed that the number of bubbles 
along the path of the particle is proportional to the 
number of 6-electrons of energy greater than 100— 
200 ev. Neglecting the binding energy of electrons 
inthe atom, we shall obtain the following expres- 
sion for the number of bubbles per unit length 

of track (track density): 


& = £)27/82, (2) 


where g is the track density, Z is the charge of 
the particle, 8 is the particle velocity in terms of 
the velocity of light, and g, is a coefficient de- 


pending on the stopping power of the medium, on 


*‘overheating’” Poo— P.. 


the temperature and on the ‘ 


*The given values of range and of the number of ion 
pairs are calculated for the case of liquid propane from 


[3] 
data concerning the air.“ 
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For 3 ~ 1, relativistic corrections taking into 
accountthe polarization of medium should be 
introduced into Eq. (2). 

Authors of various experimental investigations?” 
have not noted that a difference is observed in 
the density of tracks belongingto different parti- 
cles; the correlation, however, ofthe track 
density with the velocity of the particle has not 
been found, due to a number of difficulties. In 
contrast with other authors, who used a constant 
chamber expansion, we applied the method of pres- 
sure reduction to a certain level, which ensured the 
high stability of the chamber operation necessary for 
such correlation. 

The experimental work was carried out with the 
synchrocyclotron of the Institute for Nuclear Prob- 
lems of the Academy of Sciences USSR. 


2. CHAMBER CONSTRUCTION AND CHOICE OF 
OPERATING CONDITIONS 


The working volume of the chamber (4, Fig. 1) 
consists of a cylindrical vessel of stainless steel 
of 92 mm internal diameter and 70 mm high, the 
ends of which are covered by glass plates 30 mm 
thick. The joint is made tight by a 1 mm thick fluo- 
roplast gasket. The liquid used is singly distilled 
technical grade propane, with the vapor pressure 
equal to 30 atm at 64° C. Water for heating the 
chamber flows from a thermostat through the pipes 
1 and 2 to the chamber and circulates in channels 
between the chamber’s body and its covers. The 
chamber temperature was usually equal to 64° C 
with stability better than 0.1° C. 
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Fic. 1. Chamber construction (schematic). 
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The volume B, filled with water, is connected 
through openings in the gasket ring 3 withthe elec- 
tromagnetic exhaust valve 4, the vapor phase volume 
control 5 and the capacitance pressure gauge 6. 
The working volume of the chamber is separated 
from the volume C by a fluoroplast diaphragm 7. 

As long asthe external pressure is not supplied 


(the valve 4 is open), the dis phaaer 7 remains in 
the intermediate position, and the rubber diaphragms 


8 and 9 are pressed againstthe respective grids. 
The vapor phase then has a volume equal to 16 cm. 
Since the total volume occupied by the propane 


equalled 660 cm’, the maximum volume expansion 
coefficient amounted to 16/660 = 0.024. The ex- 


pansion coefficient could be varied by means of 
the control 5, consisting of a piston with a rubber 
diaphragm. 

The peculiarity ofthe operation of the chamber 
lies in the reducing ofthe pressure to a constant 
controllable level. The level is set by the pressure 
of the carbon dioxide gas, which fills the volume 
B. 

The operation ofthe chamber is as follows: car- 
bon dioxide at 38 atm is supplied to the rubber 
diaphragm 9 through a pressure stabilizer (not 
shown in the drawing) and the electromagnetic in- 
let valve 10. This pressure is transmitted by the 
water to diaphragms 7 and 8, the diaphragm 8 
moving against the erid, while the diaphragm 7 
compresses the propane. The vapor phase in the 
chamber condenses completely, and the chamber is 
ready for expansion. 


3 


The moment of expansion is chosen by means 
of a radio frequency control, the antenna of 
which is placed near the synchrocyclotron chamber. 
The antenna is sharply tuned to a frequency close 
to that of particle ejection. Out of a train of ampli- 
fied and shaped pulses one is selected, which, 
after a controllable delay, causes the exhaust valve 
4 to open. Within 12 m sec the chamber pressure 
falls to the value equal to the pressure inthe 
volume B. The delay between the synchronizing 
signal and the beginning of the pressure reduction 
is chosen so that particles of one of the consecutive 
intensity pulses traverse the chamber at the sta- 
tionary pressure P) . The schematic time diagram 
of chamber operation, obtained by means of the 
Capacitance gauge and an oscilloscope, is shown 
int’ Figz2: 

Two pulsed illumination lamps ofthe type ISS 
250 were switched on after the passage of the par- 
ticles. The chamber is flooded by light aimed to- 
wards the camera atan angle of 30° to the camera 
aiis in order to prevent the incident beam from 
striking the lenses. Dark background is used for 
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the photography. A stereocamera with 75 mm 
lenses at an aperture of f/60 and a reduction of 
3.5 diameters is used. The light flash duration 

is 1to4 msec. the exact time within these limits 
being chosen to produce the best images of the 
smallest bubbles. About ten seconds are needed 
for preparing the chamber for the next expansion. 
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Fic. 2. Change ofthe pressure in chamber during 
expansion. P, = 38 atm, poo= 30 atm— pressure of the 
saturated vapor of the working liquid at 64° C; Po ~ 


level ofthe pressure reduction (22—25 atm). Times of 
the passage of particles fromthe accelerator are 
shown. Duration of pulse about 300 1 sec. 


In the first variant of the chamber, the working 
volume was connected with the volume C by a pipe 
of 12 mm internal diameter. A fast reduction of 
pressure caused a turbulent ebullition in this pipe 
which considerably shortened the sensitivity 
period of the chamber. The pipe diameter was 
therefore enlarged to 50 mm. This resulted in a 
period of sensitivity in excess of 40 m sec, which 
was tested by photographing particle tracks from 
three intensity pulses of the accelerator. The 
measurements of the track density of fast electrons 
have shown thatthe chamber sensitivity varies 
by a factor of about 1.5 from one intensity pulse 
to the next, arriving 12 m sec later. Synchroni- 
zation of the beginning of the pressure reduction 
with the accelerator pulses made it possible, 
however, to obtain consistently reproducible re- 
sults. Measurements have shown thatthe sensi- 
tivity is uniform over the whole volume of the 
chamber, and is constant for hundreds of pictures 
taken under the same operational conditions. 

The sensitivity of the chamber could easily 
and quickly be controlled by the gas pressure in the 
volume B. This method was used for the selection 
of the sensitivity at which ionization measure- 
ments in the given region were most accurate. The 
resulting dependence of the sensitivity of the cham- 
ber on the ‘‘overheating’’ Pa— Py at the tempera- 
ture of 64° C is given in Fig. 3. It can be seen 
that it is necessary to keep the pressure P 9 con- 
stant within a few hundredths of an atmosphere in 
order to ensure the stability of the operation of 
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the chamber. In our case, this was effected by 
hermetic sealing of the volume B (Fig. 1) contain- 
ing the gas, and the thermostating of it together 
withthe body ofthe chamber. 

In the course ofthe work withthe accelerator, 
the chamber was placed either into the emerging 
collimated neutron beam with a mean energy of 590 
mev, or into the beam of y-rays from the 7°-meson 
decay, or into the beam of particles emitted from 
the targets and the walls of the collimator in the 
direction ofthe proton beam. The control system 
governing the necessary synchronization and 
delay was placed at a considerable distance from 
the chamber behind a concrete shield. This sys- 
tem also permitted remote measurement ofthe tem- 
perature and pressure in the chamber, and the 
remote control of the motor, the thermostat heaters, 
the light flashes, and the pressure. At a danger- 
ously high pressure the thermostat was automati- 
cally switched off andthe exhaust valve opened, 
preventing the chamber from exploding. 
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FIG. 3. Dependence of the track density of minimum 
ionization electrons (E = 1—5 mev) on the “‘overheating’ 


(Po — Po ) for P = 30 atm. 
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3. METHODS OF TRACK DENSITY MEASUREMENTS 


The observed number of bubbles usually differs 
from the number of primarily produced bubbles. 
There are several causes of this: overlapping of 
the bubble images, interaction of closely spaced 
growing bubbles and subjective errors on the part 
of the observer connected with the difficulty of 
discerning single bubbles in clusters. At present, 
the methods of the measurement ofthe mean gap 
length and of the number of gaps are used for the 
determination of the track density in nuclear 
emulsions; these exclude the sources of the above 
errors. Analogous methods were used by us. 
Formulas correlating the measured value withthe 
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track density depend onthe statistical distribu- 
tions of bubbles along the track. In accordance with 
our ideas about the bubble creation mechanism 
mentioned in the introduction, the bubbles, similar- 
ly to 5-electrons, should be produced with equal 
probability at any point of the path of the particle, 
provided its velocity is constant. In this case 

the probability of finding n bubbles on the length 

x is given by the Poisson distribution: 


(3) 


w(n, gx) = (gx)"e-e*/n!, 


where g isthe track density. 

Comparison with experiment revealed marked 
deviation from the Poisson distribution for tracks 
consisting of bubbles of a relatively large diameter 


(< 0.2 mm) and an observed density of more than 
two bubbles per mm (Fig. 45). Such tracks appear 


sometimes as uniform chains of bubbles, the num- 
ber of bubbles being largely independent of the 
velocity of the particle. This effect is caused by 
the interaction of the neighboring bubbles during 
their increase. Further measurements were there- 
fore made only for the case of tracks consisting 

of sufficiently small bubbles, sothat their optical 
images were essentially smaller than the developed 
images on the film . The effects connected with 
bubble interaction are then negligible. The 
preponderant majority of the pictures obtained con- 
formed with this condition. The average diameter 
of the bubble image on the film was 0.035 mm, 
which, taking into account the camera reduction, 
gives 0.1 mm, while thereal bubble was approxi- 
mately half this size. The distribution obtained for 
such tracks is shown in Fig. 4a. The slight nar- 
rowing of this distribution, as compared to Poisson 
distribution, is explainea by the overlapping of 
bubble images.°® 

Tracks of various densities were treated by 
different methods depending on the measure of the 
overlapping of the images gD, where D is the mean 
diameter of the bubble image, the camera reduction 
factor being accounted for. The three methods of 
track density measurement described below were 
chosen as the most sensitive. 

I. The method of the straightforward bubble 
counting, or, more exactly, of the measurement of 
the length of the blackened part of the track, 
was used for gD < 0.4. It can be shown that, in 
this case, the track density is given by the fol- 
lowing expression: 

4 1 


Teas one it 


(4) 


where L “is the length of the blackened part of 
the track, and L is the total track length. 
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FIG. 4. Distribution ofthe cases ofthe production 


of n bubbles on a length x of the tacks for monoenergetic 
particles. a— ‘‘good’’ tracks; interaction of neighbor- 
ing bubbles not visible in photographs. Bubble diameter 


less than 0.05 mm, diameter of the bubble image (camera 
reduction accounted for) D =0.1 mm, g=3 mm~?, 
x =3.5 mm. b—‘‘bad’’ tracks, diameter of bubbles equal 


to image diameter, D—0.5 mm; observed track density 
ae 2mm , x = 4 mn, broken line represents the 
oiSson distribution. 


In practice, the length of the blackened part 
was determined by counting the number of bubbles 
under the assumption that the number of bubbles in 
a cluster equals the length of the cluster divided 
by the diameter of a single bubble. The length of 
a cluster was estimated visually, which entailed 
subjective errors. For small values of overlapping 
(gD < 0.4), however, the subjective error is small 
and the method was widely used because of its 
simplicity. In this case, fq. (4) hasthe following 
form, obtained by Williams? : 


1 (5) 


1 
2 eS 


where & = N/L and N is the observed number of 
bubbles. The statistical error is given by the 
formula: 


Ag/g = N=". (6) 
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2. The mean gap length method is the most ob- 
jective one, since its results do not depend on 
the average bubble diameter. It is more difficult 
thanthe first method. 

It is known!® that the gap length distribution is 
exponential: 

W (1) dl = ge-#'dl, (7) 
where W (/) dl is the probability of the gap length 
to fall between 1 and1# dl. This fact is con- 
firmed by direct measurements of fast electron 
tracks (Fig. 5). It can be seen fromthe histogram, 
however, that the experimental distribution differs 
from the theoretical only for gap lengths smaller 
than D/ 2. This is connected with the fact that 
the outlines of the bubble images are blurred. The 
method of the measurement of the mean length of 
gaps larger than a certain value ¢ was therefore 
used. ¢€ was usually taken to be equal to D/2. 

The track density can be found from the measured 
mean gap length larger than « according to the fol- 
lowing formula: 


g=I1/(l, —=) (8) 


with a statistical error 


Aglg = No", 2 


where JV, is the number of such gaps, and 1, their 
mean length. 

3. For dense tracks (gD > 1), the method of 
counting of the number of gaps larger than « is 
more accurate. According to reference 10, the num- 
ber of tracks is connected with the track density 
by the following relation: 

Nem GLE ex) 7 2). (10) 
The dispersion of the gap number distribution in 
an analogous problem was calculated by Domb’: 
Making use of his results, the statistical error of 
the track density is easily found to be: 


ha (11) 
Ag _ (1 — 2), 7 
Es PN ALS 
where 
je= g (D+ 8). 


The validity of the formulas for the statistical 
error estimate was checked by us experimentally. 
Some 23 fast electron tracks were used for this 
purpose. The tracks were divided into intervals 
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of equal length, and the dispersion of the distri- 
bution ofthe values of N, Me and Ls was measured. 
The result of the measurements can be represented 
inthe following form: 


As/g =C/YN,,. (12) 


where ae is the number of counts of bubbles or 


gaps larger thane. The coefficient C depends on 
the method used and onthe value of jo= 2D Ge). 
The theoretical dependence of C on j, for the 

different methods and the experimental points are 
shown in Fig. 6. The satisfactory agreement be- 
tween the experimental points and the theoretical 
curve indicates the correctness of the application 
of the formulas (6), (9) and (11) for the calculation 
of statistical errors. 
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Fic. 5. Gap length distribution. N, —number of 
gaps with length between | and 1 +di. 
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Fic. 6. Dependence of coefficient C in Eq. (12) on 
j-=g (D +e) +—gap number method (solid curve); 
& —mean gap length method (broken line); O—straight- 
forward bubble counting. 


It was assumed in the calculations that all 
the bubble images are of the same diameter. In 
reality, the values are distributed. with an average 
value equal to D (taking the camera reduction into 
account) and a dispersion o? . In our case, the 
ratio a/ D equalled 0.1, and the distribution width 
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was negligible. It is desirable te have a smaller 
D for better accuracy. The ratio a/D is then 
larger. It was found from cloud chamber pictures, 
taken by 3. V. Chirokov, that ¢/ D= 0.4 for D=0.05 
mm. The results of measurements of the statistical 
error for tracks 5 cm in length, depending on the 
measure of overlapping, are given in the Table for 
two values of the ratio g/ D. The errors are given 


for the most accurate method of measurement in 


each case. 
It can be seen from the Table that, for tracks 


5 cm in length, the variation of the density by a 
factor of 20 with an error of 6—10% is possible 
without any change of the chamber sensitivity 
setting. 

By controlling the chamber sensitivity and using 


| 
mean gaptimber of number of 


Method of number of 
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various methods of track density measurements 
we measured ionization, varving from minimum 


ionization up to a vaiue greater by a factor of 
eighty. 


4. IDENTIFICATION OF PARTICLES AND DE- 
PENDENCE OF THE TRACK DENSITY ON 
PARTICLE VELOCITY 


Since the particle beams used by us were not 
monoenergetic, correct identification of the parti- 
cles from their tracks constituted a most important 
problem. 

The stopping power of the liquid used was 
determined from the range of monoenergetic muons 
from the 7—p decay (Fig. 7) obtained by means of 
the proton beam. The measured mean range of 
four muons equalled 3.05 0.12 mm,which agrees with 
the value calculated for propane at muon energy of 
4.17 mev. The photographs obtained with the 
neutron beam contained a large number of tracks 
of different particles. The horizontal tracks of 
stopping ionizing particles and tracks of electrons 
of various energies were selected for evaluation. 

The identification of the particle tracks was 
done in the following way: particles having mini- 
mum ion ization tracks with strong multiple scat- 
tering were classified as electrons (Fig. 8), which 
were in turn divided into two energy groups. Tracks 
with strong multiple scattering, terminating in the 
chamber, correspond to electrons of energy between 
1 and 5 mev, and tracks with weaker scattering, 
extending beyond the chamber, to electrons of 10— 
100 mev. Protons, deuterons and pions stopping in 
the chamber were identified on the basis of a num- 


ber of criteria: 1) the total number of bubbles in 

a chosen residual range 2) the dependence of track 
density on range 3) the value of the multiple scat- 
tering and 4) the nuclear interaction at the end of 

the pion track (Fig. 9). 

The distribution of the total number of bubbles 
over the residual range equal to 36 mm for 20 stop- 
ping particles is shown in Fig. 10. The corre- 
sponding photographs were obtained at low sensi- 
tivity conditions, where the tracks of fast electrons 
had a density of 0.24 bubbles per mm and were 
almost invisible (operation conditions No. 1, 

P= 24.2 atm). As it can be seen from the histogram, 
the tracks are divided into three groups withthe 
mean values of 51,100 and 131 bubbles in the 
residual range of 36 mm. According tothe criteria 
given above, the particles of the first group were 
identified as pions, of the second as protons, and 
of the third as deuterons. These particles leave 
the steel walls ofthe chamber, and also are formed 
within the chamber during the disintegrations of 
nuclei by neutrons. On the basis of conservation 
law considerations andthe initial energy of the 
neutrons it was shown that o-particles cannot be 
found among particles having a residual range of 

36 mm in propane, and the proportion of tritium 
nuclei cannot be significant because of their low 
frequency in stars. 12 

The width of each group is well explained by the 
Statistical spread of the number of bubbles. It is 
also easily shown that the probability of the fluctua+ 
tion by which a particle from the second group can 
be found in the third group is smaller than 1%. 
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Fic. 7. Photograph of 7—u-e decay. The pion emerges 
from the rear window of the chamber. 


The measurements showed that the track density 
varied approximately as 1/87, 8 being determined 


from the range and the assumed mass of the particle. 


The measured ratios of the numbers of bubbles 
N,/ Nz = 1.96 +0.25andNa/ Np = 1,3] +- 0,08 


are in good agreement with the ratios calculated 


under the assumption of a 1/8? dependence: 


(Np/Nx)cale= 2.2; (Na/N oo) alc= hese ys 


For more accurate results,the tracks were divided 
into intervals of 3 mm each, and the mean track 
density was determined in intervals with a 
given distance to the end of the track for every 
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particle group. Tne velocity was determined from 
the range and the mass of the particle. The de- 
pendence of the track density on the velocity of 
particle was sought inthe form 


ene 
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g = go/b". (13) 


The values of g, and n, found with the help of the 


least squares method for operation conditions /, 


are: n= 2.07 £0.17; go = 0.155 mm*!. 


Fic. 8. Tracks of electrons of various energies. The 


electrons are produced inthe walls ofthe cha 


in a beam of y-rays. 


For higher sensitivity of the chamber (operation 
conditions JJ] P, = 23.5 atm) the analysis of 7 
cases of protons, 2 deuterons and 7 electrons 
yielded the following values: n= 2.02 + 0.34; 

8) = 0.200 mm‘), 

For operation conditions [/] (P, = 22.8 atm, 

&, = 0.28), tracks of four pions and 29 electrons 
were analyzed, one of the pions, which left the 
chamber, being identified by multiple scattering. 
The value of n was not determined since the number 
of particles coming to a stop was small, while 

8 Was obtained from the comparison of the elec- 
tron track densities with those of operation con- 
ditions //. 

The experimental data on the dependence of 
the track density on the particle velocity for all 
three operation conditions are shown in Fig. 11. 
It was assumed that n= 2 and new values of g , 


were calculated. The straight line in Fig. 11 
corresponds to the equation 


er, placed 


(14) 
8/804) R° 

Satisfactory agreement of the experimental points 
for all three operation conditions with Eq. (14) 
permits us to conclude that the value of g/g, is 
directly related to the velocity of the particle or, 
more accurately, tothe ratio Z*/ 8%. An increase 
in the track density, deviating from fq. (14), is 
observed for electrons of velocities close to the 
velocity of light. Measurements of 148 cases have 
shown that tracks of electrons of 10—100 mev have 
a density 12 5% higher than the tracks of 1-5 mev 
electrons. 

It is possible to state, therefore, that a rela- 
tivistic increase ofthe track density exists inthe 
bubble chamber. 

The authors wish to express their gratitude to 
A. I. Alikhanov, A. G. Meshkovskii and 3. V. Chiri- 
kov for discussion of results and to M. G. Mesh- 
cheriakov for making it possible to use the synchro- 
cyclotron of the Institute of Nuclear Problems. 
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Fic. 9. Pion stopping in the chamber produce a two- 
prong star. The pion was created in disintegration of 
a C nucleus by a neutron (six-prong star). Tracks of 
protons and electrons produced bythe neutron beam 
which traverses the chamber (mean energy 590 mev) are 
also visible in the photograph. 
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Fic. 10. Distribution of the number of bubbles in the 


residual range of 36 mm in tracks of stopping ionizing 


Particles. 
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Fic. 11. Dependence of 8/8, on {. Log—Log coordi- 


nates. O—protons, WU —deuterons and A—pions for opera- 
tion conditions J; ®—protons,({J—deuterons and X—elec- 


trons for conditions JJ; A—pions and X—electrons for 


conditions JJ]. 
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An integral causality condition is formulated in Bogoliubov’s method for the construction 


of the scattering matrix. 


Starting from this method, the compatibility ofthe conditions im- 


posed on the scattering matrix and the existence theorem for the matrix are demonstrated; 
the scattering matrix is obtained in explicit form for the local theory. 


ip most works on quantum field theory, the scat- 
tering matrix is constructed by starting either 
from Schrédinger’s equation in the interaction re- 
presentation!-3 or from the equations of motion for 
the field operator in the Heisenberg representation 
In other words, the S—matrix is obtained as 
the solution of certain equations within the frame- 
work of the Hamiltonian method. However it was 
shown © some time ago that an analysis of the 
scattering matrix opens the way for the construction 
of a wider class of theories than the Hamiltonian. 
There is therefore considerable interest in a method 
recently proposed by Bogoliubov 7+8 (deve loping 

an idea of Stueckelberg® ) for constructing the 
scattering matrix without reference to the equations 
of motion. We would especially like to emphasize 
that this method offers new possibilities for non- 
local theories which are apparent ly irreconcilable 
with the Hamiltonian scheme. 

In order to preserve the possibility of a space- 
time description, one introduces in 3ogoliubov’s 
method a function g(x) ranging over the interval 
[0, 1] which describes inclusion or exclusion of 
an interaction; the effective interaction L (x) dx 
is changed to L (x) g (x) dx, and one seeks the 
scattering matrix for such an interaction, consider- 
ing it as a function of g, through a formal decompo- 
sition in ‘‘powers’’ of g (x): 


* 


ee (1) 
Sig)=14+D) 00 

n=1 
xX \ Sn (tn Re a) oe SOT) Oy ne Xn 


Instead of using the equation of motion, one applies 
obvious physical requirements to the scattering 
matrix: A—correspondence with the classical theory, 
B-relativistic invariance, C—unitarity S(g) Sa (g) 
=S* (g) S (g) =1, D—causality. The last, which 
shall be called the differential causality condition, 
may be written in the form 


*Reported by N. N. Bogoliubov atthe meeting ofthe 
physico-mathematical division ofthe Jubilee meeting 


of the Academy of Sciences ofthe USSR in April 1954. 


4,5 


(2) 


Sd (8S (g) ot 
sae Ero) @)=9 for x<y, 
where the sign % signifies ‘‘later or space-like.” 

The purpose of the present article is to investi- 
gate (within the framework of Bogoliubov’s method) 
the causality condition in a form which differs from 
(2) and which, it is believed, permits construction 
of the scattering matrix in a simpler and more 
natural fashion. Furthermore, the new causality 
condition which will be introduced here has the 
substantial advantage that it may be relatively 
easyly generalized to a non-local theory whose 
analysis by non-Hamiltonian methods proves of the 
greatest interest. 


2. THE INTEGRAL CAUSALITY CONDITION 


In order to formulate the causality condition, it 
is necessary to make use ofthe concepts “‘later’’ 
and “‘earlier.’’ Considering two events in classi- 
cal (non-relativistic) theory, the meaning of these 
concepts is graphically specified by the sign of the 
time interval between these events. It is well 
known that such a specification is not invariant in 
relativistic theory, and in order to specify invari- 
antly thet ime order of two events, it is necessary 
to introduce three concepts: “‘later,’’ “‘earlier,”’ 
and ‘‘space-like.’’ Since we are seeking here the 
scattering matrix in the form of a functional ob- 
tained by integrating over certain space-time 
regions, it is natural to start with certain concepts 
regarding the possible forms of 4-dimensional time 
order. 

Consider two space-time regions G, and Go. Let 
us construct at each point of G, a half-light cone, 
directed into the future, which we shall call the 


extended G, region, and let us denote by G, the 
set of points which lie inside or at the boundary 
of at least one of these cones (Fig. 1). The region 
Gis constructed in a similar fashion. 

Now if the regions G, and G, have no common 
point Gf G, =0, we shall say thattheregion G, 
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is situated not later than G, , and write G, {G,.- 
In the opposite case, if G, f) G, # 0,we shall 
writeG, A G,. Similar statements will hold 
forG, and G, . 

The relative positions of G, and G, can now be 
described by the following four logical possibilities. 
1. The region G, is situated not later than the 

region G, , the region G, is not situated not later 

than the region Gi G, = Cy Gy X& Gy . In this 

case we shall say that the region G, is situated 

later than the region G, and write (Fig. 2) G,< G,. 
2. The region G , is situated not later than 

Gy ; G, is not situated not later than Gy : Gok Gy z 

G, XG, . We shall say that G, is situated later 
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than G, and write (Fig. 3) G5 < G,. 

3. The region G, is situated not later than Gy , 
the region G, is situated not later thanG, We shall 
say that G, and G, are space-like with respect to 
each other and write (Fig. 4), ~G, . 


If at least one of these possibilities is present, 
we shall say that the regions G, and Gy are separ- 


able. 


4. The region G, is not situated not later than 
Gp, theregion G, is not situated not later than G, : 
G,XG,,G, XG, . We shall say that the region 
G, and G, are unseparable and write (Fig. 5) 


CECE 


FIGS 40 2a 


It is clear that Gy AG, implies that G, is situa- 
ted later than or is space-like with respect to G, 
as reflected by the chosen notation. 

In addition to the concepts of chronological 
order which we have just defined in 4-dimensions, 
we Shall need later a representation of chronologi- 
cal order for two sets of space-time points 
oa ON DETU aay daca Me Gg Meteo eg aa In order 
to do this we shall place each set of points 
{x, 5 = gpg } in a suitable 4-dimensional region 
G, a disconnected region consisting only of the 
points of the set; now we shall say that the set 
ts ene 5 oy } is situated later than the set 


{y, oo rey 2m }etc., if the regions G,> and G, 


are so situated with respect to each other. 
Consider now two regions G, and G, such that 


G, is situated later than or is space-like with 
respect toG, ,G, % G, , and define a class of 


functions g, (x) and g, (x) such that 


8i(x)0, only if 


x € Gyand gy (x) 0, 


(3) 


It is evident thatthe principle of causality as it is 
understood in the usual sense requires that no 
event in c. can have any influence on events in 


ef 


only if x € Go. 
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It follows that the interaction localized in Gy 
[ i. e. described in terms of an arbitrary function 
belonging to the class g» (x)}must act as if there 
was no interaction at all in the region G,, i.e. 
[see Ref. 8,Eq. (3.13)], it must transfer the sys- 
tem from the state described by the constant initial 


state amplitude D, , toastate of amplitude 
Dz, a S (Z2) Dy. 


As for-the effect on the system of the interaction 
localized in G,, it must be independent of the 


explicit form of the interaction arising in G, but 
must be solely dependent on the final state de- 
scribed by the amplitude ae , arising as a result of 


the interaction, i.e., the system must be trans- 
ferred from the state ®, to the state 
2 


Dec, a. S (g1) D., as S (21) S (2) Do. (4) 


But onthe other hand it is possible to reach the 
same final state by considering at once the sum of 
the effects of the interactions localized in the 
two regions G, and G, . Application of the general 
tule [see Ref. (8)] must then yield a state with 
amplitude 


Dg+¢,= S (G1 + Zp) Po. (5) 


But amplitudes (4) and (5) describe the same 
state of the system} therefore, ®, 


9 


=-® , 
p22 e1ces 
1.€.5 


(6) 


S (g1 + Se) = S (81) § (G2): if Gy FG». 


Equation (6) may be considered as the mathe- 
matical formulation of the causality condition. 
- We shall call it the integral causality condition. 
Let us restate the integral causality condition 
inthe formalism of the operator functions S, ap- 
pearing in Eq. (1) (see Ref. 8, Sec. 1). We 
substitute expansion (1) for S (g, ), S (g,), and 
S (g, +g, ) in Eq. (6), equate coefficients of 
equal powers in g, (x) and g, (x), and make use of 


the arbitrariness of the functions g, (x) and gy (x) 


within the boundary conditions imposed on them 
by Eq. (3) and the condition G) % Gy 3 the integral 
causality condition forthe operator function Sn x 
o, =. »,%,, ), equivalent to the one imposed on 


the functionals in the total integrity causality con- 
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dition (6), then becomes* 
On (X45 - «=» Xn) (7a) 
= S1 (x1, Out x1) Sys (Xt415 sey Xn); 
if {%1,.--, 41} F {Xt ---, Xn}, (7b) 


Comparing Eq. (7) with the analytical form 
[ Ref. 8, Figs. (4.11) and (4.12)] of the differential 
causality condition (2), we see that the former is 
considerably simpler. This reflects the fact that 
the integral condition (6) is imposed on the matrix 
S (g) itself, while the differential condition (2) is 
imposed on its variational derivative.** Thus the 
integral causality condition seems more natural 
if the direct construction of the scattering matrix 
forms the basis of the theory. 

We shall now establish the relationship between 
(6) and the differential condition (2), and show that 
they are equivalent. Consider a system with an 
interaction of intensity 


& (xX) = 1 (x) + ge (x), (8) 


where g, (x) and g, (x) belong to the class (3), and 
assume that G, 2 G, . Then, applying (6) 


S (£1 + 2) 
= S(g,) S (ge)and S* (g, + 82) = S* (gs) S* (g1)- 


Now give the functign g (x) an infinitesimal incre- 
ment 6, g in the infinitesimal neighborhood of the 


* Because ofthe symmetry ofthe function S,, in all 


its arguments, the order of enumeration ofthe variables 
in (7) is unessential, and it may be written inthe more 
general form 


Si, (Kqs-2 +5 Xp) (7 a) 


= S, (%,> Sth ae *,) Sate Cages? ner x) 


LOSE: Gee 2 Mgt st ga” % 3. (1’b) 
Later on we shall sometimes write formulas in non- 
symmetrical form without mentioning the particular pos- 
sibility of sodoingin analogy with (7°). 

**Condition (2) takes on a simpler form if it is imposed 
on the Hamiltonian H (x; g) [Ref. 8, Eq. (4.10)] 5 it 
therefore seems more natural if one starts to construct 
the theory not from the scattering matrix but from the 
analogue of an equation of the Tomonaga-Schwinger form. 
Making use ofthe latter method for constructing the theory 
it was shown by Bogoliubov that condition (2) physically 
describes the need for a local Hamiltonian inthe inter- 
action representation. 
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point y eG, . The operator 1 + 5,S(g) S* (g) which 
transforms ® (g) into ®(g) + 6, &(g), then equals 


1 + 6yS (g1)-S (G2) S* (ga) S* (81) 
= 1+ 8S (g,)-S* (21) 


and is of course independent of the behavior of 
£5 (x), i.e., of the behavior ofthe function g(x) 
for points z eG, ~ The function g (x) having the 


particular form (8) will then satisfy the equation 


8 dS (g) Stl 
Sz (z) ae : (g)) 


(9) 
=0 for yEG,; Z€G,, Gi F Go, 


which is the same as the differential condition (2). 
Consider now some arbitrary function g (x) and 

two points z <& y. Then it is always possible to 

construct a space-like hypersurface a, such that 

x <o<y. Let us construct a family of functions 

g, (x) equal to g (x) if | x* —o| > €, equal to zero 


if x « 0, and increasing smoothly on both sides of 
o into strips of width «. For any value of ¢, the 
functions g, (x) obviously belong to the class (8) 


for which Eq. (9) holds. The original function 

g (x) may therefore be considered as the limit of 
the functions g, (x) as € 70. Accordingly, Eq. (9) 
applies to any g (x) andz jy. 

Thus the differential causality condition (2) fol- 
lows from the integral causality condition (6).* 
The reverse statement follows from the fact that 
equation (2) leads to an expression for S (g) which 


obviously satisfies Eq. (6) [see Ref. 8, Eq. (4.34) ]. 


3. COMPATIBILITY OF THE CONDITIONS 
IMPOSED ON THE SCATTERING MATRIX 


We shall show that the conditions A—D imposed 
on the scattering matrix are compatible. Returning 
to the representation (7) obtained from the causality 
condition, we note first of all that if the operator 
functions S; and S_.-) @ppearing on the right-hand 


side are correctly transformed [see Ref. 8, Eq. 
(4.4)], then the same thing will automatically 

happen to S, . Now if the variables x,,..., x, 
can be divided into two sets ea poe ey XY } and 
*The fact thatthe differential causality condition im- 


Foes on the operator functions S, follows from (7) may 
e shown, without recourse to limiting processes, by 


means of a direct though rather cumbersome combina- 
torial transformation. 
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LX 7 algae ay } which are space-like with re- 


spect to each other, then it follows from (7) that 


there are two simultaneous representations for 
Sin 


On (x1, a 0: (ony wn) => Si(*1, ce ey Sa Syed Bete eee y Xn) 
nt (Gover eles 555) Si (x4, 5 oo OH) 
if {hha 3 A eee Xn} (10) 


Therefore, in order to preserve the relativistic 
invariance of the theory, it is necessary that the 
operator functions for two sets space-like with 
respect to each other commute. It is easily seen 
that this condition is fulfilled if and only if the 
elementary commutators of the field operators 
vanish for space-like intervals,as inthe case forthe 
ordinary invariant functions D and S. The com- 
patibility of conditions B and D will then be guar- 
anteed. 

If the set of arguments { Masten boy Xe } of the 
operator functions can be divided in more than one 
way into two subsets satisfying (7b) [or (7b) ], 
then the causality condition leads to several ex- 
pressions forthe same S through operator functions 


of lower order. We shall show that these expres- 
sions are essentially identical, i.e., that the 
several conditions imposed in such a case ona 
single § , are compatible. 


Assume that the set of arguments of the function 


S (x, ges es bie ) can be divided in two ways into 
two sets satisfying (7b): 


A = {x pene Xap F {ary BiG Xp) ees 
(Lied 

B= (ia co te F (KXumizes +s Xun} =B. 
(11.2) 


According to (7) these divisions lead to the fol- 
lowing expressions for Dy, 


G23 


Sa Oiy ose tal = S (AYSIA), 


Salt; oe etn SUB) SB) 


(12.2) 


In order to show their equivalence, considerthe 
intersection A/B of the sets A and B. Since 
AN BCA, then from (11.1): 


AN BSA. (13.1) 


On the other hand, ANBCB; therefore, it follows 
similarly that: 
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AN Bae. (13.2) 
The set of arguments 4 —ANB contained in A but 
not in 8B must be contained in 8 


A—AQBcB. (14.1) 


Similarly, 


B—AQBcaA. (14.2) 


But it follows from (14.1) and (13.2) that ANB 
2 A-—ANB, and from (14.2) and (13.1) that ANB 
2 B—ANB. Therefore, it is possible to carry 
out a further division of the factors S (4) and 
S (B) and write 
in (12.1): S(A4)= S(AQNB) S (A—ANB) 
and in (12.2): S(B) = S(ANB) S (B—AANB). 


Repeating the same procedure forthe sets A and B, 
we are led to two series of ordered relations*: 


ANBFA—ANBFA—ANBFANB, 
(15.1) 


AN BaB—ANBFB—ANBFANB, 
(15.2) 


from which are obtained the following representa- 
tions for S, : 


Sa =S(A  B)S(A—ANB)S 
x (A—A 1 B)S(AN B), 
Sn = S(A 1 B)S(B—ANB)S 


X (B—A 1 B)S(ANMB), (16.2) 


which only differ inthe two inside factors. But it 
is easily seen that A—ANB = B—ANB and B—AfS 

= A~A/B. Calling the first of these sets C, and 
the second D, it appears that (16.2) is obtained from 
(16.1) by the exchange S (C) S (D) ~S (D) S (C). 

But it follows in particular from Clos) thatGac.D, 
and from (15.2) that D 2.C. Therefore C ~ D and 
according to (10), S (C) and S (D) commute. The 
compatibility of various expressions of the causality 
condition is then demonstrated if this condition 

can be repeatedly appliedto a single S_ . 


(16.1) 


*Whenever we write a series of the form 
Ay fe Fee SF Ak, 
it implies not only the relations Ay 24g: A, x A, ; 
but also all therelations 4; RA; 5 if ¢ <j5- This’ pro- 
viso must be added sincethe relation % is not transitive, 
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We shall consider now how expression (7), which 
follows from the integral causality condition, is 
related to the condition of unitarity [ Ref. 8, Eq. 
(4.9)]. We shall first examine the simple case 
wherein one of the points Xu > +», x, (for instance, 
~ , ) is situated earlier (later) than or is space- 
like with respect to all the others; we shall then 
show that the operator functions appearing in Eq. 
(7) automatically satisfy the unitarity condition for 
n >1if it is satisfied for n =1. 

Let us rewrite the left-hand side of the unitarity 
condition [ Ref. 8, Eq. (4.9)], separating it into 
summations over k and over the permutations of 


terms in which x, appears in S, and Shae , and let 
us apply (7). We obtain 
Si (Xn) Sa (%1, eherses Xn—1) 
nag x ten 
Ss P loeery Ral \ 
Br aR Ne A Fee 
Sela (41s 4 casita oto) Sac se eneeia eee 
eae x x 
Lloeeey R 
+3 P(e 
k=1 k+1? > nN—1L 
XSF lt) SP GS eee ee 


ar Si (%1, OO Xn—1) S; (Xn). 


Now carrying out inthe first sum the transfor- 
mation k ~k +1, removing from it the term k = 0, 
and from the second one the term k = n — 1, it is 
found that all the terms occur in pairs whose only 
difference is the exchange of S, (x ) into eas 
the whole expression can then be written in the 
compact form 


Fe Dienas ok a 
emo 


ae Or (Xn)) Sine oe nai)s 


n—1l1 
\ 
>| P 


k=0 


\ 


) Sk Oar, 


» Xp) (Sy (Xn) 


where it is assumed that 56 = Se =1. The last 


expression has a common factor S,(x, ) Sa) (am ) 

which is equal to zero due to the unitarity condition 

for n = 1, and thus the whole expression vanishes. 
Our assertion has therefore been proven. We 

note that the correspondence principle requires 

that® $, (x) =iL (x) and therefore the unitarity con- 

dition for n = | requires a Hermitian Lagrangian 

L (x). If L (x) is a Hermitian, the conditions A and 

C are compatible. 
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Consider now the general case wherein the 


arguments %,,++ +, *, can be divided into two 
groups 
{%1, sere Gen: x {Xn—m-+1 ores 9 Mare (LZ) 


Again we transform the sums over the permutations 


5 ee a as 
i ese ERECT oe ae SCR teen Mn 
Xpiyreeer%y 
(18) 
occuring in Eq. (4.9) of Ref. (8) so as to distinguish 
permutations within each set { a eet 
and 412. dys <= FX y } , from permutation be- 


tween sets; we single out in a sum over A the 
arguments of the first sets whose subscripts ap- 
pear in the arguments of S, - The remaining sum 
: refs Moga , 
over the permutations P (+ ——_+ ) is then 
Foe 
reduced to a sum over permutations within the first 


ce) ) and within 


roup of arguments P (—————> -4__ 
group g M412 °° Xn on 


the second group 


P ( Xn m+ *n—m+tk—2r 


4n—m+k—a1 eee Xn 


Expression (18) then becomes 


P x1, »X> (19) 
(A) Xr 449 Xn om 
x P Xp —mtare ss Xp—mtr—r 
*n—m+k—d-+1" Pen : 
x Sr (X41, 20 XQ) Xn—m+1y + + + > Xn—m+k =) 
Bese (Rigs = o Sn=—m Mn Roe Xn), 


where the summation limits over A are given by 
the inequalities 


h>0; }>Rk—m; }<Rks KS N— mM. 


Now we use the causality condition (7) in order 
to split each of the operator functions entering in 
(19) intothe product of two factors, and we sub- 
stitute expression (18), thus transformed, into 
the equation stating the unitarity condition 


[Ref. 8, Eq. (4.9)]. We obtain 


y ee od (20) 
23 ee nae 
k=0 (A) A+1 n—m 
RUNS ot, Be Ls 
xP ate 3 : — *) Sa (in +189) 
Xn—mtk—afp1 9% n 
X Spa (Xn—m4i + >> ih Ee) 
+ 
x Sm—h+r (Xn—m+h—A+15 oo 8 bs) 
x Se (X44 ey Xp als 


Exchanging the summation variables k and A for 
the variables p = k—X and A, the summation region 
is transformed within the plane pu, A intoa 
rectangle bounded by the lines A = 0, A = n-m, 
u=0, and p =m, i.e., the sums over p and A can 


be carried out independently. Thus we can carry 
out in (20) an internal sum over p 


\ 


m 

Ss Spemepees Xn mip 
pale 2 Sw er ere 
p=0 Ura ia A Ee IID ti 


Sp (Sasi oes Xn—m+u ) See One . ,Xale 
which will enter in the factor of each term of the 
sum over A. 3ut it is obvious that this sum equals 
the left-hand side of the unitarity condition equa- 
tion for n= m; if we therefore assume that the 
unitarity condition is satisfied form=1,...,n—] 
and for arbitrary values ofthe arguments, then 
(2) automatically vanishes for 0 < m <n. 

Thus ifthe unitarity condition is satisfied for 
m=1,...,n—1 and arbitrary values of the argu- 
ments, then it is atomatically satisfied for m=n 
by virtue of the integral causality condition, as 
long as there exists at least one way to partition 
the arguments x, ,..., x, into two non-empty sets 


satisfying (17). If onthe other hand such a parti- 
tion does not exist, the causality condition generally 
does not impose any limitations on S,, and the 
unitarity condition can always be satisfied. Thus 
the compatibility of the unitarity and causality 
conditions is demonstrated. 

Let us finally note that the compatibility of 
conditions A and B is guaranteed if L(x) is a 
scalar; the compatibility of A and D is guaranteed 
by a local Lagrangian; and the compatibility of B 
and C follows from the fact that Eq. (4.4) of Ref. 


8 requires that S| transforms identically with all 
the products os 2 appearing in the unitary condi- 


tion [Ref. 8, Eq. (4.9)]. The compatibility of 
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the conditions A—D is thus demonstrated. 

The relative simplicity of this demonstration 
must be ascribed to the use of the integral form 
(6) of the causality condition. The use of the dif- 
ferential form [Ref. 8, Eqs. (4.11) and (4/19) consider- 
ably complicates the demonstration and it was 
found easier in Ref. 8 to obtain first an explicit 
form for S (g) and then demonstrate that it satis- 
fies the conditions A—D. 

The existence theorem for the scattering matrix 
S (g) follows immediately from the proof of the 
compatibility of conditions A~D. Assume that 
the quantities S, ,..., Ss constructed above 
satisfy conditions A—D. Now construct S 4, - 
If the values of the arguments x,,. - ,x, are 
such that it is possible to carry out at least one 
partition of the form (7 “b), then the value of 
S$ 4,18 determined from the causality condition 
without violating (as demonstrated) any of the 
other conditions. If the values of the arguments 
negate the existence of even one such partition, 


then the value of S_,,may be obtained (even 


though non-uniquely) by starting from the unitarity 
condition again without conflicting with the re- 
maining conditions. Thus the existence theorem 
for the scattering matrix S$ (g) satisfying conditions 
A—D, is demonstrated.* 


4. THE FORM OF THE SCATTERING MATRIX 


We shall show that the method chosen for con- 
structing the scattering matrix leads in a natural 
» fashion to explicit expressions for the coefficients 
of the functions S and thereby to a simple closed 
form expression for S (g). First we introduce sone 
definitions. 


Ifa set { g,,---+) 8, } of space-time regions 


(in particular the arguments x,,..., %,, of the 
operator functions maybe such regions) is divided 
- into two non-empty sets { a Se } and 


{ Br, eee te 8). } satisfying a condition of the 
type (7“b) 
Re ee rt FAG yy ee <9 Bind (21) 


then we shall say that a section has been carried 
out which has separated the original set into the 
sum of two sets { Se } and VEN se 


gy}: 


*The demonstration is of course a formal one inasmuch 
as we do not concern ourselves with questions of con- 


vergence. 
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It is clear that every section is realized by means 
of some space-like hypersurface o , such that every 
region of the first set is situated later than the 
hypersurface and every region of the second is situa- 
ted earlier. 

If it is impossible to carry out any sections in 
the set of regions { g,,---,g, }, we shall say 


that the regions (“‘points”’) g, ,..., g, are com- 


pletely unseparable or the set of these regions is 
indecomposable. In the opposite case we shall say 
that the set of regions { g,,...,g, } is decom- 


posable. 

If a set of regions { Si alow aes } can be 
divided into m groups { Po ehh 28 Nt Teno 

Ay aa! 
Ges al emer pe ee » Zrnh 
such that: a) any two groups 
NX 
{g Vat FV py h”  ** Bry tty} 
andiga44v, -H» Malley Bry tevty ih 


are separate with respect to each other and b) the 


regions contained within each group are completely 
unseparable (i.e., every group of regions is inde- 
composable), then we shall say thatthe set of 
regions {£5 ‘. ., g,, } is completely decomposable. 
Let us consider a decomposable set of regions 
G. We can by definition perform a section in that 
set. Let us assume that such a section divides 
G into the sum of Gy and Gy such that G,26,. 
Consider now the set G1- It may be either indecom- 
posable or decomposable. In the first case we 
shall consider the set Gy , in the second case 
there exists a section which divides G, into the 


zie? Gy 2 Cro 


G, * G. , such a relationship is also satisfied for 


each part G,, and G,, of the set C, : C1, 26), 


and G,. ®G,..- We can therefore write (see foot- 
note on page 677 ): 


sum of two sets Cia and G . Since 


Gy F Grp F Go, (22) 


i.e., G is divided into three sets, G,; , G,;, and G, 


satisfying a series of relations (21). (Ifwe have 

to contend with the first case mentioned above, and 
G, is decomposable, then Gy 2,Go, me Co > if Go 
is indecomposable, then the problem of representing 
a decomposable set into a sum of indecomposable 
sets is immediately solved.) Each of these sets 
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may be either indecomposable—then we no longer 
consider it~—or decomposable. In the latter case 
there exists a section which decomposes the set 

Ge into two sets Goi Be Guo . By the same argu- 


ments which were used to deduce (22), Gu and 
Ge, will form another term in the series just like 


Gays thus the performance of a section reduces 


simply to the exchange 


Goa Gas F Gas 


in expression (22). Such a process can obviously 
be continued until the remaining sets are all inde- 
composable and one obtains the series of relations 


GHAG, Fete AOy ss (2 =) (23) 
(m <n, where n is the number of regions in G 
wherein one only considers indecomposable sets of 
regions). 

It has therefore been shown that every decom- 
posable set may be decomposed into a sum of inde- 
composable sets, i.e., every decomposable set is 
completely decomposable, 

It has further been shown that every decomposable 
set can be represented inthe form of an ordered 
succession of indecomposable sets satisfying (23). 

It is easily seen that every decomposition is 
unique. Indeed, let us assume that there exists 
another decomposition of G into indecomposable 
sets some of which at least do not coincide with 
the sets appearing in (23). Let Gg be sucha set. 


There are two logical possibilities: either it 
consists of regions contained in various sets of 
(23), but such a set cannot be indecomposable since 
the regions it contains can be divided by one of 
the sections utilized in (23); or else it consists of 
regions which are all contained in one of the indec~ 
composable sets of (23), although they do not ex- 
haust it; but this implies decomposition of an inde- 
composable set, which is impossible by definition. 
On the other handthe representation of a decom- 
posable set in the form of an ordered succession of 
indecomposable sets is not unique. This may be 
seen, for example, by considering a set {g, eae 


of two regions space-like with respect to each 
other 8, ~ &~- It is obvious that the decomposable 


set age Bo } may be represented inthe form of 


two non-identically ordered series 


81 F Seand£2 F Qj. 


In the above example, non-uniqueness follows 
from the possibility of exhanging in (23) two 
regions which are space-like with respect to each 
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other. We shall show that this is the case in 
general. It is obvious from the way in which the 
ordered series (23) was constructed that there are 
indeed several series of sections which may be 
chosen from those avaliable in the original set CG, 
and the non-uniqueness ofthe ordered series of 
sets follows from the available non-unique choices 
of such series of sections. Therefore a transition 
from one ordering (23) to another is accomplished 
by a transition from one series of sections to 
another. But the latter transition can always be 
carried by successive exchange of one section for 
another. We have already examined such exchanges 
when we deduced the compatibility of the various 
forms of the causality conditions, and we have 
found that they always reduce to permutations in 
series of sets of regions of the type (23), which 
proves our contention. 

We shall now stop our geometrical digression and 
we shall concern ourselves with applying the 
results which we have obtained to the explicit 
construction ofthe coefficients of the functions of 
the scattering matrix. 

In order to dothis we shall consider a set of 
regions G which turn out to be the arguments 


%1,+++,%, of the operator functions oe ( the 


regions consist of one point each). According to 
the theorem we have just demonstrated, this set may 
be uniquely decomposed into a sum of m (l< m <n). 
indecomposable sets io 
PON, Ce: » Xp 


VG) xr, 33 ry 44 + aes be Lahale ea 


Cae eae eee perso Xanhe 


which may be (non-uniquely) ordered into a chrono- 
logical series 


{X45 ate 


"9 xr, } F ay ap see (24) 


H tes 


— 


Fre seFa A? ieher yale: cs Xap} 
Applying now the integral causality condition (7” a) 
to each section figuring in (24), we obtain the fol- 
lowing representation for S 


Satan) 
= Sy) (ar. renahs xy, ) Oy, (ayy eke xn, 19) 
Xess Syn Cae eoneerets ee *rn)i 
Vy. 3. EN genie MS) 


CONSTRUCTION OF SCATTERING MATRIX 


Considering now the symmetry of S_ in all its 
arguments,® it is easily seen that (25) can be 
written inthe form of the 7T-product 


ss (X45 eS | 1) (26) 
= T [Sst Sans xr, ) ip (aod 3 A oon Bsc) 
xe nore Syn (Xa, + om Da ri hes ie el Ca Xn,)1) 


where it should be kept in mind that chronological 
ordering is only carried out among distinct inde- 
composable groups of points. Representation (26) 


is valid if the set of arguments {x, nee baie } 
may be decomposed into a sum of indecomposable 
sets {x, .---»*) bare t ty Ae 

1 Vy Vjt+---tym—1 


+ +9 %) }. It is not necessary to discuss here 


orderings of the type appearing in (24) inasmuch 
as it will be considered in the evaluation of the 
T-product [the proof of the theorem on the ordering 
of sums of decomposable sets guarantees that the 
T-product (26), carries a well-defined meaning ]. 


If in particular all the arguments Re = ay XE 


are pairwise unseparable, then (26) becomes 
hae — (fe [55 (x,) oa writs Ss (<n )t- 


Furthermore if the principle of correspondence 
| Ref. 8, Eq. (4,23) is taken into account, 
then it is found that 


“rhc nay 5 han y a, 0 eteeames Oa 64| B (27) 


coinciding exactly withthe particular solution 
given in Eq. (4.23) of Ref. 8, which 

thus appears as a general solution of S_ for pair- 
wise unseparable arguments. 

We have therefore expressed all the operator 
functions S_ in the form of chronological products 
of operator functions of indecomposable sets of 
points and a knowledge of these is now sufficient to 
completely determine the scattering matrix. 3ut 
in local theory a set of points can only be nonde- 
composable if all these points coincide. Accord- 
ingly, the signfiicance of the operator function 
of indecomposable point sets appears to be that 
of quasi-local operators in the sense defined in Ref. 
Bosec. 2. 

The causality condition no longer imposes any 
limitations on these quasi-local operators [ apart 
from the commutation requirement on two such 
operators for space-like indecomposable sets of 
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points, cf. Eq. (10)], we need therefore only con- 
cern ourselves with fulfilling the unitarity condition. 
It is easily seen that it [Ref. 8, Eq. (4.9)] de- 
fines uniquely their Hermitian parts, while their 
anti-Hermitian parts remain arbitrary. They must be 
specified during the formulation of a theory. De- 


noting them by i L, (~,,..., %,,), where L |, 


is Hermitian (we depart here from the notation of 
Ref. 8, where quasi-local operators are denoted 
by Aj, ), it may be said that (26) uniquely deter- 
mines all the operator functions S|, by means of 


the following series of Hermitian quasi-local oper- 
ators 


L, (x) = L (x), (28) 


Mei Xs) stacy Wa Kip a ee 


which must be supplied by a particular theory. 
Such a formulation, however, suffers from the 

disadavantage that it does not assign unique ex- 

pressions tothe functions S_ over the whole range 


of the arguments. In order to avoidthis, it is 
necessary to representthe value of S_ for an inde- 


composable group of arguments inthe form of a 

sum of expressions, extending its value in a contin- 
uous fashion over a decomposable group of argu- 
ments, and certain new quasi-local operators. 

In other words we must generalizethe definition 
of the 7-product to include the case of coinciding 
arguments whereby an intuitive chronological order 
loses significance. This may be done by starting 
from Wick’s theorem; however, in order to give 
meaning tothe products of singular functions with 
coinciding singularities arising inthis case, it is 
necessary to have recourse to some limiting pro- 
cess (regularization). The result will depend of 
course onthe form of the limiting process. The 
usual methods of regularization possess the ad- 
vantage that whenthey are used to determine the 
value of the T-product for coinciding arguments, the 
operator functions S$, automatically satisfy the con- 


dition of unitarity (in local theory this is a natural 
consequence of continuity). The new quasi-local 
operators will then be anti-Hermitian and we shall 
denote them byi L,, (x, ,-- +, *,). 


Expression (26) may then be written inthe form 


Ss (Xs . ony Xe) 


= ST le Ly, (X03 vey XY 


(29) 


Pe er *,,)1 
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where the summation is to be carried out over all 


possible divisions of the set {x4 pe ese } into 
subsets 
eae Setars Xr, 3 a etecs Lay eh ype ae AAG one Xn,}> 


wherein the order of the factors appearing within 
the T-product is unimportant. Writing out the sum 
appearing in (29) in explicit form yields the ex- 
pression 


SH (x1, nel 85 te) = i°"T We (x3) ania ae iE (Xn)) (30) 
-m 
=f ey nate, Wane eye es 
a<m<n— MM! 
vjr=en 
Kiccve | Pray PA ey eq cee . “4 Xn) 
x Ta Us, es oe , Xy,) Ly, 


x CALs ee TC IOND Xn )] + iLn (a; suorsh 9 Xn), 
which coincides with the expression obtained in 
Ref. 8, Eq. (4.32). Thus the integral causality 
condition leads automatically (and without the need 
for any artificial considerations or conjectures) to 
the general expression (30) obtained by Bogoliubov, 
forthe operator functions S$, . 

Combining the whole series of quasi-local 
operators 


(31) 
Eo ils (Xs (0,4 5) dae, Ly, (ig en) ee 


which must be specified in order to determine (30), 
inthe form of a single functional 


PGare y= te (x) By 
PORE ianecoersen 
v=2 


SG, (ea Viana Ol yaey Eh Cee 
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we obtain [see Ref. 8, Eqs. (4.30) and (4.34)] the 


final closed-form expression 
[i\L (x; g) g(x) dx} 


for the matrix S (g) as a function of the “generalized 
Lagrangian”’ L (x;g), and coinciding with the ex- 
pression obtained in Eq. (4.34), Ref. 8. 

The author wishes to take this opportunity to 
express his deep gratitude to N. N. Bogoliubov 
for his constant interest in this work and for many 
valuable suggestions and demonstrations, and 
also to D. V. Shirkov and V. L. Bonch-Bruevich 


for fruitful discussions. 
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The equations which describe synchrotron oscillations in strong focusing accelerators 
are examined, taking into account the relations between the field and the frequency. A 
general solution isfound which describes the oscillations both in the adiabatic and in the 


critical region and the corresponding integrals of motion are obtained. It is shown that the 


motion in the critical region can be simply described by means of the 


“eé ’ 


effective frequency’ 


of the oscillations. The effect of fluctuations of the radio frequency, of the accelerating 
voltage and of the magnetic field is considered, along with the question of the influence of 
noises on the synchrotron oscillations. The transition through the critical point is studied. 
The computations are carried to the point of the derived formulas which determine the 


tolerances for the corresponding fluctuations. 


1, EQUATIONS OF SYNCHROTRON OSCILLATIONS 
A CCELERATED particles acquire energy under 


the action of a high-frequency electric field, 
the frequency of which is equal to, or exceeds by 
an integral number of times gq, the frequency of 
circulation of the particles in the annular chamber 
of the accelerator. We shall call the quantity qg 
the multiplicity of theradio frequency. 
Let us examine the acceleration of particles 


which have a charge e. Let the maximum energy 
acquired per revolution of the particles be eu. 


We designate as equilibrium particles those 
which maintain a constant phase shift relative to 


- the accelerating electric field. Denoting the 


length of the trajectory of the particles by L and 
noting that the average field intensity (along the 
chamber ) is equal to u/L, we find for the change 
in momentum of an equilibrium particle 


dp/dt = eusin ¢/L, (1) 
where ¢ is the phase of acceleration of the equi- 
librium particle. 

We characterize nonequilibrium particles by the 
deviation of their momentum and phase from the 
momentum and phase of equilibrium particles, and 


introduce the notation II and ¢ for these deviations. 


Then, for small deviations, 


dII/dt = (eucos¢$/L)¢+(esin¢/L) Au/u, (2) 


where the term containing Au takes into account 


the deviation of the amplitude of the accelerating 


voltage from the ideal value. 
For the deviations in phase we have the obvious 


equality 
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dy/dt = Aw, — qgAo, (3) 
where Aw_ is the radiofrequency deviation and 
Aw is the deviation of the frequency of revolution 
of the particles from the ideal value. 

We introduce the coefficient « which takes into 
account the lengthening of the trajectory which is 
related to the deviation of the momentum, 


ALi cll/ps (4) 
It is not difficult to convince oneself that 
Aw/w = [(E)/E)? — «] (II/p) + «AH/H, (5) 


where E£ is the total relativistic energy of the 


particles, E, is the rest energy, H is the magnetic 
field intensity and 


@ = (2nc/L) pc/E. (6) 
From Eqs. (2), (3), (5) and (6) we find 
ae E de 2mqgczeu cos 6 
at l (E/E)? — « at + 12 se 
ave E 
i al (E,/EP—a Aw | 


2m ; Au 
5 2 
7 9eeu sin > 5 


2rqac d (E2 — E2)'2 AH 
Lf dt) Gita A 
In studying Eq. (7) one should keep in mind that 
Ao, and AH, generally speaking, are not inde- 


pendent quantities. If the frequency of the ac- 
celerating field follows behind the magnetic field, 
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the deviations Ao, are partially related to in- 
accuracies in the electronics and partially caused 
by oscillations of the magnetic field. It is natural 
to examine these latter toge ther with the term 
which depends on AH/H. Let the system of 
coupling the frequency with the field be character- 
ized by the delay 7, so that instead of the ideal 
rule 


top = (neq /L) eRH (EX + eR?" , (8) 
the rule: 


Aw, + tdAw, /dt = (2xc2q/L) (pE3/E?) AH/H (9) 
occurs. The letter R denotes the radius of curva- 
ture of an equilibriun particle in the field H. 

We will be interested chiefly in harmonic os- 


cillations of the type AH =H,, sinwt. From fq. 
(9) we find 
2nc*qpE, Hy sin wt — wr cos wt 
DO, = vii Tp wa (10) 


Let us substitute this expression in Eq. (7) and 
combine it with the term which depends on AH/H, 
keeping the notation Aw_ for deviations which are 
We further 
note that oscillations of the magnetic field are ex- 
cited by oscillations of the voltage V which sup- 
plies the magnet. Disregarding the effective resis- 


associated only with the electronics. 


tance of the magnet windings in comparison with 


their inductive reactance, we find 


Hy /H=(H/wH)Vo/V (1) 
= (eusin¢ /Lwp)Vw/V. 
Then Eq. (7) assumes the form: 
1 [EP d E 
—E [= —«| di | ee mr? | + Qi (12) 


OF tg od d 


eee an [sin wt 
WT EG [pe V 
Gil ee (cos wt + awe pe sin wt) | ae 
where 
= (2nqc?eu cos $/L?E) [(E,/E)2 — a}. (13) 
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Letus introduce in place of the time the inde- 
pendent variable x, defined by the equation 


C= CER (14) 


We assume that the niomentum (and the magnetic 
field) increases linearly with time, so that the 


right-hand side of Eq. (1) is constant. From Kq. 
(1) we have 
dx /dt =ceusind/E,L. (15) 
We also introduce the quantity 
Gai a ee (16) 
and the function 
f(x) = [1 — (x/a)?] (1 + x?) hare (17) 


~ [1 — (x/a)*] (1 + x2), 


(In strong focusing accelerators « << 1.) In the 
new variables, Eq. (12) has the form: 


d ia ; 
hx“) az ey a + Org (18) 


= Q2 to “al «x Ao, 
g¢ dx (i. x2)'l2 F(x) oe 
Q2 te d 


2 Au 
—Orted < + oa twas) dx 


sin WX 
aoe. WT COS WX Vo 
ae ae V 


In writing Eq. (18) it was taken into account that 
in practically-important cases a 0? 7 ce elt 
this is not so, then to coswx the term (E/E)? 

x aw tsinwx must be added. The following nota- 
tion is introduced in Eq. (18): 


QO, = OQ: dt [dx = Qy | f (x) |", (19) 


Oo = 2ngEyctg $ / ew sing. 


@, is a dimensionless quantity numerically equal 
to the frequency in x, for x = 0. 

The equation for free oscillations is obtained 
from Eq. ie if the en side is equated to zero: 


P(e) ae lees Fe O20, (20) 


Equation (18) has a regular singular point for 
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x = a, when f(x) becomes zero. After the singular 
point f(x) changes sign and the motion remains 
stable only in the case that 0? , proportional to 
f(x), does not change sign; for this it is neces- 
sary to change the phase of acceleration from ¢ to 
7—o. 

In the transition through the critical point it is 
possible to define positive deviation of gy in differ- 
ent ways. It is natural to define it so that during 
this transition ~ be continuous. The momentum [I] 
in the critical point likewise remains continuous. 
These two conditions determine the transition 
through the critical point, where dy/dx changes 
sign. 


2. FREE SYNCHROTRON OSCILLATIONS 


We introduce new variables 
3,6 


+= ez", v = \ dx Q (21) 
a 
y has the obvious sense of the phase of oscillation. 
In these variables Eq. (20) acquires the form: 


(@o/dy?) + o[1 + fx/4f2Q2 (22) 


— 7 (fix)?/16 | f [8Q2] = 0. 


In cases of practical interest, 2) is a very large 
quantity; 2, >> 1, so that the terms which are 
added to unity in Eq. (22) are essential only in 
the vicinity of the point x = a, where f(x) be- 
“comes zero. In this region they can be expanded 
in a series, from which we retain only the principal 
term. Although such a representation becomes in- 
adequate even for |x — a| = 0.4 a, the entire cor- 
rection to unity becomes so small here that it 
does not play any role. In the vicinity of the point 
a 


f(s) = 2a,*|1—4/a\. 


(23) 
Eq. (22) assumes the form 
(d2u/d2) + [1 —7/36y2] v = 0. (24) 
The solution of Eq. (24) is: 
v (0) =P [Aad (9) FAW», (2) 5) 


_ where Lis and J g73 oe Bessel functions. Re- 


verting to the variable ¢ we find: 


@ = (Qy/Q)'Y'# [CyJ a, (9) + Code, (Y)]- 28) 


The signs in front of C, and C, do not depend 
on which side of the critical point we are on. This 
follows from the continuity of phase and momentum 
in the critical point. Wenote that Bodenstedt?, who 
was studying the transition through the critical 
point on a mechanical model, arrived at an incor- 
rect conclusion concerning a change in sign of C 
(see Fig. 10 in Ref. 2), which is explained by the 
properties of his model. For large arguments (the 
adiabatic region) one can use the asymptotic repre- 
sentation of the Bessel functions: 


@ = (2/n)'2 (Q1/Q,)'2 [C, cos (b + 2/12) (27) 


+ C, sin ()— 2/12). 


For a sufficiently small argument (|x — a|<< 0.4a), 


one can express w by means of Eqs. (19), (21) and 
(23) through the deviation from the critical point 


€=|x—al: 


= Wea Qt ELC Wy, (QF) (28) 


+ Codu, (Qe FY], 
Op = 2-3-0 be Oa *. (29) 


Equations of the type of Eq. (28) we obtained by 
Kolomenskii and Sabsovich4 and by Johnson, 


To facilitate the transition from one region to 
the other,the constants in Eqs. (26)-(28) were 
chosen so that C, and C, agree in these equa- 
tions and thus are integrals of motion. 

Let us examine in greater detail Eq. (27) which 
describes the phase oscillations in the adiabatic 
region. The instantaneous frequency of the syn- 
chrotron oscillations in x is equal to df/dx = O,. 
The amplitude of the oscillations decreases on 
approach to the critical point and increases on 
going away from it, varying as (Q/0,,)4 = fie It 
reaches a maximum of 0.6 a-°/4( Cc? + Gs -—C,C,) 
when x = (3a2 + 2). 

Equations (12) and (18) are obtained from Eqs. 
(2), (3) and (5) through elimination of the momen- 
tum I]. With the same success it would be possi- 
ble to eliminate the phase from them and to obtain 


the equation for oscillations in momentum. In- 
stead of this we indicate the conversion to momen- 


tum directly in the solution. Converting to the 
variable x in Eq. (2) we obtain 
x 


E E C Au 
= cigd | edx+—2\ ade. 0) 


2 
Xo 0 
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It follows from Eqs. (27) and (30) that the ampli- 
tudes of the oscillations in momentum and phase in 
the adiabatic region are connected by the relation 


Ay / A, = E,ctg $ / cQ,, (31) 
such that in this region 
: {/2\i: E,ctgé / Q, Vk a i 
= Ne fee | e's amen < i 
(x) = \=/ cQ,  \ Ox / [C, sil \e (32) 
tS) alas! g 2 
12 = \* =) = 


The function Q, / 2: which enters in Eqs. (27) 
and (32) is depicted in Fig. 1. For the critical 
region we obtain: 


f9,? 


MOS (ye Et [CyJy, (3, B) (83) 


—CyJ_y, (Q3, Pay], 


From Eq. (32) it is seen that the amplitude of the 
oscillations in momentum increases on approaching 
the critical region. Further on, close to 
x ={ 3a? + 2)*, the amplitude falls, then rises 


the function y/ f(x). 


again roughly speaking as x!/4. We note that 


for the point x = a, there follows from Eq. (33): 


II (a) = 0.8E,C, ctg $/¢ (QQ... J. (34) 


Comparison of Eqs. (32) and (34) shows that the 
oscillations in the critical region have the “‘effec- 
tive frequency’’ Q.,,, specified by Eq. (29). Com- 
parison of Eqs. (27) and (28) leads to practically 
the same value forQ ... This effective frequency 
enters in almost all tolerances in the critical 
region. 

Here, the calculations lead to the following re- 
sults, which are unexpected at first glance. In the 
calculation of tolerances connected with forced os- 
cillations in the critical region, one can assume 
that, in the region indicated, regular harmonic os- 
cillations occur with constant amplitude and con- 
stant frequency numerically equal tothe “‘effective 
frequency.’’ Although thereal picture is essen- 
tially more complicated, such a calculation leads 
to correct answers (within an accuracy of the 
order of 20%). 

Of interest for a beam of particles is the value 
of the mean square deviation in phase and momen- 


tum which is especially essential for an examina- 
tion of noise modulations (see Sec. 6). 
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We write Eq. (27) in the form 


? = @ cos + 6, sind, 


% ' 35 
a (=) (=) oc cos — Cy sin 7 , e 
ae sah ae sate [e 2008 > — C, sin ae 

For a beam of particles one can write 
a =Acosy; 6,=Asin xX, (37) 


where A and y are an arbitrary amplitude and phase. 
Averaging over A and y we find: 


2 — 1/,A2 — 1/, (q? + 62) 


“6 | 


(38) 
(Sl iGe Gi CiG,). 


From Eq. (36) it is easy to obtain C? = 


CPCS 
such that 4 a 


g = (30,,/ 20,) C: (39) 


Comparing the mean square deviations of the 
momentum in the critical point and inthe adiabatic 
region, we find 


B12 (Qy / Qeee ). (40) 


3. ELECTROTECHNICAL AND RADIOTECHNICAL 
TOLERANCES. 
(NONRESONANCE CASE ) 
In estimating tolerances, oscillations of the 
parameters which occur with a frequency close to 
the instantaneous frequency of the synchrotron 


oscillations are especially effective. It is natural 
to examine such perturbations separately. Faster 


oscillations present no danger, since they are 
rapidly averaged out. Let us consider abrupt 
changes in O, (a step function) and slow varia- 
tions (in comparison with the frequency of the 
free oscillations) in Aw_, Au and AV. 

a) Tolerances associated with jumps in o,. 

In order to find the swing of the oscillations as- 
sociated with jumps in w,, we integrate Eq. (18) 
over the period of a jump. Considering that before 
the jump y= ¢ = 0, we get 

of = OP x (1 + x?) "Aaztg$/op. (41) 
Thus, a jump in @, gives rise (in the adiabatic 
region ) to the appearance of oscillations with 
amplitude 


+ 8? oat we) 


Ag = (Q9/Q,) x (1 + x2) 72 tgp-Aw,/mp. (42) 
In Eq. (42) the variable x pertains to the moment 
of the jump. Furthermore, this amplitude will 
vary according tothe general formula, i.e., as {1/4 
The effect of the jumps in w. becomes ih the 
stronger on approaching the critical region. It is 
not difficult to find an estimate in the immediate 
vicinity of the critical point, where the Bessel 
functions are approximated closely by the first 
term of a series expansion. It is just as easy in 
this case to convince onself that 

AC, ~.0,6- a? tg $070 ett ¢ Awy/p,, (43) 
so thatthe tolerance in the magnitude of the jump 
becomes very inflexible. One should have in mind, 
however, that in this case changes in @, » which 
are rapid in comparison with changes in 1/€, 
should qualify as jumps, so that the rigid restric- 
tions apply only to extremely sharp changes inw , 
which are not very substantial in practice. By 
means of Eq. (31), we obtain the amplitudeof the 


oscillations in momentum excited by a jump in @,: 


Ar = (Ep/e) (Qo/Q,)? x (1 4 x?)—"kAw,/@p. (44) 
b) Tolerances associated with slow variation of 
Aw, Au, AV. 
The effect of smooth (in comparison with the 
free oscillations) changes in Awp» Au/u, AV/V 
is easy to take into account, considering the right- 
hand side of Eq. (18) constant and finding the 
shift of the equilibrium point of the oscillations. 


d Onn 
e=tg¢s es : 


(1+ 22802 ©, 


(45) 


2 1y 


WT COS WX 5 


4 y 
(1 x2)? |v 


ue Sin wx 
dx 


For the maximum deviation of the momentum we 


find: 


ae Ey x 25 Aw, _ Fo = to (46) 
e + x2)'!2 pe @ » z c 02 u 
EB il 
card w (1 + w?t?) inex 


ia Wt COS WX Sx Ve 
(4 4. x2)"l2 Ts Ve 


Strictly speaking, Eqs. (45) and (46) are applied 
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only for the adiabatic region. As was pointed out 
above, however, in the critical region one can 
simply replace Q, by Q,,,;, which is corroborated 
by accurate calculations. Then, denoting the 
allowable deviation in phase and in momentum by 
Ag and ALI, we find for the critical region: 


Aw, / &, (47) 


= (AIL /p) [ew sing / 2=qE ctg ¢]'*[Eo/ Eee)", 


Awy / ®p (48) 


= (Ap/ tg) [eusin ¢ /2xqE,ctg p]"*[Eo/ Ler)». 


4, THE TRANSITION THROUGH THE CRITICAL POINT 


As was pointed out above, the transition through 
the critical point requires a change in the phase 
of the acceleration from ¢ to 7— ¢. This switch- 
over cannot be realized precisely at the moment 
when an equilibrium particle reaches the critical 
point; there must always be some discrepancies, 


which we shall characterize by an error 7, in the 


switchover time. DUuring this time 0? in Eg. (20) 
is negative, which corresponds to defocusing of 
the particles. We shall assume, for definiteness, 
that the phase of the acceleration is switched over 
later than it ordinarily should be. (By virtue of 
the symmetry of the equations about the critical 
point, the answer does not depend on this assump- 
tion.) Then the equation of the phase oscillations 
in this region takes the form: 


Ca(OH ayONs. BI Gis aan (10 22s) 


eff 3 (49) 


+ Coin Say, (1028 &)], 


where C, and C., have those values which they had 
up to the critical point. In the moment A € the 
solution Eq. (49) goes over tothe solution Eq. (28) 
with different constants. Having denoted the cor- 


rections to the corresponding coefficients by AC, 


and AC,, we find for small values of A E: 
AGC; 7 20 a5 Aé, (50) 
AGIC tes 0.8-02,, (Aes 


It is natural to require that A C/G, and AC ve 
be small, let us say about 0.1. Then 


Ax = 5-102. OFF (51) 


and for the error in time (in seconds ) 
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t, = 5-10? [ewsin $ / 2nqE, ctgg]"!s (52) 


(Eve / Eo)**EoL/ceu sin ¢. 


Let us now estimate the disturbances which orig- 
inate from the phase of the accelerating voltage 
not switching over instantaneously. We assume 
that the accelerating voltage is at first switched 
off and is switched on after the time 72, already in 
the second phase. During the time 7,, the parti- 
cles travel by inertia, not being accelerated. It 
would appear natural to assume, in this case, that 
the coordinate x does not vary. The calculations 
turn out simpler, however, if we assume x to vary 
according tothe old rule, Hereupon, the continu- 
ous increase of the magnetic field and the change 
of frequency of the accelerating voltage will be 
properly taken into account. We assume for defi- 
niteness that the switching off of the accelerating 
voltage occurred after the transition through the 
critical point. The equation of motion can be ob- 
tained by Eq. (18) if we take Au/u = —1 and can- 
cel the term Q2 o, 

x 
Then 
d ib al ; 
FH ae | = Stee. (53) 


Integrating Eq. (53), having used the representa- 
tion of Eq. (23) for f(x), we find: 


(54) 


© = Go + oo (6?—E) & 
+ 2ig¢Qoar# [("/s5 — Mato) & + */obol, 


Nig eee ak ds C2,- e e 

P = lq G + 2tg¢Qoa 4 [6 — H] é, 
where €, is the moment of switching off the ac- 
celerating voltage and € is the moment of switch- 
ing it on. At the point € this solution must be 
connected with the solution Eq. (28), which also 
determines the changes in the constants C, and 
C,. For small values of A€= Ax, neglecting 
cubic terms in comparison with linear terms, we 
obtain: 


AC, =0, AC, > Qere C,Ax 


(55) 
+ 13-Q,'a~"* tggAx. 


Knowing AC, and AC,, it is easy to determine the 
increase in amplitude of the oscillations at the 
most dangerous point x = (3a? + 2)”. 

Inasmuch as a deviation of the momentum is ef- 
fective precisely in the critical region, where the 
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natural oscillations reach a maxinun, it is useful 
to calculate, by means of Eq. (55), the shift in 
the momentum common for all particles: Ail/, 

= Ax/a, which gives 


t, = (AIT /p) (Ew / Eo) Eol / ceusin >. (56) 


Kolomenskii and Sabsovich4 and apparently, John- 


son’, also dealt with questions related tothe 
transition through the critcial point. 


5. RESONANCE 


The frequency of the generator, the magnitude of 
the accelerating voltage and the voltage on the 
magnet can oscillate with a frequency equal to the 
instantaneous frequency of the phase oscillations. 
In this case a resonance arises, which leadsto a 
strong wave of oscillations. 

Accordingly, we shall examine resonance har- 
monics of the right-hand part. By virtue of the in- 
coherence of the perturbations, one can examine the 


terms which enter into the right-hand part separately. 


In the adiabatic approximation we write Eq. (18) in 
the form 


(d?9 | dx*) + Oto =dcos(wx+), (57) 


where « is the phase of the perturbation. The solu- 
tion of Eq. (57) without the right-hand part can be 
represented in the form 


‘ i 


Ov o,et¥ + oie, (58) 
We impose on ¢, and ¢ the supplementary condi- 
tion: 


oe” + oe ==1(), (59) 
Having used Eqs. (58) and (59), we obtain forthe 
principal part of ¢, 

d 
iQ, 


x 
el(wx—Y+a)q x, (60) 


Xo 
Expanding the frequency 2), in a series at the reso- 


On = 


nance point, we obtain 


Ce Sey sia om (x a Keng) a : (61) 
Then sg tz0es 
d ome 
= = \ exp {— 1Qpe327/2} dz. (69) 
3 omeupes 
Taking x — x,., =» %) — ¥,,, = ~~ and integrat- 


ing Eq. (62) we obtain for g: 
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9 = 2Re gel = (d/Q2,) [2x/Qpes]* cos (» + 7).{69) 


Averaging over the arbitrary phase y, we find for 
the square of the phase amplitude 


2 = incl? / 207, OL, =e nd? / 0,6. 08 fog (64) 


+6 


Comparing Eqs. (57) and (18) and taking into ac- 
count the change in the amplitude of the oscillations 
with frequency, we find finally: 


—— Q Q2.x2 ra) 2 
ES Be geet y tet id es (65) 
i : ? eee | : faa \e el 
— Oe OA Ug \2 
Pel Fae x 2 Ee, Sep res “Qo 
wets ear a) 
— Q 2 
Agt = am igip wre tes 
ean) 2g a OS ove) 
a O47? Vo \2 
x (1 =F Xe) | (+) 


Here, ©Q, UG, Vo are the amplitudes of the per- 
turbations with frequency Q; 


Aw =) eo cos (Qx + «). 
0 


This result is found to be in agreement with the re- 
sult of Blachman?. Eqs. (65) give the increase of 
the mean square amplitude of the phase oscillations 
at any moment, if by Q, we understand the instan- 
taneous frequency of the oscillations and by 0, , 
the resonance frequency, whose effect we are 
studying. Equations (65) donot have any singulari- 
ties in the neighborhood of the critical point, which 
is natural, since on approaching the critical point 
the resonance is passed all the more rapidly and 
does not have time to set synchrotron oscillations 
going to any appreciable extent. Therefore, the 
critical region does not require special considera- 
tion. One must have in mind that the resonance fre- 
quencies are included between Q, and (),,,. At 
the point where the rate of change of frequency be- 
comes zero [x = (3a? + 2)”], the next term in the 
expansion must be taken into account. In this 


case: 
Ag? = 4,4 tg?¢Qo"a"" (og /a)?, oe 
Ag? = 1,7 tg? dQs%a"* (ua/u)?, 
Ag? = 1,7 tg? ¢Q¢"a~** (Va /V)P. 
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The oscillations in momentum which reach a oe 
mum in the critical point merit special ae ion. 
Variation of the momentum is expressed by hug. 


(34), taking into account Eqs. (39) and (65). 


6. NOISE EXCITATION OF SYNCHROTRON 
OSCILLATIONS 


The problem of noise excitation of ocsillations 
without account of adiabatic damping ee solved 
by Blachman, who examined Iq. (2) in the adia- 
batic approximation, j.e., in the form 


(dg? / dt?) + Qio = F (t), (67) 
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where F(t) is an arbitrary noise perturbation with 
spectral intensity ®( calculated for a band-width 
of 1 cycle). According To Ref. 1, the mean square 
deviation of the phase amplitude is equal to 
t 
F =4,\ (/ 94 dt. 


to 


(68) 


Comparing Eq. (12) with Eq. (67) and transforming 
to the variable x, we obtainfor the noise modulation 

of the frequency with spectral intensity v(cycles”/ 
cycle) 


x 


For the noise modulation of the amplitude of the 
accelerating voltage Au/u with spectral intensity 


@ = (2n*E gL / cousin ¢)\ vd x. (69) 
Xo 
Bicwc: Graph of the function Mex f p% (x) dx. 
0 
noise modulation of the frequency 
dy? | dx = Qn? (EL /ceu sin ¢)y. (73) 


n(cycle”*) 
e = 1), tg?  (ceu sing/ EyL) \ 4Qudx 


Xo 


(70) 


and for the noise modulation of the voltage on the 
magnet AV/V with spectral intensity p(cycle-!) 


ceu sind 
———e 


fate aa (71) 
° Q! 72 d 
2 0 udx 

x\ E Sight hae 


We now find the expression for 2 accounting 
for the adiabatic change of amplitude of the oscilla- 
tions. Fromthe relation Eq. (27) for the mean 
Square amplitude we obtain the equation 


dy? | dx = gf" / Of. (72) 


On the otherhand, differentiating Eq. (69), we ob- 


tain for the increase in amplitude on account of the 


On account of the independence of the processes of 
adiabatic contraction and of noise excitation, there 


follows from Eqs. (72) and (73): 
1 d et sO 
fii (x) [fe (2) B= 2? 


Integrating Eq. (74), we obtain: 


Jarye 
ceusin @ ~ 


(74) 


aap TH )\ Fe ae ee 


ceusing - \ 
Xo 


Analogously, for the noise modulation of the ampli- 
tude of the accelerating voltage 


= x 


ul u Si 1 
oh = 7 tarp SE Oss"*(x)( fie xy dx 7) 


and forthe noise modulation of the voltage onthe 
magnet 


| 
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Fic. 3. Graph of the function f? (x) ff? (x) dx. 
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x 


Fh = Ye tergu Ee of" (x) | 


Xo 


(77) 
Lr (x) 


2,2 
Oot 


1] dx 
+ amp T 9 | oe 
In Eqs. (75) through (77), it is assumed that the 


valuesof the spectral intensities v, 7 and p do not 


depend on the frequency. These formulas determine 


yg” in the adiabatic region. Inasmuch as the ef- 
fect of noises decreases on approaching the criti- 
cal region, they can be used during the entire 


cycle of acceleration. 

The mean square deviation of the momentum in 
the critical region is of interest. It can be calcula- 
ted by Eqs. (34) and (39) on substituting for 
y from Eqs. (75) through (77). 

In conclusion, we present graphs of the functions 
which enter in Eqs. (75) through (77). These func- 


tions are evaluated for several positive- and for 
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one negative-value of a”. Negative values of ‘as, 
characteristic for strong focusing accelerators with- 
out a critical energy, were proposed by Vladimir- 


skii and Tarasov?, 


1 \. M. Blachman, Rev. Sci. Instr. 21, 908 (1950). 
2 E. Bodenstedt, Ann. der Phys. 15, 35 (1954). 


3 VY. V. Vladimirskii and E. K. Tarasov, On the Possi- 
bility of Eliminating the Critical Energy in Strong- 
Focusing Accelerators, Report presented at the Inter- 
national Conference on Peaceful Use of Atomic Energy, 
1955. 

4 A. A. Kolomenskii and L. L. Sabsovich, On the Pass- 


age Through the Critical Energy in a Strong-Focusing 
Accelerator, Unpublished Report, 1953. 


Pike Johnsen, Lecture before the Conference on Strong- 
Focusing Accelerators, Geneva, 1953. 
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A Comparison of the Fermi-Landau Theory with 
Some Experimental Data on Cosmic Rays 


O. A. GuZHAVINA, V. V. GIZHAVIN AND G. T. ZATSEPIN 
P. N. Lebedev Physical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor August 20, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 819-830 (November, 1956) 


The energy spectra of the secondary particles originating in nuclear collisions of high- 
energy particles (10!2 — 1018 ev) have been calculated on the basis of the theory of L. D. 
Landau. A calculation of the altitude dependence of the radioactive particles in the atmos- 
phere, as well as of the number of high-energy pi-mesons at sea level, has been carried out 
on the basis of the spectra obtained. The results of the calculations are compared with ex- 


perimental data. 


U P to the present time there have been few di- 
rect experimental data concerning collisions 
of super-hi gh energy nucleons (> 1012 ev ) with 
nucleons or light nuclei. There exists practically 
no knowledge of the distribution of energy between 
the secondary particles of various types formed as 
a result of such collisions. Hence, in spite of the 
considerable time since the publication of the 
Landau theory?, there have been, up to the present, 
almost no papers devotedto a comparison of the 
results of this theory with experimental data. How- 


ever, although direct experimental data relative to 
the energy distribution of secondary particles in 


the energy region E > 10}? ev are lacking, we never- 
theless have indirect experimental data relative to 
the formation of secondary particles of super-high 
energy. F'or example, in the works of Ryzhkova 
and Sarycheva”, and also Kaplon et al.°, the co- 
efficient of absorption is measured in the atmos- 
phere of radioactive particles with energy ¥ 10% 
ev. Moreover, there exist data relativeto the 
number of y-mesons* penetrating a depth of the 
earth of as much as 3 km of water equivalent, i.e. 
possessing energies of the order of 3 x 1012 ev. 
As the calculations show, these data are very 
sensitive tothe mechanism of the elementary act 


’ 


690 


EXPERIMENTAL DATA ON COSMIC RAYS 


of collision, especially to the form of the energy 
spectrum of the particles produced in nuclear col- 


lisions. Hence, the calculation of the absorption 


curve of radioactive particles of high energy and the 


number pf p-mesons producedin the atmosphere on 
the basis of any given theory of the elementary 
act of nuclear collision, allows the verification of 
the correctness of the results of that theory. 

The basic initial data on which the carrying out 
of the calculations just mentioned is dependent 
are: 1) the primary particles of the cosmic rays, 
mainly protons (and we assume below that they 
are all protons); 2) secondary particles arising as a 
result of collisions of a nucleon of given energy 
with a nucleus of an atomof the air. The energy 
spectrum of the primary cosmic rays has been de- 
termined as aresult of many experimental investi- 
gations, and we have taken it to be in accordance 
with Ref. 4. The energy spectra of the secondary 
particles were calculated on the basis of the 
Landau theory, the results of which may be satis- 
factorily reconciled with a number of experimental 


results obtained by the method of photoemulsions® 


and which, in the case of an elementary analysis of 
the properties of wide atmospheric showers®’®, do 
not display the sharp contradictions with these 


properties which are shown, for example, by the 
Fermi theory®’’. 


ENERGY SPECTRUM OF THE PARTICLES ARISING 
IN NUCLEAR COLLISIONS ACCORDING TO THE 
LANDAU THEORY 


In a nucleon-nucleon collision the total number 
of secondary particles NE) is equal to 


N (Eo) = K (Ey/2M yc?) (1) 


where 4/,, is the mass of the nucleon, E, is the 

energy of the generating particle, and K ~ 2 (Ref. 
1). In the collision of a nucleon with a quiescent 
nucleus of an ‘‘air atom,’’ the number of particles 


produced is greater since, according to the Landau 
theory, 


I tied in (2) 


where E, is the energy of the colliding particles 
in their center-of-mass system and lV, is the vol- 
ume of the system formed inmediately after the 
collision. 

We have assumed thatthe interaction occurs be- 
tween a nucleon and a mass of nuclear material 
contained in a cylinder of radius corresponding to 
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the radius of the nucleon ro = i/My c (Ref, 5).The 
entire calculation was carried out for a cylinder of 
average height 7, which was taken equal to the 
average chord of a sphere of radius R = Anes 


where A is the atomic weight of the nucleus, i.e., 


jg 4/5R = */sroA’. (3) 


The mass of such a cylinder is equal to 


Me A‘*M H Se 


An average value was taken forthe atomic weight 
of the nucleus of an atom of air. 

The volume formed after the collision of the sys- 
tem was taken equal to the volume of the cylinder 
of nuclear substance modified in accordance with 
the Lorentz contraction for the nucleon-cylinder 
center-of-mass system. On the basis of Eq. (2), the 
total number of particlesin this case is equal to 


N (Ey) = KA™* (Ey / 2M yc?)"!, (5) 


where K has the same magnitude as in (1). Thus, 
taking account of a collision with a nucleus leads 


1/4; 


to an increase by a factor of A in the number of 


particles given rise to. 

In the calculation of the energy spectra of the 
particles by the Landau theory, a basic parameter 
is 


(es =n (Oia), 6) 


where A is the longitudinal measureof the system 
formed immediately after the collision and a is the 
transverse dimension of the same system. In a 
nucleon-nucleon collision 


L =¥/, In(Ey/2Mxc). (7) 


We have assumed that in a nucleon-nucleus colli- 
sion A. and a correspond to the dimensions of 
the pre-collision cylinder in the cylinder-nucleon 


center-of-mass system. Then 


L = 4/,1n (9Ey/8AM,c?). (8) 


The energy distribution of the secondary parti- 
cles in the laboratory system of coordinates is 
given by Landau in the parametric form 


dN = Cy, exp (V L? = i?) di, (9) 


E2RBEMne exp (?) el 4-4/5 V £2 22), 
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where A =-In te( 0/2) (6 is the angle of departure of 
the secondary particle in the center-of-mass sys- 
tem). The coefficients Ce and B , in Eq. (9) are 


found from the normalization conditions 


\dN =N; \ EdN = E). (10) 


Introducing the parameter v = d/L, we obtain for 
cc and ‘ais the expressions 


087 7 7S 
Cy = 2A (Eo/2Mac?)'"' / L \ ae dy; 


i 


(11) 


B,=E, [Merete 


0,87 =F} 
x | expL(s avi) a | 
-1 

where L is to be calculated according to Eq. (7) 

in the case of a nucleon-nucleon collision and ac- 
cording to Eq. (8) in the case of a nucleon-nucleus 
collision. 

For the solution of practical problems, it is con- 
venient tohavethe energy spectrum in graphical 
rather than parametric form. For this purposeit is 
expedient to choose therepresentation dN/d In E, 
since in this case the form of the curves describ- 
ing the spectrum is symmetrical, almost Gaussian. 
Thus, letting Yq =InE, and y = In£, we obtain 

dN 
dinE 


ORR ee ee AT 
y = In E = 1n(B,M,c?) 
+L (/e+yts3V1—%). 


Here, asin what follows, the energy is expressed 
_ in electron bolts. 


It is clear that Eq. (12) is not applicable for 
large values vy ~ 1, since for vy = 0.95, when 


1 (Yo. ¥) = (12) 


v/3\V 1—v2 =1, the function dN/d\nE breaks off, 
but the energy of the particles attains a maximum 
for this value of vy and subsequently falls off, 
However, the energy spectrum of the particles 
calculated on the basis of the Landau theory is 
characterized by a slow fall-off with increase in 
energy in the region of applicability of Eq. (12), 
so that a significant portion of the energy is carried 
off by particles the energy of which corresponds to 
the region of the spectrum where v ~ 0.9, that is, 
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near the limit of applicability of the Landau 
formula. 

From the basic concepts of the theory there is 
no reason to expect that the spectrum should break 
off sharply at v ~ 0.9, since the singularity at 
v = 0.95 occurs as a result of the form in which the 
calculations of Landau are represented. Hence, 
we have carried out a smooth extrapolation into the 
region of energies near Ey, for which the Landau 
formulas are no longer applicable, of the Landau 
spectra which we previously calculated up to ener- 
gies corresponding to v = 0.9. 

If we make graphs of the energy spectra, 
taking Inf(y,, y ) as ordinate and InF as abscissa, 
then, designating the abscissa value correspond- 
ing to the spectral maximum as y, ,,, and the dif- 
ference y — y,,, aS Z, we may write our chosen 
approximating function in the form 


¢(z) =A —2 (a+ bz") 


for each curve with a given value of the parameter 
¥9: The constant A corresponds tothe spectral 
maximum, lying at the value y,,,- The number 
a is found fromthe curvature of the Landau curves 
for y = y,, 4,’ While the numbers 6 and k are 
chosen so that the approximating function coin- 
cides exactly with the Landau function for the 
energy corresponding to the maximum in the energy 
current of the secondary particles and for the 
energy corresponding to the upper limit of appli- 
cability of the Landau formula (near v = 0.87).The 
functions ¢(z) obtained for various values of E, 
correspond with great exactness to the Landau 
curves for the entire region 0<v < 0.9. 

The extrapolation of the curves of the energy 
distribution of the number of particles and the 
corresponding curves for the energy current 
Ef(yo> ¥) beyond the point v = 0.87 essentially 
changes the normalization of these curves, so that 
the area under these curves gives the total number 
of secondary particles N and the total energy of 
the secondary particles E,, respectively, whereas 
normalization in accordance with Eq. (11) takes 
into account only the area tothe left of the break- 
off point. 

The values of the renormalized constants CL and 
BM ,c* are given in Table I for certain values of 
the energy. Values of the parameters A, a, b, k for 
the function ¢(z) are given in Table II for the 
same values of the energy . Figure 1 gives the 
dependence of f(y 9; y) ony, that is, the depend- 
ence of In(dN/d InE) on InE for given values of 
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Yo = InE,, obtained on the basis of the Landau 


lying below the dashed li ; 
theory by the method set forth above for cases of ed line were obtained by extra- 


non ; d ¥0 
ec: ofa pecieen with a nucleus of an air polation. “The integral f fly y )dy = Neo Val- 
t 2 ; 0 ot 
atom for Eo > 1012 ev. The portions of the curves ues of Mot are given in Table III. 
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Fic. 1. Energy spectra of the secondary particles according to Landau for the case 
of a collision of a nucleon with the nucleus of an atom of the air. The energy of the 
primary particle (1012 ev, 3 x 1012 ev, 103 ev, etc.) for each curve corresponds to 
the break-off of the curve at the upper limit of the spectrum. 


i 


Figure 2 gives curves showing the dependence where E, is the energy of the primary particle. A 


of the current of energy carried away by the second- comparison of Figs. 1 and 2 shows that a princi- 
ary particlesonthe In£ of these particles for the 


al part of the energy is carried away b ticl 
case of a collision of a nucleon with a nucleus of Se ey Se eee 


with energy significantly greater than the energy 


y 
Mag atom) The integral fi Ef(y., y)dy =E possessed by particles more representative of the 
i 0 0: energy spectrum ofthe secondary particles. 


694. 


GUZHAVINA, GIZHAVIN AND ZATSEPIN 


TABLE I. Values of the finally renormalized coefficients CL and BMc2. 


Type of collision 


Coeff. 
nucleon- 
nucleon CL -108 
BMc?2-10-° 
nucleon- CL-108 
nucleus BMc?.10-® 


Ey (ev) 
4012 {ou 4028 1018 
106 Zone Call | age 
0,770| 0,987 | 1,48 | 1,32 
Dod 134 OR 9,00 
1,89 2,41 Dis) |) 2 tete 


TABLE II, Values of the parameters of the function p(Z) approximating 


the curves of the energy spectrum of the secondary particles, 


E, (ev) 

Type of a cate yf) | baie | ‘ait | me 
nucleon- A 2, bad 5,565 | 14,42 40,74 
nmucheon a-102 16,14 9,32 6,53 5,02 
b-104 | 316,0 85,3 3,67 1,89 
k 4,358 1577 3,062 2,873 

Zo 24,91 27.10 30,39 33,08 

nucleon- A Det o2 pl i286 30,34 81,47 
nucleus ail? 22,67 1125 7,43 555 
10% | 388,4 7271 1407 3,23 
k 1,413 2.170 2,564 2,749 

Z4 23,97 27,10 29 , 80 32,62 


Table IV gives the share of the energy, in per- 
cent of Ey, carried away on the average by a single 


very fast secondary particle. It should be noted 
that this share contains a rather large amount of 
the generating particles right up to very high 
energies, and agrees very well with the calcula- 
tions of Gerasimova and Chernavskii®, which 
considered hydrodymanic problems corresponding 
to the collision of nucleons and took into account 
the presence of traveling waves. We note that the 
probability of emission of a particle having con- 
centrated in itself a large portion ofthe energy of 
the primary particle which is obtained from our 
graphs for a collision of the nucleon-nucleon type, 
exceeds the estimates obtained in the work of 
Podgoretskii, Rosental’ and Chernavskii?, 

For the calculation of energy spectra by the 
method of successive slopesitis necessary to cal- 
culate the number of particles of given energy, in- 
tegrating the probability of their formation from 
primary particles with energy above the given. The 
representation of the function f(y¥,, y) in the form 
of a family of curves for fixed values of y, is 


inconvenient for this purpose. Hence the function 
f (v9 y ) in Fig. 3 is represented in the form of a family 
of curves for fixed y and varying y, . 

In many calculations connected with nuclear- 
cascade processes in the atmosphere (for example, 
Refs. 10-12), it is assumed that the energy of the 
incident particle is divided equally among the 
secondary particles. In this case each particle 
receives the average energy E = ES ov where 
1,5, is the total number of secondary particles 
occuring. But from the curves which we have ob- 
tained forthe energy current of the secondary parti- 
cles and the data of Table IV, it follows that the 
greater part of the energy is carried away by a much 
smaller number of particles than n,,,- This number 
of secondary particles possessing the largest ener- 
gies is actually determined in the basic develop- 
ment of the nuclear-cascade process in the atmos- 
phere. The effective number of such particles may 
be determined® as Note = E/E y, where Ey, is the 
value of the energy of the secondary particles de- 
termined by the magnitude of Vy from the equation 
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V1," ¥, 


Ef (Yo, y)dy = \ ET (Yo, y) dy. 


V1) 


— OF 
2 


E,, coincides approximately with the energy value 
at the maximum in the curve of the energy current. 


in(EFy,, y) 
40 
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The dependence of n p Megg andr, ./n.-, on E, 
is given in Table III for two types of collisions. 
According to the Landau theory eb | oy aaa It fol- 


lows from the data of Table III that, for both types of 
collisions, ng¢¢~ E5916, approximately. 


JF 
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Fic. 2. Currents of energy carried away by the secondary particles, for the case of a 


collision of a nucleon with the nucleus of an atom of the air. E is expressed in electron 
volts. The energy of the primary particle for each curve corresponds tothe break-off of 


the curve at the upper limit of the energy current. 


CALCULATION OF THE ALTITUDE DEPENDENCE 
OF RADIOACTIVE PARTICLES OF HIGH ENERGY BY 
THE METHOD OF SUCCESSIVE SLOPES 


In a calculation of the altitude dependence of 
radioactive particles in the region of high energies, 
for which the Landau theory is applicable (£, 
> 1012 ev), wemay neglect the ionization losses 
of the particles and their disintegration. In the 
calculations we have assumed that the result of a 
collision of a radioactive particle with a nucleus 


does not depend on the nature of the generating 
particle. The effective cross section for collision 
was assumed constant and corresponding to the 
free path length A) = 65 g/cm”. In this case the 
change in the number of radioactive particles in a 
given energy interval with depth x into the atmos- 


phere may be described by the equation 
peg I Ey, x) (13) 


Leo Ox 


ol a\ Fiy’, x) f(y’, y) dy’, 
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where F'(y, x )dy is the numberof radioactive parti- 
cles at depth x, the energy of which liesin the 
interval corresponding to y, y + dy. The function 
fly4 ¥)dy has the sense of the probability of for- 
mation of a secondary particle in the interval 


In) 


Y 
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y, y tdy froma primary of corresponding y ’. It is 
represented graphically in Fig. 4. a is the frac- 
tion of radioactive particles contained in the total 
number of secondary particles formed in the act 
of collision; py = 1/AQ. 


3 


2 
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Fic. 3. Values of Inf (yo, y) as a function of ¥9 = in(E/1 ev). Each curve relates 


toa definite value of Iny of the secondary particle, which is equal to the value y 
corresponding to the break-off of the curve at the upper limit. ° 


As is well known®*!3>14, Eg. (13) is satisfied 
by the function F (y, x) taken in the form of the 
series 


HN 3) meen oc! 


i=0 


(u x)! 


Pet) Fi(y),PFi(y) (14) 


=\ Finty)i yy) ay’. 
ay 


Figure 4 shows the dependence of F,(y) for 
0<i<5. It is not necessary to take into account 
the subsequent terms of the sum with i > 5, since 
they make a negligible contribution even at sea 
level. F'(y’)dy’ represents the differential energy 
spectrum of the primary particles, calculated in ac- 
cordance with the integral spectrum adduced in 
Ref. 4. 

Substituting the functions i (y ) into Eq. (14), 
we obtain the altitude dependence of particles of 
various energies, from which we may calculate the 


coefficient of absorption at various altitudes. 

The graph of Fig. 5 givesthe absorption curve 
for particles with E = 1017 ev. Curves 7 and 2 
represent the result of calculations wherein itis 
assumed that « = 2/3 and a = 1, respectively. 
Curve 3, which was observed experimentally, repre- 
sents the absorption curve of particles with 
E = 10!? ev. In its construction the experimental 


results of Kaplon et al.* were used for the interval 
of depth less than 700 g/cm”. According to these 
authors, the coefficient of absorption in this inter- 
val corresponds to 1/p = 120 g/cm?. Similarly, the 
experimental results of Ryzhkova and Sarycheva” 
were usedin the interval of depth from 650 to 100 
g/cm”. These results gave 1/p =(112 +9) g/cm” 
in this interval of depth. Curve 4 gives the ab- 
sorption curve which would be observed if each 
act of collision with a nucleus led to complete ab- 
sorption of the particle (1/p. = 65 g/cm”). 

From the results given in Fig. 5 it is clear that 
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experiment gives a significantly smaller magnitude 
for the coefficient of absorption than does calcula- 
tion. The coefficient of absorption of the parti- 
cles may be representedin the form 


Ue (y, x) = Bo [1 —A (y, x)], 
whence, according to Eq. (14), 


ee) \ FY x) FE (y', y) dy’ | F (y, x). 
Vv 

Asa consequenceof the factthat f(y, x) falls 
off quickly with increasing y(F ~ e”, y= 1.5 to 
2), the magnitude of A depends essentially on the 
value of f(y%4 y) for y = y%, that is, on the proba- 
bility of formation of a secondary particle with 
energy near the energy of the primary. Thus, the 
magnitude of A is extremely sensitive to the 
mechanism of the elementary act of the nuclear 


collision. 
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Fic. 4. Energy spectra of successive slopes of radio- 
active particles in the atmosphere. F)(y) dy represents 


the differential energy spectrum of the ae cosmic 
ray particles, expressed in units of cm~2 sec“! sterad-!. 
The numbers on the curves indicate the value of i. 


From Eq. (14) we obtain 
~ i+, (2 wx)! 
A(y, x) = Dug +1 ras 


| = P (yx)! 
MF ia, YW) | > Ps Theat 


| G0 


Figure 6 shows the calculated dependence A(x) 
for particles with E = 10°* ev. ‘The value of 
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A(y, «) in Fig. 6 does not exceed 0.25 and falls 
off quickly with depth into the atmosphere, while 
according to the experimental results A(x) depends 


weakly on the depth, remaining equal to about 0.5 
or 0.4. 
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Fic. 5. Altitude dependence of the particles with energy 


1012 ev. The atmospheric depth in g/cm? is plotted 
as abscissa, and the common logarithm ofthe function 


F (y, x) is plotted as ordinate, 
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Fic. 6. Dependence of A on x for E = 10"eveThe 
points correspond to the experimental results given in 
Refs. 2 and 3. The continuous curve gives the results 
of calculations according to the Landau theory. 


Thus the spectra of the secondary particles 
which we have calculated on the basis of the 
Landau theory do not correspond to that which ac- 
tually occurs. The character of the lack of corre- 
spondence shows that for nuclear collisions of high 
energy the probability of having a great part of the 
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energy (E/E , > 0.5) concentratedin a single 
particle is significantly greater than is obtained 
from the spectra of Fig. 2 (Table IV). Moreover, 
the small change in the experimental value of A 
with depth shows that this probability decreases 
more weakly with increasing energy of the generat- 


ing nucleon than is called for by the Fermi-Landau 
theory. 


TABLE III. 
Type of E tor | tor | sore | dors 
colts ee (ev) 
nucleon- Wee OF5° 1530, 19554 (30250 
nucleon 71 eff By Oh 3,01 17,4.) 36,6 
f de) lol m & yes) 
Wer ORT, Dei By, (hey) “eayncitel| alg es. 
nucleon- Hace NN SGP SAO (ew 
nucleus N ess 8,9 A Sel an On.c 
Pe Be Oy Gal a5 
tor (Tete 2,10 3,2 Ay NG Tf fe 


TABLE IV. Average fraction, in percent, of the energy 
of the primary particle which is found in a single very 
fast secondary particle. 
Ey (ev) : 
1012 | 1074] 4016 | 107 
ee 30, 0/24, 8)17, 2 


Type of 


collision 


nucleon-nucleon 


30, 0/19, 8]14, 3101, 0 


nucleon-nucleus 


CALCULATION OF THE NUMBER OF p-MESONS OF 
HIGH ENERGY AT SEA LEVEL 


The method of successive slopes allows us to 
write the intensity of y-mesons at arbitrary depth 
in the atmosphere in the form of a series, each term 
of which represents the p-mesons arising from a 
disintegration of 7-mesons of the corresponding 
generation. 

In calculations for the region of high energy, 
E032" ev: only the first term of the series, cor- 
responding to the disintegration of 7*-mesons in 
the very highest layers of the atmosphere, con- 
tributes a significant amount to the energy. All 
the other members of the series contribute an in- 
significant amount, since practically no disintegra- 
tion of 7 -mesons of high energy occur deep in the 
atmosphere. Thus for the region E > 10!? ev it is 
sufficient to calculate only the p-mesons arising 
from the disintegration of 7 -mesons originating in 


the first collisions of the primary protons with 
nuclei of atoms of the air. 

In the Landau theory, it is customary to assume 
that all the secondary particles originating in 
nuclear collisions are 7-mesons. Hence, in the 
calculation we have used the results shown in Fig. 
4, assuming that 7 mesons comprise 2/3 of the 
total number of particles, corresponding to curve 
PS). 

The disintegration of y-mesons during their pass- 
age through the atmosphere and their ionization 
losses may be neglected. Then the number of p- 
mesons of given energy can be written in the form 


EM; | Mi, 
not ae eee BD (Eide Bs 
(2) lee \ Ete hEy 
B { + — 
dE’ 
xX 


E’ (1— M2 / MB)” 


where Mand M_ are the masses of the p- and z- 
mesons and F (aE “)dE ’ is the spectrum of the 
first generation of 7-mesons generated. The coeffi- 
cient F_/E characterizes the probability of dis- 

: ip ss - ‘ , 
integration of a 7 -meson with energy £ in the 
interval of path x, x + dx. According to Refs. 6 and 
14, 


Ex |-B-= lol (2 fy (Ef Mac?) t, =\.l7 x 10: ev 


Here T is the temperature of the air (we assume it 
constant and equal to 225° K); p, is the density 
of the air in g/cm? at sea level and at temperature 
ee Ty is the average lifetime of aq -mnesou-at 
rest. 

The total number of p-mesons with energy higher 
than the given is obtained as 


CCE) eae 
F 

We obtain as a result OP) (> 10!? ev) =4.4 
x 10°? particles cm? The cal- 
culated magnitude of the current of y-mesons may 
be compared with the experimental magnitude ob- 
tained on the basis of Ref. 15, according to which 
oly) ( > 10+? ev) = 1.8 x 10°? particles cm7? sec"! 
sterad-1. We see that the calculated magnitude of 
the intensity of the p-meson current exceeds the 
experimentally observed magnitude by approxi- 
mately 2.5 times. 

As a consequenceof the fact that the number of 
y-mesons of given energy is determined by the 


sec! sterad7!. 
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number of 7 mesons of approximately the same 
energy , it follows that the number of p-mesons 
which we have calculated exceeds by at least 2.5 
times the number of 7-mesons actually formed. 
Since the primary spectrum of the cosmic rays 
falls rapidly with increasing energy, a basic con- 
tribution to the number of z-mesons of given energy 
is made by mesons which are formed with energy 
near the energy of the nucleons which generate 
them. Thus the result which we have obtained 
shows that the probability of forming 7-mesons 
with energy near the energy of the nucleon which 
generates them is at least 2.5 times less than that 
which follows from the curves of fips 


DISCUSSION OF THE RESULTS 


The calculations just carried out show that the 
energy spectra of the secondary particles which 
we have obtained on the basis of the Landau 
energy (by use of the assumptions on the magnitude 
of the effective collision cross section and on the 
Composition of the secondary particles) leads to 
a discrepancy with experimental results both with 
respect tothe absorption of radioactive particles 
and with respect to the number of observed p- 
mesons of high energy. The fact that we allowed 
a certain arbitrariness in the extrapolation of the 
energy spectra of the secondary particlesinto the 
region of energy near the energy of the generating 
particle does not seemessential for qualitative 
results, due to the character of the deviations of 
the experimental results from the theoretical. 

Actually, to produce agreement of the theoretical 
and experimental results with respect to the ab- 
sorption curve for radioactive particles, it would be 
necessary to change the energy spectra in such a 
way that the probability of formation of secondary 
particles with energy near that of the primary would 
be greater. On the other hand, in order to recon- 
cile the observed number of p-mesons with the 
calculated number, it is necessary to suppose that 
the probability of formation of 7°-mesons with 
theory near the the energy of the primary particles 
is less than that obtained from the spectra found. 

Although the assumption that the effective inter- 
action cross section of nucleons of high energy 
differs essentially from the geometrical cross 
section (being less than the geometrical by about 
1.5 times ) may do away with the discrepancies we 
have obtained, it can nevertheless not be assumed, 
since it is contradicted by many experimental re- 
sults. Clearly, the only possible cause of the 


contradictions we have found is the assumption 
which we made, in agreement with Landau’s work, 
that all the secondary particles are 7-mesons. 
The essential difference (by approximately a 
factor of 2) between the experimental coefficient 
of absorption of the radioactive particles and the 
reciprocal magnitude of the free path of these 
particles shows that after a collision with an 
atom of the air, a significant portion of the energy 


( of the order of 0.6 to 0.7) of the primary radio- 
active particle is concentrated on the average in a 


single secondary particle®. On the other hand, 
the small number of observed p-mesons shows that 
these secondary particles cannot be 7*-mesons 

or other particles disintegrating with a lifetime 
less thanthatof 7°-mesons and giving p-mesons 
as aresult of their decay. Thus these secondary 
particles in which the larger portion of the energy 
is concentrated cannot be the K-mesons found in 
stars produced by primary particles of high energy. 
Hence, of all the particles known at the present 
time, only nucleons (and hyperons) satisfy the 
stipulated conditions. 

The small number of p-mesons with high energy 
in comparison with the number of primary cosmic 
ray particles with such energy shows that the 
energy spectra which we have obtained on the 
basis of the Landau theory gives too great a proba- 
bility of formation of 7-mesons with energy near 
the energy of the generating nucleon. 

In the calculations we assumed that 7 mesons 
comprise 2/3 of the total number of particles pro- 
duced. Certain experimental results show that a 
significant portion of the particles produced are 
not 7-mesons but K-mesons. However, taking ac- 
count of these K-mesons which make up a part of 
the secondary particles can lead only to an in- 
crease in the observed discrepancy. 

Actually, the lifetime of K-mesons is signifi- 
cantly smaller than that of 7*-mesons. In the 
region of energy E > 10!” ev, the number of p- 
mesons producedis inversely proportional to the 
lifetime of the particle from the disintegration of 
which they are produced (if this lifetime is not too 
small). Hence, the assumption that a portion of 


the secondary particles are K-mesons leads only 
to a still greater number of expected p-mesons. 
Since on the basis of experimental! results with 
photoemulsions we may consider that 7 {mesons 
and K-mesons make up the basic number of the 
secondary particles, the result which we have ob- 
tained shows that the energy spectrum of the 
mesons produced in nuclear collisions is weaker 
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than that calculated on the basis of the Landau 
theory. 

On the basis of the calculations which we have 
carried out, we may draw the following conclusions: 

1. The theory of nuclear collisions of very high 
energy, in the form in which it is given in Landau’s 
work, does not allow one to carry out a quanti- 
tative calculation of cascade processes, because 
of the indeterminacy of the form of the energy spec- 
trum of the secondary particles near the upper 
limit; 

2. Experimental results show that the energy 
distributions of secondary particles of various 
types are essentially different from each other. 
However, we can at least affirm that in the case of 
nucleons (or hyperons ) emitted as a result of 
nuclear collisions, there isa great probability 
that a significant portion of the energy of the in- 
cident nucleon is concentratedin one of them. On 
the other hand, the probability of concentration of 
a significant amount of energy in individual in 
mesons or K-mesons is small. 

After the calculations reported above had been 
carried out, it was shown by Belen’kii!® 7 that, 
in spite of the opinion expressed earlier, a sys- 
tematic consideration of nuclear collisions on the 
basis of the Landau concepts leads toa notable 
probability of the appearance of particles heavier 


than 7-mesons. Belen’kii showed further that the 
hydrodynamic character of the expansion of the sys - 


tem formed after the collision of the nucleons leads 
to a dependenceof the energy concentration on the 
mass of the particles considered, with the concen- 
tration increasing with increasing mass. Thus, the 
further development of the Landau theory carried 
out by Belen’kii must lead to a smaller discrepancy 
between the theoretical and experimental results. 
Detailedcalculations; analogousto those carried 
out in the present work, are needed in orderto de- 
termine how well the Landau-Belen’kii theory a- 
grees with present results. 

It seems tous, however, that even the detailed 
theory cannot be reconciled with experimental re- 
sults, since even it must clearly lead to an es- 
sential increase in the coefficient of absorption of 
radioactive particles with increasing energy of the 
particles and increasing depth into the atmos- 


phere. In our opinion, consequently, serious con- 
sideration should be given to the development of a 
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theory of nuclear collisions which will be based on 
new premises!8, taking account of the possible 
“‘stucturedness’’of the nucleon, and which will pro - 
vide for the concentration of a large portion of the 
energy in a single nucleon and a small concentra- 
tion of energy in mesons. 
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An approximate method is constructed for the calculation of the reflection coefficient of 
a plane electromagnetic wave from an isotropically inhomogeneous layer for inedia whose 


dielectric constant and conductivity depend on a single spatial coordinate. This method 
can be also applied to the solution of analogous acoustical problems. 


F OR the solution of a series of applied problems, 
it is necessary to be able to calculate the re- 

flection coefficient of waves from different types of 

stratified structures. An exact solution of the 


problem can be obtained only for certain individual 
regularitiesofthe layers ~°. In the other cases, we 


have to apply various approximate methods’’®, 
which have definite limits of applicability. Chief 
practical interest attaches to stratified media, for 
which the optical constants can undergo discon- 
tinuous changes inside the layer and on its bound- 
aries. For such cases, it is appropriate to make 
use of the approximate method of calculation pro- 
posed in the present research. 


1. METHOD OF SOLUTION 


Let us consider an infinite-laminar inhomogeneous 
strip of thickness d, on which a plane electromag- 
netic wave is incident from the left at an angle 0) 
with the normal. In this case, the wave is par- 
tially transmitted through the layer and falls on the 
second boundary of the layer at an angle 0,. Let 
us place the origin at the front boundary of the 
layer. We draw the OZ axis perpendicular to this 
boundary, to the right, inside the layer and the OX 
axis parallel to the boundary in the plane of inci- 
dence of the oncoming wave. 

The propagation constant of the electromagnetic 
waves in the layer depends on the coordinate z 


according to the law 
k(z) = (@/¢) [n(z) + ix (2)] = (@/0) Ve" (2), D 
€ e2(z) , 4me2(z) |’? 
ee eee 


E le 
HA) = | et 


4x26? (z) 


we lp (2) 


The dielectric constant ¢(z) and the conductivity 
o(z) change along the layer according to some 
law. To the left of the layer is a semi-infinite 
homogeneous medium with a propagation constant 
k, = const, in which the incident and reflected 
waves are propagated. To the right of the layer is 


a semi-infinite homogeneous medium with propaga- 
tion constant ko = const, in which the transmitted 
wave is propagated. All three media are presumed 


nonferromagnetic, and their magnetic permeability 
is taken to be unity. Computation of the reflection 
coefficient of the wave from the layer is carried out 


separately for waves polarized in the plane of in- 
cidence and perpendicular tothe plane of incidence. 

As a first case we consider s-waves, whose elec- 
tric vapor is perpendicular to the plane of incidence. 
The amplitude E = Sy, satisfies the equation 


(OPEy / Ox?) + (APE y/Oz*) + #2 (2)Ey=0. (3) 


The solution of Eq. (3) inside the layer is sought 
in the forni (see Refs. 9 and 10) 


Ey =exp [#k(z) sin 8 (z) x] (4) 
x jee ! < \A (z) | 
0 


2 
+ E exp - i= \Fs al 
0 
where 0(z) is the angle variable, defined by the 
conditions 
Riz) sin (2) ==", SiO = Const, (5) 


and f,(z) and F(z) are unknown functions which 
satisfy conjugate equations of first order: 


af 
a EE (6) 
Js —« cos? 6 Le i Oy 
aF 
oe nce eee 
ree e° cos? 6 + i = de 0. 


Solving these equations with consideration of the 
boundary conditions for the incident, reflected and 
transmitted waves, we can then determine the re- 
flection coefficient from the layer. 

For an approximate solution of Eq. (6), we expand 
the functions f, and F , in power series. For 
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layers whose thickness is many times greater than 


the wavelength (d >> c/w), we look for the solu- 
tion in the formof the series 


fs= 2 (cleo) fs,m (2), (7) 


Fy= ) (¢/)"Fs,m (2). 


Substituting (7) in (6), we find the following ex- 
pressions for the coefficients of the series: 


Fs0 = Ve" (z) cos 6(z) = Feo, e 
(i it Ae cos 8) __ RADE 
= 1 (17 _din(Ve* cos) ]? 
Is iViitcab Ae | dz 


pa Laz tn (V e* cos 6) 
dz? | 


=F, 


etc. The coefficients f, . and F, , correspond to 
the usual approximation of geometric optics. 

For layers that are thin in comparison with the 
wavelength (d << c/a), the solution is sought in 
the form ofthe series 


fa= >) (@/0)"fe,m (2); (9) 
SOP GOe 


The coefficients of these series are computed by 
successive integration: 


fs, = const, Fe gi== CONSE, (10) 


Zz 
ign ite" cos? 6 — f? (| dz, 
0 


z 
fo i\ te cos? 6 — F, »] dz, 
0 


Ly 


Zz 
fs0 = 2foa\\ [2 cost 6 — fol dz de’, 
00 


22 
Rae 2F 5o\\ [* cos? 6 — F3 ,] dz dz’ 
00 


etc. Making use of Eqs. (8) and (10), we can com- 
pute the functions f, and Ff’, in any approximation, 
after which it is easy to find the amplitude reflec- 
tion coefficient. 

In the second case of the p-wave, whose elec- 
tric vector lies in the place of incidence, it is 
more appropriate to solve the equation for the mag- 
netic vector 


A2 
CH y 


Ox? 


os ite (11) 
z 


1 df2(z) OH 


SUS Wey Suara = +k (z)Hy =0. 


Applying the analogous substitution 


H y =exp [ik (z)sin 0 (z) x] (12) 


x {H* exp E = ie (2) dz] 


+ H-exp [- i < \ Poe) dz] 
0 
and expanding the functions i (z) and F_(z) in 
power scries in c/w or w/c, we get: for ‘“‘thick’’ 
layers, 


fp.0 = V e* (z) cos 8 (Zs 6 (13) 
id cos 4 (z) 
| OSes te Ve* (z) = — Fp, 


and for ‘“thin’’ layers, 


lo0o= 2 (2) = Fp. (14) 
fp, i oe (z) \ [cos? 6 (z) nae es (z)] oe f . 
0 Pe i) 
fog = 2c \ & (2’) \ [cos? 6 (z) 
0 0 


te" (2) dz d20 Fr ae 


For the analogous acoustical problem, the pres- 
sure in the layer satisfies the equation 
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ad*p __ dine dp 


dz? QZmenas Ce 


+ np =0, 


where the density p(z), the sound velocity a7), 

and the relative index of refraction of the medium 

n (z) are given as functions of the coordinate z, 

perpendicular tothe surface of the layer. 
Introducing the similar substitution 


Zz 


p= a exp [i ZAP (2) dz| (16) 
0 


z 
+P exp |— i a, \9(2) a2], 

Pt 
we can, in the same way as for electromagnetic 
waves, derive the differential equation for the 
function ~(z), expand it in a power series in 
o/C or c/w, and find the reflection coefficient 
from the entire surface. 

In practice, we can limit ourselves to 2-3 first 
terms of the corresponding series. In the inter- 
mediate region (d =~ A), we can make use of inter- 
polated expressions for R which consist of cal- 
culated limiting formulas. 


2. EXAMPLE 
For a layer law 
n(z) = —2d/z (17) 


with boundary conditions: n = n, =1 for z < —2d, 
and n =n, for z > —d, the problem has an exact 
solution. Calculation of the energy reflection co- 
efficient for the normally incident electromagnetic 
waves yields the exact expression 


R(x) = Si VI (18) 
16x — cos? [V 4x2 —1/41n 2] ” 
ek Od 
Baas es rv 


Calculation according to our approximate formulas 
yields, with accuracy up to terms of second order 
of smallness, 
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Ro (x) = (1 —0,56 x2) /(9 — 0.56 x2) 2) 
for ie < ] 5 

at sin? [2x In 2 — In2/ 16x] 
Reo (x) 16x? — cos? [2x In2 — In 2/ 16x] ey, 
tore ales 


Numerical computation according to these equa- 
tions shows that over the whole range of values of 
wd/c, the divergence between the exact and the 
approximate formulas for V R(x) lies only inthe 
third decimal place. Moreover, both expansions (in 


powers of x and of 1/x) give neighboring values 
even for x ~ 1 


In those cases when our expansion in powers of 
x and 1/x diverge strongly in the region x ~ 1, we 
must compute these series with higher order ap- 
proximations for the region x ~ 1. We then use 
interpolation formulas of the type 


R (x) = ERo (x) + #Ree(2)1/ 2): eM 
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For small energies of relative motion, identical nucleons interact with each other only 
when their relative orbital momentum is zero. Therefore, it can be expected that a nucleon 
in the nucleus does not interact with all of the nucleons, but only with those three which 
are in an S-state relative to it. These considerations lead to a picture which is in many 
respects similar tothe «-particle model of the nucleus. The wave functions of the shell 
model are investigated from this point of view and a number of common properties of the 


shell and u-particle models of the nucleus are shown. 


energies of light nuclei are discussed. 


Several regularitiesin the binding 


——— eee 


SUALLY the state of the nucleons in the 

nucleus is described by giving their angular 
momenta relative to the center of gravity of the 
nucleus (shell model). In such a case, the 
question of what angular momenta the nucleons in 
the nucleus have relative to each other is not con- 
sidered. However, just this question is of particu- 
lar interest for an understanding of the energetics 
of the nucleus and for an explanation of the struc- 
ture of its state. The point is that the nucleons 
in the nucleus have a comparatively small kinetic 
energy (the mean energy is of the order 10-20 mev) 
and, as is known from experiments on nucleon- 
nucleon scattering, at these energies the nucleons 
interact only if they are in S-states relative to 
each other. Therefore, we can conclude that a 
nucleon in the nucleus does not interact with all 


nucleons, but only with those which are in S- 
states relative to it, and thus, for an evaluation 
of the energy of a given state of the nucleus and for 
an explanation of its structure, it is necessary to 
know the distribution of the angular momenta of 
relative motion of the nucleons. 

The basic properties of the nucleus are clearly 
best described by the shell model, and therefore 
it is of interest to ask what the distribution of 
angular momenta of relative motion is in the shell- 
model wave functions. The elucidation of this 
question is the main aim of this article. 


1, TWO NUCLEONS IN THE |p SHELL 


The simplest cases to study are the Li® and 
He® nuclei, where in addition to the full shell 
(1s )* there are two nucleons in states with / = 1 
relative to the center of gravity of the nucleus. In 
the LS-coupling scheme, where the total orbital 
angular momentum L and spin S of the two nucleons 
are given, the wave functions of these nucleons 


break up into the product of the radial wave func- 
tion R(r,)R (75); the angular wave function A, 


the spin function x and isotopic spin function 0: 


Y (LST) (1) 


= R(r,) R (re) A (81, 91; 82, 22) x (S) @ (7). 


Here the angular wave function has the form 


L=0:;M,;=0; (2) 


4 
Ne Vx [Y 11 (91, 1) Ya (82, oy) 
+ Yy—-1 (91, 91) Yas (92 2) — Yio (91, 21) Yio (905 $e) I: 
ale eat Y 1 
L=1;M,= De ee ys lYu (9,, 1) Yio (9, ©.) 
== 56 (Ors 01) Vy (95, %)] 


Li 2 VE == Deen Y,, (4, 2)Vu (9, %2), 


where Y,,, is the spherical harmonic, and ree 
~, are the spherical coordinates of the ith nue 


i? 


leon. 
We introduce new coordinates: the radius vec- 


tor of the center of gravity of the two nucleons 
R= AAT, 4 Ea) and the radius vector of the dis- 
tance between the nucleons r = a(t, = an We 
obtain the desired expansion of the wave function 
in states with given relative angular momentum of 
the nucleons by replacing Ee and r, in the wave 


function (1) by their expression in terms of Rand r 
and expanding the resulting expression in angular 
functions of ©, ® and J, ¢( spherical angles of the 
vectors R andr, respectively). The expansion of 
the angular part of the wave function can be carried 
out at once, using the relations 
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7 Cos 8; = Rcos @ + rcos 9: (3) 


r, Sin 0,e+!%: = R gin Qetio + rsin Serie 
> 


T, COS 0, = R cos 9 — r cos 9; 


r, Sin b,etie2 = R sin Oeti® — ¢ sin Yexiv, 


euich follow from the definition o the vectors R and 


From this it is found that the angular wave func- 
tions of the S-, P- and D-states of two nucleons 
are proportional to 


A(L = 0) ~ Yo9 (8, ®) Yoo (8; 9) / rife 
A(L=1, Mz=1)~[¥ (8, ®)Y,, (8, 9) 
—Y19(9, ®) Yui (3, 9) / rire: 
A(L =2, Mz = 2) ~ [R2Yo9 (0, ®) Yoo (9 ©) 


(4) 


-— PY o9 (9, ®D) Yoo (3, 9)] | ale 


It is still necessary to find the expansion of the 
radial part of the wave function. It is easy to see 


that this expansion has the following form: 


R (71) R (T3) (5) 
= pa Bi(r, R) Yim (8, ®) Yim (8,9) (—)™, 


Since the form of the function R(r,) is unknown, it 
is impossible to calculate the coefficients 6). How- 
ever, this is not necessary, since for any reason- 
able form of this function, the first term of this 
2xpansion is most important, so that approxi- 
mately R GRC) = B ts, R), where By isa 
function of the absolute values of the quantities r 
and R. The justification of this approximation is 
clear from the fact that r, and r,, which are re- 
spectively equal to (2k? + ork)”, depend 
strongly on the directions of the vectors R andr 
only when r ~ R and Rr = rR, which corresponds 

to a comparatively small region in the space of 


the variables r and R. 
Collecting the result , we see that in states with 


L =0 the nucleons are in S-states relative to each 
other andtheir center of gravity is in an S-state 
relative to the center of gravity of the nucleus; in 
the state with L = 1 the nucleons have a relative 
angular momentum / = | and their center of gravity 
moves relative to the center of gravity of the 
nucleus with unit angular momentum and, finally, 
that in a state with L = 2 the nucleons spend about 


half the time in an S-state relative to each other 
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and about half the time in a D-state; their center 
of gravity also is in either an S- or a D-state rela- 
tive to the center of gravity of the nucleus with 
approximately equal weights. 

It is already possible to draw the conclusion 
confirmed by experiment!that the S-state of two 
nucleons (L = 0) is energetically most favorable, 
than the D-state (L = 2) and, finally, the state with 
L = 1 will have the highest energy. In fact, in the 
framework of the shell theory, the energies of these 
states differ only by the interaction energy of the 
two nucleons considered, and since the nucleons 
interact strongly only if they are in an S-state rela- 
tive to each other, the states which are most 
favorable energetically will be those in which the 
nucleons spend the most time in S-states relative 
to each other. 

We note one curious feature of our results. It is 
well known that the ground state of Li® is a °S,- 
state (L =0, S=1). As wehave just seen, in 
this state two external nucleons in the p-shell have 
arelative angular momentum equal to zero and there- 
fore, the ground state of Li® can be considered as 
a sum of an a-particle (closed shell (1s)*] and a 
deuteron (two nucleons in the p-shell in an S- 
state relative to each other). It should be kept in 
mind, however, that this analogy is true only as 
long as we are concerned with the angular wave 
function of Li®; the dependence of the wave func- 
tion on the distance between the two external 
nucleons can be completely different from that in the 
deuteron. 


2. GENERAL CASE OF 2 NUCLEONS IN THE SAME 
SHELL 


In the case where more than two nucleons are 
outside the closed shell, the expansion is, in 
principle, carried out in the same way as in the 
case of two nucleons considered above. The cal- 
culation here, however, is extremely cumbersome; 
therefore, we limit ourselves to several general 


statements. 
t 


EiGeel 


It is easy to show thatthe Pauli principle pro- 
hibits more than four nucleons from being in S- 
states relative to each other. (When we speak of 
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several nucleons being in S-states relative to each 
other, we understand by that a state in which each 
nucleon of that group is in an S-state relative to 
any other nucleon of the group.) In fact, it is 
sufficient to note that nucleons which are in S- 
states relative to each other are also in S-states 
relative to the center of gravity*, and obviously, 
more than four nucleons cannot be in an S-state 
relative to the same point. 

Thus, the maximum number of nucleons, which 
are at the same time in relative S-states, is equal 
to four. However, this number is an upper limit 
and cannot be attained in several states. The 
analysis shows that the criterion here is the 
scheme of Jahn of the given state. 

In order to understand how this comes about, we 
consider a concrete example of five nucleons which 
are in a p-shell (this corresponds to the nuclei Be 
and Be’). If four nucleons are in S-states relative 
to each other, then each of theseis in an S-state 
relative to the general center of gravity. Conse- 
quently, in the coordinate system connected with 
their center of gravity, all of them arein the same 
spatial state and therefore, the spatial part of 
their wave functions in this system should be sym- 
metrical in all four particles. But the symmetry 
property of wave functions does not change in the 
transition from one system of coordinates to an- 
other and thus we come tothe conclusion that four 
nucleons, which are in the same shell, can be in 
S-states relative to each other in case the spatial 
part of the wave function is symmetrical in these 


* The proof of this statement is based on the follow- 
ing lemma: if two nucleons arein an S-state relativeto 
the same point, then their center of gravity is in an S- 
state relative to this point. This lemma isproved di- 
rectly by expanding the single-particle wave functions in 
The 
corresponding calculation differs from that given in Sec. 
1 only in that there nucleons in a p-shell were con- 
sidered, whereas it is necessary to consider two nucle- 
ons in an s-shell. 


We consider the case of three nucleons (Fig. 1). Let 
the lst and 2nd nucleon be in an S-state relative to the 


functions of the relative motion of the nucleons. 


3rd. Then, according to our lemma, the center of gravity 
of the lst and 2nd nucleons A is also in an S-state 
relative to the 3rd nucleon and, consequently, the 3rd 
nucleon and the center of gravity of the Ist and 2nd 
nucleons is in an S-state relative to the general center 
of gravity of all those nucleons O. Beginning with the 
calculation of the lst and 2nd nucleon, it is possible to 
show in the same way that they arein an S-state rela- 
tive tothe general center of gravity. 

The generalization tothe case of a larger number of 
particles is obvious. 
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nucleons. But the symmetry properties of the wave 
functions are determined by the scheme of Jahn, 
who shows how many particles of a given shell are 
in symmetrical states, or, in other words, how many 
particles can be simultaneously in one of the 
spatial states (that is, have the same value of the 
magnetic quantum number). Thus, for example, in 
the case of five particles in a p-shell, the states 
can be described by the following schemes of Jahn: 
[41 ] [32], [311], [221]. In states described by 
the scheme | 41], the spatial part of the wave func- 
tion is symmetrical in four nucleons and, conse- 
quently, the four nucleons can be in the same 
spatial state, because in these states the Pauli 
principle allows four nucleons to be simultaneously 
in the four S-states relative toeach other. Inthose 
states, described by the scheme [32], the four 
nucleons cannothave the same values of the mag- 
netic quantum number, and therefore they cannot 
be simultaneously in S-states relative to each other. 
As one sees fromthe scheme, in this case only 


three nucleons can be in one spatial state, and two 
others, in the other. Thus, the maximum number of 
nucleons simultaneously in S-states relative to 


each otheris here equal tothree. Here the remain- 
ing two nucleons can have the same magnetic 
quantum number and, consequently, be in S-states 
relative to each other. 

Thus, we come tothe following conclusion. In 
order for four nucleons in a given state to be simul- 
taneously in S-states relative to each other, it is 
necessary that in the scheme of Jahn ee fe: Je 
f,], corresponding to this state, at least one 
number f, must be equal to 4. If the Jahn scheme 
contains several numbers equal to 4: f; = f, =... 
= f, = 4, then in this state several groups of 
nucleons (four in each group ) can exist in S-states 
relative to each other. The condition that in a 
given state three or two nucleons can be in rela- 
tive S-states is formulated in a completely analo- 
gous fashion. 


The conditions formulated above are necessary, 
but not sufficient. Direct calculations carried out 


for several states of three or four particles in the 
p-shell show, however, thatinall those cases, when 
according to these conditions four or three nucle- 
ons can be simultaneously in S-states relative to 
each other, terms actually occur in the expansion 

of the wave function describing such groups of 
nucleons. The fact that, together with this term, 
the expansion gives also other terms corresponding, 
for example, to two nucleons in S-states and a third 
in a p-state relative tothem, etc., is connected 
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with the specific form of the wave functions of the 
shell model, which describe a system of noninter- 
acting and, consequently, uncorrelated particles. 


3. CONCLUSIONS AND COMPARISON WITH EXPERIMENT 


We enumerate the basic theses of our article: 

1. Nucleons in the nucleus interact strongly 
only with those nucleons which are in S-states rela- 
tive to them. The number of nucleons simultane- 
ously in S-states relative to each other cannot ex- 


ceed four. _ 
2. Insofar as nucleons interact strongly only in 


S-states, one can expect thatinthe energetically 
most favorable states of the nucleus (the ground and 
first excited states ) the nucleons will be strongly 
correlated with each other so that the largest 
number of nucleons can be in S-states relative to 
each other. Here, in analogy with the deuteron, 
with tritium and the u-particle, consisting re- 
spectively of two, three and four nucleons in 
relative S-states, one can expect the mutual bind- 
ing energy of the nucleons in S-states to grow with 
the number of nucleons n faster than the number of 
bonds between nucleons n(n —1)/2. Therefore, 
the grouping of four correlatednucleons should be 
especially favorable energetically. 

3. The existence of such groups of nucleons 
(four in each) in the nucleus is definitely indi- 
cated by the experimental data. We speak here of 
the great aggregate. of data which is usually drawn 
upon as a basis for the u-particle model (see Ref. 
1 for the literature ). One should also bear in 
mind the following experimental facts: 

a) From the analysis of the masses of light 
nuclei it is possible to find out at which excitation 
energies the first level with different isotopic 

- spins 7 appears” in a nucleus with atomic number 
A. Here it turns out that there is a striking differ- 
ence between the spectra of nuclei with A = 4n 
and A = 4n + 2; in nuclei with A = 4n the energy 
differences are small between first levels with 
T = 1 and T = 2, and between those with 7 = 3 
and 7 = 4, and large between first levels with 
T = 1 and JT =0, and between those with T = 2 and 
T =3 (Fig. 2a). In nuclei with A = 4n + 2 the 
former differences 2—1 and 4—3 are, on the other 
hand, large and the latter differences 1—O and 
3-~2 are small (Fig. 2b). In addition, it is of 
interest that with nuclei ofthe same type (A = 4n 
or A = 4n + 2) the general form of the spectrum 
changes only slightly in going from nucleus to 
nucleus and that all spectra are periodic in 7’ with 


the period AT = 2 (the differences 1—0 or 3—2; 
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and 2—1 or 4—3 are almost the same for nuclei 

of the same type). The general picture of these 
spectra is as if the total isotopic spin ofthe nucleus 
were divided into the isotopic spins of separate 
groups of nucleons (with four in each group, and 
with nuclei ofthe type A = 4n + 2, in addition a 
group of two nucleons ), which are successively 
excited with increasing energy of the nucleus; 

b) If we construct a cruve of the dependence 
of the nucleon binding energy asa function of mass 
number in nuclei with a minimum neutron surplus 
(N—Z) for a given A, then we obtain a saw-toothed 
curve with maxima at A = 4n and minima at 
A=4n+1(Fig. 3). The picture is, especially for 
small A, very similar to that which would be ob- 
tained if separate groups (four in each) of strongly 
interacting nucleons existed in the nucleus, these 
groups weakly interacting with the othernucleons 
in the nucleus. 


Hye=2. 


4. The shell-model wave functions contain a 
considerable proportion of states corresponding to 
the presence of one or several groups of nucleons in 
relative S-states. The scheme of Jahn for a given 
state is the criterion for how many particles in a 
given single-particle state are in S-states relative 
to each other, and for which groups they can be 
split up into (with two, three or four nucleons in a 
group). For example, in a given single-particle 
statedescribed by the scheme [432] there are 
three groups of nucleons which are in relative S- 
states: groups of four, three and two particles, re- 
spectively. Similarly, in a state with the scheme 
[441] there exist only two groups with four nucleons 
in each. 

Beginning from this correspondence between the 
Jahn scheme and the structure of the state, and 
remembering that the nucleons interact only in S- 
states, one can see why in the shell theory the 
states which are energetically most favorable are 
those states which, in the Jahn scheme, have the 
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maximum possiblenumber of fours, threes and twos 
(such states are often called states of maximum 
symmetry in the literature ). For example, the 
state with the scheme [ 411] is energetically more 
favorable than the state with the scheme [321], 
and the latter is,in turn, more favorable than the 
state with the scheme [ 222]. 
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nucleon is counted once ) having total orbital 
momentum L =0. As we saw from the example of 
the Li® nucleus, every such nucleon pair is in an 
S-state relative tothe other. Therefore, the classi- 
fication of states according to the value of v is a 
classification according to the number of pairs of 
nucleons (each nucleon counted only once!) which 
are in S-states relative to the other. 

The main shortcoming of such a classification 
consists in the fact that each nucleon is counted 
only once and therefore this description of the state 
is not complete. In fact, if the nucleons interact 
only in S-states, then the total number of nucleon 
pairs in S-states is important for the determination 
of the energy of the state, and for this it may be 
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5. We note, finally, the connection between the 
classification outlined above ofstates according to 


the number of nucleons in S-states relative to each 
other, and the classification according to the 
seniority quantum number”, defined as v=n—2x, 
where n is the total number of particles in the shell 
and x is the number of pairs of nucleons (each 


ALO) een ee ee eee 
necessary to count the same nucleon several times 


(if more than twonucleons are in an S-state rela- 
tive to each other). , 

In conclusion, I would like to use the opportunity 
to thank Ia. A. Smorodinskii for numerous discus- 
sions and constant interest in this work. 
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The possibility of a Hamiltonian structure in the theory of nonlocal interaction is con- 
sidered. By way of example, the one-dimensional oscillator is considered by Pauli’s method. 
The initial integro-differential equations of motion and the canonical system of equations 


of motion obtained by Pauli’s method are not equivalent. The procedure of Hayashi is shown 
to be internally inconsistent in any given order. Thus, conclusions about the essentially 
non-Hamiltonian character of nmlocal interactions are confirmed. 


1] THE theory of nonlocal fields has been in- 

® tensively discussed in recent years* in connec- 
tion with the investigation of possible ways to re- 
move the fundamental difficulties of field theory, 
which are reflected in the apparatus of the present 
theory in the presence of divergent quantities hav- 
ing no physical meaning, and also in the impossi- 
bility of consistently carrying through a renormali- 
zation program, and in the divergence of experi- 
mental and theoretical data in mesodynamics, etc. 


At present, we still know comparatively little 


about the laws of motion in small (r < 10713 cm, 
T<, 10°7° sec) space-time regions. Therefore, a 
theoretical study of possible deviations in small 
space-time regions from the requirements and prin- 
ciples, justified through phenomena taking place in 
macroscopic space-time regions, is completely in 
order and even unavoidable. At the present time 


the theory of nonlocal interactions should, in our 
view, be considered as a phenomenological study 


of the possibility of introducing signals which have 
velocities greater than light in small space-time 
regions into the framework of linear field theory, as 
a first rough phenomenological exploration into the 
region of possible structures of elementary parti- 
cles. 

In this connection, the investigation of problems 
concerning the Hamiltonian structure of theories of 
nonlocal interactions is important. By 1945-1948, 
it had been shown in the works of Blokhintsev and 
Markov!» 4-7 that, in the theory with form-factors, 
the state of the physical system given on the hyper 
surface o does not uniquely determine the state on 
the hyper surface o + So as aresult of the presence 
lof signals with velocity greater than light; in micro- 
‘scopic space-time regions; in other words, that the 
theory does not have a Hamiltonian structure and 


* A detailed bibliography is given in the reviews, 
Refs. 1 and 2, and also in Ref. 3. 


that it is necessary to formulate supplementary con- 
ditions** to pick out the solution with a definite 
physical meaning. 

However, following this, work was published®’® in 
which it was assertedthat a Hamiltonian formula- 
tion of the theory is possible. In addition, it was 
asserted that the conditions of integrability are 
satisfied, not only on a space-like hyper surface, 
but also in finite time-like regions, and that they 
are conserved in the limit of the transition tothe 
theory with local interactions. 

2. Pauli5 set out to construct a theory with non- 
local interaction in Hamiltonian form, using the 
connection, which is well known in analytical 
dynamics, ofthe Hamiltonian system of the equa- 
tions of motion with bilinear differential forms ob- 
tained from the equations of motion in the 
Lagrangian variables®. For example, for the case 
of the one-dimensional oscillator with nonlocal 
interaction, fromthe equation of motion 


-+-co 
q(t)-+o? | K(t—t)q(t)dt,=0 =) 


it is easy to obtain the bilinear differential form 


I(t; D; 8) = (Da (t); 8q (8) (2) 
2 nse 
= \ e(t — ty) K (tz —t,) (Dg (te); 
0q(t,)) dtydte, 
satisfying the condition 
(d/dt) I(t; D; 6) =0. (3) 


** We do not consider the theory with a dynamically 
deformable form-factor. 
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Here 


(Dg (t); 8g (t)) = [Dg (é) dg (t) — 8g (¢) Dg (£)]; 
[~E fom: 4h 0 


s(t) = 
ai foe P70: 


It is essential to note that in (2) the independ- 
ent variations of the dynamical variables are taken 
at different times, which prevents the direct appli- 


cations of theorenis of analytical dynamics. In 
order to overcome this difficulty, Pauli proposed, 
starting from the equation of motion (1), to express 
q(t.) and g(¢,) through the independent dynamical 
variables g and g, taken at time t, where 


9 (f;) = 9 (4) Q(t; — 2) (4) 
+ (t) Qe (t;— 2), 
Q, (f; — ft) = cos k* (t; — £); 
Qs (tj —t) = (1 /R*) sin &* (t; — t) 
and &* is the root of the equation * 


+co 
RE — oer (tf) = 0: x (2) = \ K(t)e-‘#kdp, (5) 
The differential form (2), when expressed in 
terms of the independent variations Dg(t), q(t) 
and dg(t), also satisfies the condition 


dl (i; D; 6) + 81 (t; d: D) + DI (t; 8; d)=0 


and it can be considered as a bilinear covariant of 
some Pfaffian form>, which can be reduced to 
canonical form by the corresponding transformation 
of dynamical variables. 

The argument given above is essentially based 
on the possibility of solving the equation of motion 
(1) which, however, requires supplementary condi- 
tions to be given either inthe whole interval [—0«; 
+x] or, in some cases, at the infinite points* 


* Tt is assumed that the form-factor K (zt) is such that 
(5) has only two roots k = +k*, differing by sign. Other- 
wise, the argument would have to be changed because 
in that case there will be a larger number of independent 
dynamical variables. 

* Supplementary conditions must be given in the inter- 
val [ —<; +o] even in the simpler case of the solution 
of the homogeneous integral equation! 0 

mo*) 
a2) =\k ({—4) 2(t;) dty. 


—o 
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t= too. As a consequence, the initial equation of 
motion (1) and the canonical system of equations of 
motion found by the method of Pauli are not equi- 
valent. In other words, the method of Pauli is 
equivalent to the replacement of integro-differ- 
ential equations of motion by differential equations 
for which the problem of Cauchy can be formulated 
(i.e., which do not requiresupplementary conditions 


over the infinite interval ) and the solutions of 
which coincide with those of the initial integro- 


differential equations of motion obtained fromthe 
variational principle. 

Since the canonical system of equations of Pauli 
is constructed with the aid of a solution of the 


initial integro-differential equation (1) found pre- 
viously, that system of equations is essentially 
superfluous and cannot give anything new over and 
above that given by Eq. (1). 

3. In Hayashi’s work® the method of Umezawa 
and Takahashi’, which had previously been suc- 
cessfully applied to the theory with local interac- 
tion, was employed to write down the system of 
equations of motion for nonlocal interaction in 
Hamiltonian form. 

The system of equations of motion of Bloch and 
Méller!? for interaction of a scalar neutral field 
A(x) and a scalar charged field w(x) can be 
written in the form 

SA, [x; 6] 

Sa (x’) (6) 
= = g\ Ay ( — x) 0 (x4) 8 (xg) F (xyx'x5) d (p29) 

it rs it ' » san 
35) Du gar [x; 3]; 
k=1 


Sho LG ol (7) 
So (x’) 


=~ 8) Bin (2 —2') A (04) (5) F (axa) a (gr) 


5 co 
— S57) D) Sales ol; 
k=l 


A(x) = J) gles ob — 
k=0 
Y@)= 3) ghales al. 
k=0 


If the equations (6) and (7) are rewritten in the 
orm 
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8A, [x; 5] /80(x’) = i[H (x’/s); Ay[x; ol]; 
Sb [%; 5] /80(x’) = i[H (x’/9); v4 [x; oJ], (10) 


then, comparing the right-hand sides of Eqs. (6) and 


(9), (7) and (10), and choosing in a corresponding 
fashion expressions for the supplementary fields 
a, [x; 0] and Py, [ x, a], it is possible to find a 
formal expression* for the functional // Lx; a], also 
in the form of a series in powers of g: as 


fos] 


Ix; o] = DY gti, [x; o] 8, (11) 


k=1 
The equations (9), (10) are integrable only if 
Baten 68 ‘gukeeoes 
lis (x”)? 86 = | Ay[x; 9] = 0; 
J Boos eae 
(ereae aca by [xe] = 0, 


Yet [a (e/a: 
k=1 


(12) 


SA, [x; o] 
da (x”) 


abl 


or, taking into account the expansion, Eq. (11), 
[8 /3a(x"); 8/80(x’)] Ay [x; 9] 
co 


= ‘x g{[ Ha (2/0); Melia <I] 


” BA, [%; 
—|Ha(x fo); 
OH ( YN 
pk (% , A, ix | 
pes (x” |) 


Oc (x”) 
~~ Ede) 


; Aolti ll} ase. 


where the symbol d/doa(x) denotes differentiation 

on the hyper surface a, and clearly enters into the 

expression for the Hamiltonian H, [x; a]. 
Employing the expression for /,[ x; 0] obtained 

by Hayashi®, it can be shown that 

]— [4a 70): EGR" h} 


= i[[H,(x'/2); H,(x"/s)]; Aolx; o]] g? + O(g?*) 


3 
=i \F (X1X2X3) F (X1%2X5) by aja; [8 (x —x;)8 (x — ¥)) 


i, j=1 


et (x! a x;) 6 (x" — x;)] Ap its — x) Yo Ee o] Yo [x3, 9]{Ay(%_ — x) Ao [x’g39] 
+ Ay (x2 — x) Ao [%9; a} d* (X.. Xa) + O(g"); 


OH, [x's o[ : 
= tx") ? As [x; 3] 
3 


a \ F (X,%oX5) F (,%5%3) 


x > ajajd(x —x;)8(x —x;){A, (x, —x) Ay [x33 o] 


i; j=1 


+ A, (X» — x) Ay [%2; 9J} {Am (x1 — x) Yo iv 3] Yo [X33 9] 
+ Am (%3— %2) 0 [415 9] Yo [43 o} dt (xy. « .%5)5 


Ste 3 
E (x”)’ 86 (x’) 
3 


xD) aay [8 (x — 24) 8 — xj) —3 (x — x) 82" — x4) 


Fa oe 


x {Ay (%_— x) Ao [X23 2] + Ay (%2— x) A [X23 ]} 
xX {An (%3 — X31) Vo [4159] Vo [%339] —1/2Am (%1 — x;) Uo [x3;9] Yo [%359] 
— 1A (3 — Xa) Yo [415 9] Yo1%13 21} + O (8°). 


* In the particular case of the first approximation 
(& = 1) we obtain 


H, [x’" o] = — \ 45 [x,; 9] A, [x,; 9] by [x5; ] P (41 %5%9) 
3 


SY a,8 (x’ — x;), 


i=1 


1 = %3 + a, ~ a, = 1. It is easy to convince 


oneself of the validity of this expression by the direct 
substitution of (11%) in the equations (9) and (10). After 
substitutions, these equations coincide with (6) and (7) 
to order g2, The hyper surface o clearly enters into 


H, [ x; 0] in subsequent approximations (k > 2). 


(11’) 


where a 


An analogous expression can be obtained also 
for the field w,[x; a]. In the theory of nonlocal 


interaction these expressions do not go to zero, and 
consequently, the conditions (12) are not satisfied. 
Thus, the procedure of Hayashi is internally incon- 
sistent in an arbitrary kth order (k 4 «), and the 
equations of motion donot have a Hamiltonian 
structure. 

However, from consideration of Eqs. (6) and (7), 
it follows that the condition of integrability (12) 
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will be fulfilled in the limit of & 4 o, if for arbi- 
trary* k > 1 


| ea Lx: o] = 0; 


[ 8 
30 ee" 


and the series (8) and (11) converge. 

In this case the many-time equations of motion 
for the fields A) [x, o] and Yo [x; a], and also the 
corresponding equation of Tomonaga-Schwinger in 
the interaction representation would have solu- 


Sie als 
Fara So (x’) (13) 


: 8 
saz | eels 1 =0, 


tions for signals with velocity faster than light. 
These equations would also have single-valued 
solutions in finite time-like regions for transitions 
to the limit A > 0. 

The investigation of the convergence ofthe 
series (8) and (11) presents considerable diffi- 
culty because of the complexity of the procedure of 
determining the quantities H, lao: a, [ x; o] and 
Py, [x; a]. However, the very rapid increase in the 
number of terms in the expressions for Hl, Lx: o |; 
a, [x; a | and Pp |x; 0] as k + © gives no grounds 


for expecting that the series (8) and (11) will be 
convergent. 

At this point there is an essential difference 
from the theory with local interaction, where--ig- 
noring the divergence of the expansion in powers of 
the coupling constant g--after carrying out the pro- 
cedure of renormalization, it is possible touse 
several of the initial terms in these expansions; 
this gives, in many cases, a sufficiently good 
asymptotic representation of the quantities con- 
sidered, as is shown by comparison with experi- 


ment. In the theory with nonlocal interaction, it is 
impossible to stop at a finite number of terms, since 


the condition (12) is not fulfilled in this case. 


* Since the fields a, | x; o| and pL xs o | in Ref. 6 can 
still be expanded in series in powers of the constant g, 
it is clear that the fulfillment of Eq. (12) to order ee 
does not follow from the validity of Eq. (13) for some 
value of k=k* > 1, 
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It is also important to note that the theory of 
Hayashi and the method of Pauli are both essentially 
tially based on the possibility of solving the 
integro-differential equations of motion of Bloch and 
Mgller, which is impossible without the use of 


supplementary conditions over the finite interval 
xel =" OOl=t= oo |. 


Thus, in both the Heisenberg representation and 


the interaction representation? it is not possible to 
construct a theory with nonlocal interaction which 


has a Hamiltonian structure. 
In conclusion, I should like to thank D. I. 
Blokhintsev for interesting discussions and valu- 


able advice, and also Prof. A. S. Davidov for dis- 
cussion and helpful criticism. 
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The motion of a hole in a homopolar crystal of the diamond type is examined on the basis of 
the many-electron equations of Schrodinger. The presence of a hole is represented by the sub- 
stitution of one paired bond by a monoelectronic one, which leads to the appearance of an ad- 
ditional force tending to deformthe crystal. The corresponding term in the Hamiltonian is con- 
sidered as the interaction of the hole with the deformations of the lattice. The meaning of the 
force obtained in the way for the problem of autolocalization of the hole, the scattering of 
current carriers by the lattice vibrations, and the theories of mobility, thermal emf and 


Nernst effect, is discussed. 


1. INTRODUCTION 
| Gem experimental study of the temperature de- 


pendence of the mobility, thermal emf and 
galvanomagnetic effects in Ge, and in particular 
in Si, indicates the insufficiency of the elementary 


theory of scattering of electron waves on the acous- 
tic oscillations of the lattice’, leading in particu- 


lar to a temperature behavior of the mobility 

u~ T-3/2. For Ge of p-type the mobility more 
closely follows the formula u ~ 777-3 2. There are 
known to be anomalies in the dependence of the 
latter. The value of the effective mass of a hole in 
Ge is found to be different in different experiments 
_ (in particular, cyclotron resonance gives m,,,/m 
~ 0.04°). 

These anomalies are usually connected with the 
complex structure of the valence band at its upper 
edge (the triple degeneracy, whereby the surface 
of constant energy in k-space for small k differs 


from the spherical shape and the maximum energy 
corresponds to k # 0 4), The corresponding calcula- 
tions of the energy bands in Si, Ge and diamond*’, 
in general support this conclusion. However, in 
examining such detailed effects as the temperature 
dependence of mobility, the anisotropy of the resis- 
tivity in a magnetic field, etc., it is hardly possible 
completely to trust the one-electron approximation 
and the entire band scheme. 

It is expedient to examine the motion of a hole on 
the basis of the many-electron problem and to find 
the energy of the crystal as a function of its wave 
vector, taking into account that the valence elec- 
trons of a homopolar crystal bring about bonding 
forces between the atoms therein. The formation of 
a hole must therefore produce the breaking ofa 
bond and the appearance of forces tending to deform 


the crystal. There is no reason to expect that the 
corresponding potential energy will have the usual 
form uV V (u is the displacement of a point of the 
crystal, V is the periodic potential). The destruc- 
tion of the bond must lead to a strong interaction 
of the hole, particularly with the optical vibrations, 
which obliges us to examine the mobility anew. In 
the work of Kontorova®, who studied the scattering 
of the conduction electrons by the acoustic vibra- 
tions of the lattice, using the dispersion law 


© =, in place of the usually assumed law 
@ = ck (c is the velocity of sound), the mobility 
turned out to be proportional to T75/2) in better 


agreement with experiment than the usual theory 


ives!. In fact, the dispersion law w = @, can 
g 2 


take place in the optical modes. Howerer the 
term uVV assumed by all authors (among them 
Kontorova also) for the interaction with the vibra- 
tions cannot guarantee any strong scattering by the 
optical modes. Furthermore, the concept of a 
periodic potential V for the hole is devoid of mean- 
ing. In this case the interactions are more correctly 
considered as the alterations of the bonds between 
the atoms. 

Finally, the mean free path of the current carriers 
is usually (except in Ge) of the order of or smaller 
than the de Broglie wavelength?. In each case the 
criterion for applicability of the perturbation theory, 
uM/m >> 500 cm2/sec/v (M is the mass of a current 
carrier, m is the electron mass, u is the mobility), 
shown by Pekar, is very seldom satisfied?°. 
Therefore, the possibility is not excluded that 
the current carriers in a homopolar crystal, asin a 
polar one, are so-called ‘“‘condensons”’ considered 
by Pekar and Deigen’’. It is clear that the success 
of the computation of the ‘‘condensons’’ depends 
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essentially on the correct choice for the forces of 
interaction between electron and lattice. 

One of us (A.M.F.) has carried out a calculation 
of the wave functions and energy of the crystal with 
an electron missing from one of the bonds (hole) !?, 
taking into account a possible small deformation 
of the crystal. The results of this calculation and 
consideration of the consequences of the interaction 
found for a hole with the lattice vibrations are pre- 
sented below. 


2. THE WAVE FUNCTION AND ENERGY ON AN 
IDEAL CRYSTAL 


We consider a diamond crystal, having in view 
that for Si, Ge and u-Sn, the structure of the lattice 
and the configurations of the valence electrons and 
bonds are quite similar. 

In the union of C atoms into a crystal the wave 
functions of the valence electrons of each atom are 


deformed, with the formation of o-bonds with each 
of the four nearest neighbors. The functions of the 
o-bonds, considering the symmetry of the crystal, 
are approximately represented by the formula’? 


a(t) = CS(r) + 3caP (r)coss, ss ) 
where # is the angle between the radius vector of 
the electron r and the radius vector of the nucleus 
nearest to the given electron, S(r) and P(r) are 
radial parts of the s- and p-functions, cj, ¢, are 
approximation parameters. 

We seek the wave-function of the crystal in the 
form of an antisymmetrized product of wave func- 
tions of the bonds of each pair of atoms a, b: 


Yap (1191; P22) =[% (31) By (o9) 2) 


—%q (52) By (91)] [Ya (1) Yo (2) + ‘Ya (Te) Yo (Fi)], 


a, § arespinfunctions equal tolorOfor o = +1/2. In 
what follows we shall number the atoms with a 
cell-index /, the index of the atom in the cell 

s = 1,2, and we shall also introduce for each 

the number of the bond u = 1, 2, 3, 4. 


Besides interchanges of the electrons inside the 


function 


bond (2) we consider also interchanges between the 


wave functions belonging to the same atom. In 
Fig. ] this corresponds to the interchange of elec- 
trons between ¥,, and WY . only in the terms 
w,(7,) andy, (7,). We neglect the exchange and 


the exchange energy of electrons found on different 
atoms but not on the same bond. The potential 
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Fic. 1. Schematic representation of the bonds in a 
crystal of the diamond type. The dotted ovals ], 2, 3, 4 
represent the form of the w-cloud of electrons w, (1), 


Wp (2), Ww, (3), WY, (4). The vectors @), a), a,, a, ( or 
what is the same thing, a,,, Since a), =— a,.) represent 
the directions of the bonds. 


energy excludes the mutual interaction of all the 
valence electrons and the nuclei, screened by the 
internal electrons. The wave functions of the elec- 
trons on different nuclei we consider approximately 
orthogonal. The functions of the electrons of one 
atom but of different bonds are orthogonal on ac- 
count of the angular parts [see Eq. (1)]. With 
these assumptions the energy of the system will be 


(3) 
H= \. . >; & (2) P [| Pes (Tise1FisaiV1sag51sa2) KH 
Pp 


ls@ 


x I] a iveg (Tisa1Fisail Isa2F1sa9) dt; 


Isa 


P is the exchange operator for electrons, «(P) 

= +1. In computing the average potential energy 
of an electron locatedon the bond ab of Bigs i 
atom c can be consideredneutral. In the indicated 
approximation Eq. (3) breaks up into the sum of the 
average energies of the separate bonds; in this the 
energies of the interactions of the electrons on the 


bonds ab and ac are conveniently divided equally 
between these bonds. In atomic units, 
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He = S Hee (Ra, Ro) = S3(1 + 8°72) * fou (1) + Sao (1) [ea (3) 2 


Isa Isa 


+ Spac (3)] deydes + 6 (1 + S*Y?\ = fps (2) + Sena (2)1 [0a (3) 


+ Spae (3)] dtedt3 + 2 aa 


—<{ 4-5? 


6Z 


— [pa (1) + 9» (1) + 2Spav (1)] de, 


a\ 


= Taw) FZ [ee (1) + Sooo (Ider + (1+ S22 BUA ta (8) 


+ Space (3)] [eo (4) + Spea (4)] dtsdzq 


1 


+ xray |p Mo (1) Yo (2) + Be (2) be (IN) dey de 


1 


- (| dgAdade + 2S \ vaAt,de]}. 


Beg Ps pro ee the interaction of the 
bonds of atom a with ae ae eae oud me ne 
ype c; the third 
term gives the interaction of the nuclei a, b: the 
fourth and fifth terms, the interaction of the elec- 
trons on bond ab with their own and also with 
neighboring nuclei; the sixth tern, the interaction 
of electrons on bonds bd withelectrons on the 
bonds ac. The last two terms represent the ex- 
change and kinetic energy of the electrons of the 


bond ab (see Fig. 1). 


3. THE WAVE FUNCTION AND ENERGY OF THE 
CRYSTAL WITH ONE ELECTRON REMOVED 


In the presence of a hole it is necessary to 
find the wave function of the system in the form of 
a linear combination of functions ¥), ., of the type 
(2), in each of which one of the bond functions 
Y is replaced with a function of one electron 


ab 
with indeterminate direction of spin 


$b (Tisa) [%, (isa) a Pr (Si5)], (5) 
that is, 
T= > Aiea E isee (6) 
Isa 


If all the atoms are at rest at the lattic sites, then 


ip aN wave (ky exp ekR (7) 
Substitution of Eqs. (5)-(7) into N gives 


’ => >) { [Ase e70sa S% =e >, Mee AS cx. sa’ ®) 


a’ 


+ DASA srarH Sa rar exp {ik (RE — Ry}, 


at 


7 ; 5 
where aA fie the average value of the Hamil- 
tonian H over the functions Leet which does not 


depend on the index / and which is obtained by 
striking out of the expression (4) the terms corre- 


sq’ and 


sponding to the missing electron. K 5 
ane 4,7 are matrix elements for the transition of 
a hole from the bond ab to the bond ac and corre- 
spongingly, from atom a to atom 6 on the same 
bond ab. Only these off-diagonal matrix elements 
are considered which correspond to the transition 
of an electron from one atom to the neighboring one 
on the same bond, or to the transition of an elec- 


tron on a single atom from one bond to another. 


E() Kot sat ~€ 
2c +|4| 


+ Vi *+4¢7 


- 2+|5| 


2c-|8| 


= Ve 440% 


-2c-|4| 


A 


Fic. 2. Relative locations of the hole bands in the 
crystal of the diamond type. The energy levels (9)-(10) 
coincide, respectively, with the lower edge of the first 
and the upper edge of the second band. 
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Figure ] gives the notation for the vectors a), 


Os 5.8.5/8, characterizing the directions of the 
OF! Bie 


bonds 1, 2, 3, 4. The coefficient A,, designates 
that the hole is found on atom 1 and bond 2, etc. 
Applying a variational principle, we obtain a 
system of linear equations for the eight coeffi- 
coi Setting the determinant of this system 
equal to zero, we obtain the eigenvalues of the 


cients A 
energy: 
E=Hoa, ca tCE(O +44 200Vo(kyys, (9) 


E=H se, sa 0 -e, (10) 


@(k) = 1 + cos (kd / 2) cos (Ryd / 2) (11) 


+ cos (kxd / 2) cos (Rd / 2) 
-++ cos (Ryd / 2) cos (zd / 2) 


K 2 I-l’ 
a Ss 70 sais, —E; (es = saises b=H 


Sa,S'a! 


(d is the edge of the lattice cube); the roots (10) 
are double-valued. In analogy with the results of 
calculations for molecules, one can expect that 
6 O0;and b <0 23, 

Figure 2 shows the arrangement of the bands.F or 


hole conduction only the lowest band (signs —, +) 
is significant. The statesin this band are nonde- 


generate and the energy for small & can be written 
as 


E—Hagx—¢ = —20—|b| + (0? /2w) A (12) 
hn? | Qu-= (d?/16)|b]c/(2|c|-+ |). 


In this way in our approximation it is impossible 
to explain the peculiarities observed in hole Ge 
(the presence of two effective masses, the selec- 
tive infra-red absorption, the anisotropy of magneto- 
resistivity, etc.). Obviously, for this it is neces- 
sary to keep the exchange integrals for more weakly 


overlapping wave functions, which leads to a 
splitting of the levels (10) into four bands. 


4. INVESTIGATION OF LOCAL HOLE COMPOUNDS OF 
LARGE RADIUS 

If the atoms of the crystal are deformed, the co- 

efficients oe su? etc. depend on the coordinates 


of all the atonis, and the solution (7) will not ob- 
tain. However, it is possible to use the more 
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general formula (6) with arbitrary constants Ayes 
or their Fourier expansions: 

Asta = — \ A (8, k) Aca (k) exp {dk R3 dk. (13) 
The A({, k) are functions of k to be determined; 
they contain certain approximation parameters Bs 
We assume that the ‘‘radius of the state’’ of our 
hole is large enough and thatin the expansion (14) 
there enter only values of k small compared with 
the inverse lattice constant. Then it is possible 
to use fq. (12) for the energy and assume approxi- 
mately ANS es) = A. (0). For the lowest bands: 


Ay, = Ag = Ayy = Aggy = 1/V8; 


Ays = Ags = Arg = Au = —1/V 8. 


The average value of the Hamiltonian over the 
functions (6) will be : 


aa h2 é, 
Oa mA (8, k) k*A (8, k) dk (14) 
+\\4 (8, k’) W [ut]... A (B, k).dk dk’, 
W [WD ce = a pa Agu Asia exp {—1kRy: ae 
Suan 


ate ik’ R3} \ Pista! GOV ia dt. 


On account of the axial symmetry of the wave 
functions with R’ # Ri, the basic dependence of 
the integral (15) will be a dependence on the dis- 
tances of the atoms occurring in the bond Il’, ss’; 
a_,-R{—R.. But if R! =R!,, then the princi- 
pal role in the dependence of the deformation will 
be played by the term for the interaction of an atom 


lacking an electron with the neighboring atom. We 
designate the corresponding ternis 


GOs oa + Fe (Ue Ae) Aer aan enol 


(16) 
=F (us — te) ag ae 


The first components in (16) [ after the summation 
in (15) over! and l’] are retained only tor k= k, 
and will give a constant contribution to dea 

summing the second components, we shall change 
from the deformations wu! 


Ss 


of the crystal Py by the formula: 


to the normal coordinates 


us = Dus (f) exp (RI q,3 (17) 
1a 
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f is the wave vector, u% and y are the amplitude 2 3 De 1 \ 
and branch number of the eigenfrequencies. Sub- ay wy & ) 7 Va o( 12 x)| 
stitution of (16) and (17) into (15) gives Pp 
+4 eee — Ze V2 
Rare yer esq 418) ao“ lve*-V2e(V 3+) 
fy 
i P =F) : — D(x 30 oe 
x [Fs asi + = (e"X"si + € epetee) Fasi| Cae ( V3 )}}. 


® (x) = Vx \e* dk. 


X 8x ¢, wv’ / | asi |. 


Cua 


The quantity J (x) for x << 1 behaves like 
The local states of the hole will be stable if 
“+ U° has a minimum and lies lower than the 28207) 8\ e111 2 2 
a®; we | c?) x8 A4/ + 13F,/36 Fy + 7F2/9F i), 
bottom of the band. Here U® is the work of de- ( Fh a 2! ‘ ae 
formation of the crystal, equal to 


US = YN Dot gt dry: (19) (45; 09 ¥ / 2c?) + x8. 


and for x >> 1 like 


Adding (14) and (19) and minimizing the sum over The true order of magnitude of 8. ean be abies! 
Try We find the equilibrium deformations of the atoms by considering that F, ~ e*/a?.. Then Bh? /p 


of the crystal, 7,,,. We take as an approximation ~ 50. Consequently, the minimum of Eq. (21) is 
a (20) attained for x ~ 30, i.e., for very small radii of the 


A (8, &) = (2n82)—ls e—h2/482 state, when the effective-mass approximation is 
insufficient. Thus the existence in a homopolar 
and limit ourselves to only the interactions with crystal of states of large radius, similar to those in 


the longitudinal vibrations of the lattice, whereby 4 polar crystal, appears hardly likely. 
the optical and acoustic frequencies are @, 


pt 5. INVESTIGATION OF LOCAL HOLE STATES OF 
=@,):,,= cf. As the result of a moderatley long SMALL RADIUS 
e Wy Seis 
computation’ “ we obtain: For local states of small radius it is conveni- 
FH + Ue CP ) (21) ent to use an expansion of the form (6), into which 
Y 


will enter only a small number of terms. From the 


= (4Fi/3 (Qn)? 0 | Asi |?) [( Bh? x? / Qu) —J(x)], form of the symmetries one can expect that the 
lowest local states of the hole will be of two 
B =90(ag; (2m) wg /4F?, x=Blag;|; types: 
a) Coefficients A) | for a certain central atom 


J(x) = x41 — e—84713 1 e— 4x? (22) are all equal to A, but on the four nearest neigh- 
bors to it only those Alsa which refer to the bonds 


+ e—4x?/3 + 4 = eave (e—*"l4 =e 1912 of these atoms with the central one are equal to 
1 


B #0; 
+ e907]! e-11%7/12) b) The coefficients A for two neighboring 
F2 atoms are equal to A, if u is their common bond, 
+ 4— e—? (1 — e718 +e? + en | and to B if « denotes their bonds with neighbors. 
fs The normalization conditions will be 
= 2 62 aapa / ray 
Teegt 8 (2 ‘S0(V = a) 4(A* + BY) = 1, b) 2474+ 6B?= 1. (28) 
Tw 
r 3 ge The average value of the Hamiltonian X over the 
ry ® (2x) + eae ® Vs x functions (5) is equal to 
AF 20 (*) at Vie (Vs e a) AH’ = 6A*c + 4ABb + 4(A? + B?) Hoasa) (24) 
Fy 2 i 19 120) 
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b) (25) 


H' = A + 6ABc + 6BPc + (2A? + 6B?) Hsa,s2- 


Finding the minimum dW’ and the coefficients A and 

B in both cases, we obtain 

a) B= House + 9/4 CE, V 907 + 40%, 
B/A =—4b|(—6cF V 362 + 108%), 


(26) 


(27) 
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We consider the second term in Eq. (28) a small 
perturbation and determine the scattering of holes 
by the vibrations by the methods of perturbation 
theory. In the zero-order approximation the wave 
function and the energy of the system are equal to 


A (k,) 0) (k ar k,) Dagens ( anor (29) 


E = (hb? 2 / Qu) + >) hey (Mt + 1/2). 


® is an oscillator wave function,n, the quantuni 


We find the mixed 


numbers of the oscillators. 


b) E = Besa,sa + fee + 4b ae V (4c — b)? + 4c; matrix elements: 


B/A =—c/[¢—/2bF 4/2 V (4c — 6)? + 46c]. 


Comparison with Eqs. (12) shows that the auto- 
localization of the holes is energetically disadvan- 
tageous with respect to the bottom of the lowest 
hole band. It is easy to imagine that a calucation 
of the deformation of the lattice leads to a small 
change in the coefficients 6 and c and cannot 
change these results significantly. It is possible 
to interpret themthus: local states are not satis- 
factory since the short-range forces and the inter- 
actions of the holes with the deformations of a 
small number of atoms cannot compenstae for the 
increase of kinetic energy occurring upon localiza- 
tion of a hole. 


6. INVESTIGATION OF THE INTERACTION OF A HOLE 
WITH THE LATTICE BY THE PERTURBATION 
METHOD 


For the deformed crystal the wave function in 
the general case can be represented in the form 
(13), but the equations for the coefficients A({, k) 
are found from the variational principle by mini- 
mizing H ’ (14). The average Hamiltonian of the 
crystal will be 
hk? 


7 (28) 


a’ =\A(k) A (k) dk 


+ \\AW) AK) D (uh = ures 
fysi 
de ee oy : 
5 [Fiasi + 5 (cikasi 4 e-i +8) 51) Fasi| 


8 , 
x k-+f, k 
| as; 


N ; 
did A 525 Do geo 


(= Ne, 


KYW ik...) (30) 


= u’ ; aay. i (K’—k) a,; 
SH ae Me ) 
1 ikas; —ik'as; ] 
xX |Fi asi + > (e “ae ) Pe asi| 
Ree VALORES | 


las;| | V (h/ 2Ne¢,) Moa, y 


where ail numbers n,, on the right and left are 
assumed equal, except for that one n,,, for which 
f=k*=k, 

The probability of scattering of a wave with 
vector k into the solid angle dQ is 
Wipe = (2x /h) i(. 


» Sey (31) 


FL. KAW] kK... ng.) (V /8n9) (ub! /R2) dO 


in applying the conservation conditions 


ki kf; (82 /2u) (0? — A) = Lor. (39) 
For the thermal electrons k is much smaller than a 
vector of the reciprocal lattice; therefore, there 
will be emitted and absorbed only phonons with 
f~ k, but for them it is possible to take 

| fa, | << 1 and expand the matrix element (30) into 
powers of fas: 

(sj pecdutiers stele -K+f/Wik. j 


petty ae) z) (33) 


a Si| Yaoeeke 
a V xa (3 set (fa,;) (as; Us;) (Es + a) 


Si 


F i (Fass) ag; (Uy — uy) Fo} tee 
V ry 
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As a simplification we assume that for the limit 
of long waves, for the longitudinal acoustic vibra- 
tions, u” || f and it does not depend on the index 

Ss 
s, but O fy = cf; for the optical vibrations Ww 
=- wel f, and Op, = const. Weneglect the inter- 
action with the transverse vibrations. Then 


» (fas;) (Us a,;) 


4 
=(2M)~"* fas; 9 cos® (fas;) = 402, ¢/3 VM 


i=l 


and our matrix element is equal for the acoustic 
vibrations to 


eae (Fy + Fy): e ul (34a) 


2Nfc 3V2M V 7%; 


: 
and for the optical ones to 


a h 4f |a,;| : V "ty ae | (34b) 
+p wosyun fee 3F.){ fac h 


Ney J 


Thus for the probability of scattering by the 
acoustic and optical vibrations we find, respec- 


tively, 
Weg ae BRAM L$ Fa)? (rey + 1 (35a) 
Ke On? Mech? | ty” 
pk'A | ag; |? £2 (Fi -+ BF 2)? (mg, +1) 
Be as Ope Magitc | ry. 8) 


A =V/N is the volume of an elementary cell. 

In calculating the mobility we assume that (1) 
the velocity of sound c is much smaller than the 
velocity of an electron, and the change of its energy 
in emitting or absorbing a phonon can be neglected; 
k’=k, f = 2k sin (0/2), @ is the scattering angle; 
(2) the temperature is not too low and for acoustic 
phonons fw << xT (x= Boltzmann’s constant ). 
For the change of the energy-distribution functions 
as aresult of collisions Eq. (35a) gives the usual 
quantity (v/l) yv, where y Vv is the nonsymmetrical 
part of the distribution and / is the mean free path: 


| = OnMc? 4 / 8p2A | as: 2 (Fi + F2)?*T- (36) 


| This gives the usual dependence of mobility with 
temperature: u ~ 7-3/2, The interaction of a hole 
with the optical vibrations of the lattice isconveni- 


| ently considered in two limiting cases: T Woe 


ye sf and ir @ op, << «1. In the former case only 
ane aos with absorption are possible, and 
Dp 2p, /K = f?. Then the change of the dis- 
tribution functions on account of scattering of the 
type (35b) gives the quantity yv/ 7, where 


hee Tees 
t= IRMA wy (27° 1) Ju (Query / ny? (37) 


x A | ag; )? Queoy (Fy + 3F.)?. 


The time of free path does not depend on the 
velocity of the hole. This gives a mobility pro- 
portional to e®®y/ *T _ 7, 

For high temperatures, computation with Kq. 
(35b) leads to the approximations k= k, 
f= 2 sin (6/2); 2n4+1 = 2xT /roe.) This 
leads to the formula (v/l) yv, with 


I= 27nMiso% | 64u2A | ay: |? (Fy + 3F 9)xTR?, (38) 


The free path length is inversely proportional 
to the square of the velocity and to the temperature. 
This gives a dependence of mobility on temperature 
of the form u ~~ 7775/2. If the exchange forces are 
more sensitive to the distance, then | F’, | >>|F’, | 
and the numerical factor of the probability of 
scattering by optical vibrations differs by a factor 
9fc/@, from the probability of scattering by the 
acoustic vibrations. 

Therefore, at high temperatures, the scattering 
by optical vibrations can prove to be dominating. 
This also leads to a different temperature depend- 
ence of the nobility: u ~ {AL low tempera- 


tures, 7, >>, 0, and fe <<qw.,, and one must ob- 


tain the previous formula u ~ 773/?. 

It isof interest to examine the thermo- and 
galvanoelectrical and magnetic effects, the coeffi- 
cients of which are determined from the dependence 
of the free-path length on the velocity. In the 
case of a power-law / ~ v” the corresponding 
formulas were obtained in the work of one of the 
authors!4. As is obvious fron: Fqs. (36)-(38), 
essentially new results can be obtained only at 
high temperatures: x/’>>fq@_, if the scattering 
by optical vibrations dominates. Thus, in the 
formula for the thermal emf 


x 
C; 


— 
fb 
No 
of 


(7 Are} 
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the constant component is equal here to ] instead 
of 3, according to the theory of Davydovand 
Shmushkevich. Since at low temperatures the re- 
sults coincide, the temperature dependence of « 
must also change correspondingly. 


For the transverse Nernst-Ettingshausen effect: 


ent = 1) (1 — WO keetid ns dx 


(H is the magnetic field, R is the Hall constant, 
o is the electrical conductivity ) one must expect 
an increase of the coefficient (n — 1) by a factor 
of three. 
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On the Theory of the Stability of a Layer Located at a 
Superadiabatic Temperature Gradient in a 
Gravitational Field 


V.N. GriBov AND L. E. GuREVICH 
Leningrad Physico-Technical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor October 8, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 854-864 (November, 1956 ) 


The stability of a layer of liquid or gas in the presence of a superadiabatic temperature 
gradient is investigated for cases in which the upper and lower boundaries of the layer are 
not fixed, and convection arising in it may spread into stable regions bordering it. 


—————— 


1. INTRODUCTION 


I T is known that the equilibrium of alayer located 
in a gravitational field is stable if its entropy 
S increases with ehight?. A series of authors2-4 
have investigated the stability of a layer bounded 
by horizontal planes on which the temperature is 
given and the vertical component of the velocity 
v, = 0. However, in a whole series of cases, the 
layer in which instability arises, causing an in- 
crease of convection, is borderedon one or both 
sides by stable layersin which the temperature 
gradient is less than adiabatic, but in which the 


motion is propagated, occupying a region consider- 
ably exceeding the region at inarabiticn, The propa- 
gation of convection beyond the limits of the un- 
stable layer may be understood in the following 
way. 

With a random rise of a separate convective ele- 
ment, a lifting force is developed proportional to 
the difference between the temperature @ of this 
element and that of the surrounding medium, and 
increases monotonically up to the upper boundary 
of the unstable layer. Therefore, the convective 
element arrives at the upper boundary with maximum 
acceleration. Above the boundary, the temperature 
difference, and consequently the acceleration, 
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start to decrease, becoming zero at some height, 
at which the rising velocity is maximum. Only then 
does the element begin to slow down, coming to 
rest at a still greater height. 


Similar effects also result when a convective 
element sinks below the boundary of the unstable 


region. Thus, for example, the height of the tropo- 
sphere, i.e., the region of convective mixing, 
reaches 15 km, i.e., exceeds by a factor of three 
the height of the layer where the temperature 
gradient is superadiabatic. Such propagation of 
convection beyond the limits of a region of in- 
stability may occur under the most diverse circum- 
stances, from the mixing of molten metal, or oil in 
a well5, to the effects of convective mixing in the 


atmospheres of stars® and their central regions’, 


and also in interstellar matter. 

Up to the present time, however, this possi- 
bility has not been taken into account in spite of 
the fact that is consideration may substantially 
change a series of conclusions. 

We consider two cases: 1) convection may propa- 
gate only upwards; on the lower boundary the 
temperature is everywhere the same, and friction is 
negligible, and 2) convection may propagate both 
upwards and downwards fromthe unstable layer. 


We shall assume that the vertical dimensions of 
all regions of mixing are sufficiently small so that 
a) throughout its extent the relative change of 
temperature A7'/7’, and consequently the relative 
changes of all other essential quantities (density, 
_ viscosity, thermal conductivity, etc.) are negli- 
gibly small, and b) the density in the absence of 


convection may be considered independent of height. 


2. CASE OF UPWARD PROPAGATION OF CONVECTION 


The system of equations of stationary convection 
in a linear approximation has the form! 


VP = — pbgd + 7V2v, div v= 0, 
eT (VVS) = xV29, 


which is easily reduced to one equation 


AS y, = PBST (OS / 2) oo @ ) - (1) 


“m7 ax? "Oy? 
If the height 4 of the unstable layer is introduced 
as the unit of length, and if we assume that all 
variables, including v,, are proportional to 


exp ti(p, x + P, y)}, then Eq. (1) takes the form 


(62 /dz2 — p®)8u, = —p*Cv, 0<z<l, © 
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(0? / Oz? — p?)8u, = p?C,v, z>1, (3) 
where 

C = pBgT | OS / dz| ht / xn, (4) 


and in C, we replace | dS/dz| by the correspond- 
ing value |dS,/dz| above the unstable layer. We 
assume that |AS,/dz| is independent of z. The 
difference in sign occurs since 0S/dz <0, and 
dS,/ad z>0. 

On the lower boundary of the unstable layer 


z = 0, neglecting friction, we have® 


(5) 


v2 =0, v,/dz22=0, d4v,/dz*=0, 


and on its upper boundary v_ and its derivatives 
up to fifth order inclusive must be continuous. At 


Z=o0, 


Uz = 0 * (6) 
The solution of Eq. (2), satisfying conditions 
(5) on the lower boundary of the unstable layer, 
has the form 
3 (7) 
p= > A; shy,2z, 
k=1 
where A, are arbitrary coefficients, and 
(8) 


Sr eee ee 


Similarly, the solution of Eq. (3) satisfying bound- 
ary condition (6) at infinity has the form 


3 (9) 
U;= Ss) B,e”*’, 


k=1 


ami (k—1)|3 (10) 


ve = p? + (p?C,)"e Rev <0. 


722 V. N. GRIBOV AND L. E. GUREVICH 


The continuity conditions on the upper boundary of the unstable layer yield six equations. The condition 


that these equations have a solution is 


sinhp | sinh bo sinh Bs 1 il i (11) 
pw, cosh py Ht. cosh py , cosh p, Patt Tia 
Chee Dan j 
eysinhw, py sinhp, sinh p, vi ve v3 
3 3 ey 
wy cosh, p> coshp, pS cosh p, vs De v3 
ages Aaa : 
#7) Sinhw, po sinhp, ce sinh p, vt ve v3 
5 5 
#coshp, p53 coshp, pe cosh 1, vs ae we 
This is the equation from which, with a fixed a) The case Cy << 1 (the above-lying region 
value of the parameter C, determining the degree ales the stability limit). j : 
Mee ile er iienie onilyine abovecherunstahle In this case, evidently the convective region will 
layer, we can determine the parameter C (i.e., the considerably exceed the dimensions of the unstable 
entropy gradient necessary for the realization of layer. On the other hand, the minimum cpa eo 
stationary convection) as a function of the para- meter C must correspond to the possibility of com- 
meter p, determining the horizontal dimensions of parable vertical and horizontal dimensions oe 
the convective cells. Basically, our problem con- convective cells, and therefore iV ney expe 
sists of the determination of the minimum possible _ that in this case p << 1. The complete eine 
value of C, and the value of p corresponding to it. shows that for minimum C, p ~ My, pea z 
We denote the columns of this determinant by We expand Hy, and cosh EE in liq. (11) in a series 
Roman numerals and replace IV, V and VI, respec- of powers of Ly and limit ourselves to two terms of 
tively, by the combinations these series. If we then perform a transformation 
4 Vico Vv on the first three columns, completely similar to 
Te ee ores that described in the preceding section for the 
second three columns, and note thatin view of Eq. 
eS en ae (8), (uz — p”)® =~ p*C, then the three left-hand 
Vg — V1 columns of (11) take the form 


IV’ =IV—y,V’ — wel’. 
1/6 0 


These transformations do not change the roots of 1, ) 


] 

l 
the equations having physical significance. Here 0 1 1/6 
the equation takes the form of a determinant (11) 0 


equal to zero, in which the three right-hand columns : A : , 1/2 
are replaced by the fdlowing: /s (p* — p* C) 120 Wee) ee 
Li (peeane 
I 0 0 (12) (ON BC) eae wlio) oe 
0 I 0 For future transformations we note that a ~ p, 
0 0 l B~ p?,y~ p® and we will subsequently neglect 
" 8 a terms of order p with respect to unity. 
ee pe ee a2 + 8 We denote by Roman numerals I, II, ..., VI the 
; : nee rows of the determinant obtained, and perform two 
(a2 + 6)y aytorB+B? oF + 208 + 7, successive transformations without changing the 
magnitude of the determinant: 
where 
% =v, +, + Ys, (13) Vibe NV baer EEN (a) 


B= — (v1 %2 + 1% + 2 ¥3)) 1 = V1 V2 Vs. Vj Valve ye 
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IV’ — LWP? eed xl a BII —_ «lll, (b) 


Vo Vlei, Ve = Vi — 7 I 


The right lower quadrant of the determinant is 
transformed into a null matrix. Therefore, the 


a= — (pC) {Ve +1i+ V2@—e+ let oe ]}, 
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equation is reduced to a determinant of the third 
rank, equated to zero. Expanding this determinant, 
we obtain in the indicated approximation 


tls pec = a6) + re (14) 


Introducing € = p/(p2C_ )1/6 ioe 
BoP )’’®, we have, 
Eqs. (10) and (13), : in view of 


(15) 


B= — (pC) {VP +1/2@—F + e+ oe 1+ VHP}, 
T=— (PC) VIE. 


According to Eqs. (14) and (15), 


C=C; F (6), 


(16) 


Pi sty ieee +0 1) ee 
+1 +82 +VH#—84 1D YV2(@—2 + lyk 22 — 7}. 


The function F(€) tends toward infinity for 
€=0 and &=., has a lower bound, and attains its 
minimum value Ff. = 35 at €~ 0.7. Therefore, 

Cm eoCr, p= 0.6 CH") (17) 

These expressions justify the assumption used 
in calculating the determinant that for C, <1, 
H, << 1. 

We call the total height A* of the convective 
region the distance from the lower boundary of the 
unstable region to the point in the stable region 
at which the velocity v, is 1/e times ths value at 
the lower boundary of this region, i.e., 

(h* —h)/h~[Re(—%.2)]", (18) 
since v, and Rev, are approximately equal near 
P=Pmin’ Keeping in mind that Ge. << 1, we ob- 
tain from Eqs. (10) and (17) 


A’ =Cy"h, Coins 35h/h®*. (19) 


b) The case C, >> 1 (the above-lying region 
possesses considerable stability ). 

We show that in this case p,,,, ~ 1, where p,,;, 
is the value of p corresponding to the minimum of 
criterion C. Therefore, |a|=|v,+v.+v3|>> 1 
Brat,y~a. We will limit ourselves to the 
term in the determinant (11) containing « to the 
highest degree. 

It is easily shown that the determinant A, con 
sisting of the right lower quadrant of (11) is ~u", 


and all éther minors have an order not exceeding 


a8. Therefore, if terms of the order 1/a are 


neglected, determinant (11) is reduced to the 
product of determinant A and an additional minor 
B, consisting of the elements of the upper left 
quadrant. Since A # 0, Eq. (11) reduces to Bb = 0. 
Expanding the determinant of the third rank, we ob- 
tain 


By Cth wy (43 — 2) + pe cth py (u2 — y2) (20) 
+ uscthus (u?— 2) = 0. 
Let us write p, =iz, ft. = ie = x — iy, where 


x = 1/5 [2 [p* + p? (p?C)'* (21) 


+ (p?C)"*}" 4+ 2p? + (p?cy'*]2, 
¥y = 1/2 [2 [p* + p? (p?C)" 
+ (p?Cy"]* — 2p? — (pC) *]", 
z = [(p?C)* — pry"; 


we agree to take the root with the positive sign. 


Then kq. (20) takes the form 


— Zcot Z= [(x + V 3 y)sinh2x (22) 


+ (V 3x —y) sin 2y] / ¢osh2x — cos 2y). 
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Since x > 0, y > 0 and, according to Eq. (21) 
x >y, the right-hand side of Eq. (22) is greater 
than zero. Hence, it follows that z is real, since 


if #., =iz is real, then 


— zZcot Z = — yu, cothy, <_ 0. 


Furthermore, it follows that z >7/2. But since 
[in view of Eq. (21)] x > z, we may neglect e7?* 
compared with unity in the right-hand sideof Eq. 
(22). Under these conditions, we obtain 


—Zeorz2=x > V 3y. (23) 


Substituting (p2C)!/3 = z? + p? on the right, and 
solving for p, we find 


p? =1/,22[3 ? (cot*z— 2 cot? z)®—1]. (24) 


This equation, together with the relation z? 


=(p?2c)\/3 
of the parameter C. We are interested in the mini- 
mum value of C at which these equations are 
joined, and the corresponding value of p. This 
means that in the (p”, z”) plane we must con- 
struct the curve determined by Eq. (24), and curves 
Of c= Cp scene = p, and find the minimum value 
of C at which they intersect. This construction 
yields the values: 


= pe, determines z and p as functions 


Guin a, ay AU) Zmin aw Pd ip (25) 


Pmin 7 ge X min a 3A, 


Let us note thatin the usual statement of the 
problem, in which convection does not go beyond 
the limits ofthe unstable region, and v, = yp aul 
= 0 at both boundaries, 


= 665% (26) 


Gain a> SAD 


min ~ 7, Pmin ~ n/V 2. 


V.N. GRIBOV AND L. E. GUREVICH 


In order to determine the total height of the re- 
gion of mixing from Eq. (18), we take into account 


that [ by Eq. (10) ] with 


(PCy pt; Re (—%) S47) 


aie ams (p?C,)"" 


the total height is determined by the least of these 
expressions, 1.e€., 


(27) 
(ih Sh) fh =o Cy (= 6G, 


Thus, for Cues >> 1, mixing occurs practically 
only in the unstable region. We must keep in 
mind that in all calculations for the case just con- 
sidered we have neglected the quantity 1/o 

~ Cage and consequently, the calculations are 
valid for Ce Is 


3. CASE OF UPWARD AND DOWNWARD PROPAGATION 


OF CONVECTION 


If convection is propagated both above and below 
the unstable layer, then we must addtoKgs.(2) and 
(3) a similar equation for z <0, containing a para- 
meter C, analogous to C,. Also, the boundary 
conditions (5) are replaced by the condition 
v, =0 forz+-—. The usual solution of this 
problem has the form: 


6 
O7 > ALE a0 <tancoale ee 
k=] 
3 j 
Uz = >) Bre eos, j=1 
k=1 


fori we cals fs fos 2 U: 


(29) 


gri(k—1)/3 
? 


Ui = p? — (p?C)"e 
Vii =p (p Cy) 3 al ak 


Re vay << 0, Re Yao > 0. 
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The condition of continuity is equivalent to the condition that the following determinant be equal 
to zero: 

ef ptt ots te ps pte ] 1 l 0 0 0 
tye" * ge Yak logy, 0 
hl aaa a 0 
ee peers vi vO 
an Hees vt va 0 
Hy ee j peers via ; ¥31 0 § 

] ] ] 0 0 0 l 1 

[ey Ue 90 V2 «Yen Yas 

ut Lg 0 Via V33 

ps BG 0 Vig og 

ps TS ees vie V33 

By Ms 0 Vip Vag (30) 


We break this determinant into four parts of six 
rows and columns each, and denote them by 


A B 
Ca 8; 


For the investigation of limiting cases which 
will be of interest to us in the future, it is con- 
venient to subject this determinant to a transforma- 


tion which results in C taking the form of a unit 
matrix. Determinant C is the Vandermond de- 
terminant, and can without difficulty be reduced to 
such a form by the use of combinations of only one 
This transformation is broken 


(31) 


of the columns. 
into two parts: 
' a) We replace column II by the combination 

a — DE, = #1) = tee Then we replace III by 
column ie which is obtained by subtracting 
column I from III, dividing by p, — p,, subtracting 


iI, from the new expression, and then dividing by 


seis Similarly, we subtract successively from 
each column up to the sixth inclusive, all the 
preceding columns already changed by the corre- 
sponding transformations, each time dividing the 
difference by the corresponding difference of the 
form pL; — Ly: 

b) From each (ith) column, beginning with the 
fifth, we subtract a linear combination of the suc- 
ceeding columns, formed in the following way: the 
(i + 1)th colunin is multiplied by HL +H + 


+ y;, the (i + 2) th column is multiplied by 


.p,, the (i+3)th column by 
Pe; by, ee 


Here, a column already transformed 


> 
(oes 
x B; Hy Hp etc. 
by similar preceding operations, is subtracted each 
time. 

The elements oF. of determinant A then take the 
Br 


ON) — te (p?C)~"' (p2 =—s p?C) y etnuk —3 eas 


Ona = "/5 (p?C) 


n=1 
6 
Ons = 1/6 (p?C)—* 3} eh uk—1 (ya — 
ee 
arg = 
n=1 
bet 
dns = 1/5 (p?_-)* S\ eb pha 
a 
Ang = 1/4 (pC) " y Ce Yet sane 


n=1 


ett i(n—1)/3 


n=1 


6 
> ryt ui — 


3p?p2 a6 3p) ee AtH(n—1)/3 


3p?) oe 4ri(n—1)/3 


? 


1/6 (D°CY"* S) elute (p — Spryemsrte—n08 


? 


(32) 
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Expression (29) for pg was used to obtain Eq. 
Say 
a first three columns of determinant B and the 
second three columns of determinant D are trans- 
formed similarly to the transformation applied to 
the second three columns of determinant (11). As 
a result, these columns coincide with Kq. (12), 
except that instead of u, B, y, we have, respec- 
tively, 01, By» Vy» o> Bo» Yo, determined by the 


equations 


Xj] = Vj + Yoj + sj, 


(33) 
By = — (Y1j Ya7 + 17 Yai + Y9j 5A) 


Vy = Tapa er 


a) The case in which the regions above and be- 
low the unstable layer are near the stability limit. 


As in Sec. 2a, under these conditions the p, 
corresponding to the minimum C are small, and 
therefore in the expression for a,, we can expand 
e4k in a series and limit ourselves to terms up to 
the second order, inclusively. Here, the expan- 
sions for all of the elements a,, begin with terms 
of the order (es Having performed these expan- 
sions, we apply transformations to the rows of de- 
terminants AB and C, identical to transformations 
a) and b) of determinant (11). After these trans- 
formations, the initial determinant is easily re- 
duced to a determinant of the 6th order. Since 
under the conditions of interest to us p << 1, we 
neglect terms ~ p with respect to unity. We take 
into account that |u| ~ p, |B| ~ p?, |y| ~ p?. 
Then the determinant of the 6th order takes the 
form 


% Bi aay = a 
oa (0 Ge p-) ia Bi. ee 1 
(p°?C— p*) —p>y% By %, —I1 
Ye2 ee Co. ea OF oG 
0 ‘Va Poel age al a 
0 0 Ye Bo Xs — 1 


Hence, we obtain, to the assumed approximation, 


(34) 
pC = F,/F,; Fy = B® —ay + a (a,8, —%,8,), 


= y+ a (%1%_— 2%) 
221) [B? — 2a + % (a8, — 31) 
+ 18 (Y2% — 11%2)) 


a (1182 at 
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where 


a=o%—a,, B=B,—B,, Y= Ye—%- 


From the explicit expressions for Oh B;, Y; 


(33), and from Eq. (34), it follows that Fiisa 
homogeneous function of the 9th degree of the 
quantities p, (piCeyuns, (ole 1/6 and ee isa 
homogeneous function of the 4th degree of the 


same quantities. Moreover, both functions are 
symmetric with respect to the parameters C_ and 


C,. We take the factor (p?C, )9/© outside the 
brackets in the numerator, and the factor (p7C sae 
outside the brackets in the denominator, and intro- 


duce the symbol € = p/(p?C, Nee Oe Equation (34) 


then takes the form: 
C= Cate Sy (EC). Ca) fnla(=, Cay Gyrus) 


With a given value of the ratio C,/C, and with 


E> 0 
Jy (&, Cy /Cx)~ 8, Ja (8, Cr / Cy) ~ 8. 


For &> 0, both functions have finite positive 
values. Consequently, C > o when € > > 0, and 
has a minimum at a finite €. 

In view of the unwieldiness of the expressions 
for J, and J, we shall consider the case C 763 
> 0 and neglect (CHA GH)? with respect to &*. This 
neglect will be justified by the calculations which 
show that C is a minimum when € is comparable 


with 1. Then 


Jy = (1 + &)'? (67 2% — 4028 +. 40% (36) 
+ 276 + 2&—1] + 39(1 + 8&8) 
+ ne? [27 6 + 865 4+ 864 
+ 27] + (1 + &)'" [64 26 4 968 — 1] 
“pS (le) asl 1 8e9) 
+ 8oné* [65 + 5] + 326 +. 40 £9. 
Jo = (1 + era Ale g2y'l2 (37) 
++ 68] + (1 + 8)"8(142—3) 
16(3 + 3p + 118) +98 [p + (1 + €)'"y] 4 18 64: 
PS (ah al) ea (Oo Oe eee 


The minimum C occurs at € = 0.4, which corre- 
sponds to ee = 0.06 Ce . Here, | 


Cmin — 1.5xci! (38) 
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Replacing C, by C, in this expression, we ob- 
tain the Panton of te opposite limiting case C, 
Ca ore 


A erleuon is also easily obtained for Ae Ore 


In this case, 2%) =— Oo, By= Eide ¥1=Vo- Then 


Eq. (34) takes the form: 


(39) 
C=%2(%2 


or, in the previous notation, 


C = Cy "8S, (6) / Je ©). (40) 
C is a minimum at € = 0.7, and has the value 
Ga i53 Co. (41) 


Let us now turn to physical deductions from 
these calculations. Together with the minimum 
value of the criterion C, determined in the two 
cases Considered by Eqs. (38) and (41), and the 
corresponding horizontal dimensions ~1/p, we are 
interested in the total height of the region of 
mixing 


(42) 
h* = {1 =e 1 / (Re (— Yp1))min + ] / (Re Yn) min} h. 


peor, <<C.: 


Re — Ye1) =}; (Re Vro) min 


1/ 


=), pQ(VE—P FI +8) — 17" 


using the explicit expressions (29) for Vy 5 and the 


definition € = p/(p?C, yr S. 


Hence, See hears that in this case p << l, we 


have 


h /how8/p = 12 C, * (43) 


whence 


(44) 
C = 2.54108 (A / h*)?. 


+ 9p® + 6ay72p? — 3p*Be) / 3p* (3p? — Be) 


TOM 
For C, = Cr 
(45) 
h [/h~24/p Age" : 
whence 
(46) 
)} =~ 470 CR a 


Consideration of these limiting cases indicates 
that in the general case also, the dependence 
C ~ (h/h*)> must be approximately conserved. 

This result differs from the result of Sec. 2a ob- 
tained in the same approximation, but for the case 
in which mixing propagates only into the region 
lying above the unstable layer. There we found 
that C =~ 35 h/h*. A second essential difference is 
that in case (1) the total height of the region in- 
creased without limit when the stable region ap- 
proached the stability limit, i.e., for C, > 0. But 
in the case considered now, h* > ~ only when 
C,-O'and C, >0 simultaneously. If either one 
of these stability criteria is finite, then h* is also 
finite and is determined by this criterion. 


b) The case in which the regions lying above 
and below the unstable layer possess considerable 
stability (C, ee SSE oot 

In this case uj, 4,, B,, By, yy, yy cannot be 
small, since we etl obtain formally the results 
of the preceding paragraph, from which it would 
follow that at C = ep erie which would 
give large values of «, B, y. Therefore, we will 
assume, and will Ens in the following calcula- 
tion, that a, B andy >> 1. 

We limit ourselves to the principal term of de- 
terminant (9), which as is easily shown, has the 
form: 
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16: By Oy 
OY 1 a8) + V1 ai + By : (47). 
(cx Pore oa a8 ot By ay + 208) + 71 

i Bs 0} | Qi 5 16 

SeT2 tBo + Yo a + Be Arg x5 6 


Azgg G35 36 


(a2 +85). at, + 2982 + Be % + 28. + Yo 


Since the first two factors in Eq. (47) are not equal to zero, omitting them and calculating the third 
determinant, we obtain: 


Qsinb}2y/$41 —sinh 49/2 —sinh {g/t + 7 V3 Ginhys/p2.3 —sinhpy/tYo) (48) 


+ 3(p?C) 'sinbysinbtysinhtg/ttyY4f43 — Qsinhy cosbjrycosbjty/tt, —-coshps, Goshttosinhjts/ttg 
Hinhpcoshtts/jt) + 1 V3 (inh cosbtts/4y —coshf1ysinhtsg/}15)roshyt, = 0. 


Let 
to = X — Ly, Ys =X + ly, (49) 
x = 1p {2 [pt + p? (pC) + (p2C)'*] + 2p? + (p?C)%}, (50) 


y = [2 {2 [pt + p® (p?C)" + (pC) "I" — 2p? — (p?C) "}. 


When p > 1, x > 1 and therefore as a first approximation we can neglect the first three terms in 
Eq. (48) compared with the remaining ones. This means neglecting the quantity e"* with respect to unity. 
Then we obtain the equation 


coth 1; = [2-3 — 3 (p?C)"] | 24 (x — V 3y). (51) 


We consider the domain of values of p in which p? <(p?C)!/3. We let p= iz, replace (p2c)}/3 
by z” +p? in the right-hand side, and introduce n? = 2z*/p?. Then Eq. (51) takes the form: 


2V nt + 87? +3-—3(y? +1 
ae MEMES n ae = 4) ; - = f (7?). (52) 
V2 (m4 + 39? +3) 24 42 + 3—V38V 2 (qt + By? + 3) 2 92-3 
Hence We turn now tothe domain of values of p, De 
; > (pre yas, for which H, is real. A numerical 
z= arc cot [ (7). (53). solution of Eq. (61) shows that for (p?>Gy? p? 
_ = n* > 0.8, the criterion C is greater than Cae 
On the other hand, from the definitions of n° and z, = 106, and therefore this region does not interest 
D) 5 
vivay Bi us. Qn the other hand, for n* << 1, the right-hand 
ZO er Hee (54) side of (51) tends rapidly towards 1 with decreas- 


ing n°. At 7? ~ 0.8, the right-hand side of (51) 
differs from 1 by less than 0.06, and can be cal- 
culated by the series 


The minimum value of C for which the curves 
(53) and (54) in the (z, 7) plane intersect, and the 


corresponding values of z, p and x, are 


Cmin 106, Pmin ~ 2,6, (55) 1 + (17/128) 78 +--- 


ee laa oo 34. For 7? < 0.8, it may appear that C <C_ 4.» but 
here, according to Eq. (51), coth puyol and differs 
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from 1 by the quantity e"*#1. But since p, 

=y 1-7?p, then for n? < 0.8, 4, % p/2, and there- 
fore e"7H1 ~ e°P, i.e., is a magnitude which we 
neglected in deducing (51) from (48). This means 
that for 7” < 0.8 we must set cothy, = 1 in Eq. 
(51), but then it will have only the trivial solution 
C=0. Therefore, we must return to Eq. (48) and 
investigate its behavior in this case. 


— sinh ycosh2X + Qoltg [sinh(2x — p,) 
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For large p, Rep, = Rep, = x is large, but p, 
= py 1-72 may be small when 7° +1. Therefore, 
for n° > 0.8 we could also consider Eq. (28), but 
in the case 7 < 0.8, we must return to Eq. (25) 
and consider both x and y,, large. 

After straightforward transformations, Eq. (48) 
can be written in the form 


— 3 (p?C)"'s fsint(2x — w,) +sinhu, cos 2y — Qsinhx COS y] 
— 20, (V3x + y) [Qeinbx sin y —cosh v., Sin 2y] — asinh(2x — p.,) 


where 


—sinhw, COS 2y + 2Qsinhuy — Qsinhx Cos y] (56) 
+ 2asinhx cos y = 0, 
ht =A[] +2/ (pC) +2/(p*Ce)"]. (58) 


% = Qos — 3 (p?C)" (57) 


— 2p ( — V By) = (17/128) 18+ + 


Clearly, the first term in kg. (56) is dominant. If 
we limit ourselves only to this principal term, the 
equation will have a solution only for C =0. 

The whole of Eq. (56) will have only this solu- 
tion for large p if for all the remaining terms, 

C =0 is a root of multiplicity not less than that 

of the first term. Expansion in a series of powers 

_ of n? and py” shows that C = 0 is a root of the 
same multiplicity for all the terms of the equation. 
We are therefore ledto the conclusion that the 
solution (55) is unique. 

Solution (55) shows that in the case considered, 
in which convection is propagated into the regions 
lying above and below the unstable layer, the mini- 

-mum value of C is 2.5 times smaller than the value 
obtained in case 1, and is 6.5 times smaller than 
the value obtained in the usual case. 

The total height of the region of mixing [ de- 

termined by Eq. (42)] in this case is equal to 


The calculations of this section are valid under 
the conditions C'!/®<< 1, C)/°<« 1. 
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The role of the Compton effect in the establishment of equilibrium between quanta and 
electrons is considered in the nonrelativistic approximation. 


1. INTRODUCTION 


N order that radiation be considered as a closed 

system, it is appropriate to assume that it is 
contained in a vessel with perfectly reflecting 
walls. By itself, radiation in such a vessel can- 
not achieve thermodynamic equilibrium: the equa- 
tions of electrodynamics are strictly linear and 
the exchange of energy between vibrations of dif- 
ferent frequency, direction of propagation and 
polarization does not occur. Therefore, we must 
consider that there is in the container, besides the 
radiation, a suitably small ‘‘carbon particle’’ 
which does not appreciably disturb the field at 
any given moment, but which is capable of ab- 
sorption and radiation of energy of all frequencies. 
Over a sufficiently long time, the absorption and 
emission of quanta by the ‘“‘particle’’ leads to the 
establishment of thermodynamic equilibrium. 

What will happen if we put a free electron in 
place of the material particle in the container? 
The container is taken to be large enough that we 
can neglect the quantization of the energy of the 
electron. The free electron does not absorb and 
emit, but only scatters quanta; therefore, the 
total number of quantain the vessel does not 


change. What sort of equilibrium is established? 
If the occupation numbers n of the individual 


states are small in comparison with unity, then we 
can neglect induced transitions and assume that 
the probability of scattering a quantum in a cer- 
tain state doesnot depend on the number of quanta 
occupying this state. Jn other words, we replace 
the factor 1] + n in the transition probability by 1. 
Then the same distribution will be set up among 
the quanta as in an ideal gas with a constant 
number of particles; i.e., we obtain a distribution 


-h@/kT ( 


of the form n = e Wien’s law). In this 


case the mean energy of the quantum is 347’. 


* This research was completed in 1950 at the Insti- 


tute of Chemical Physics, Academy of Sciences, USSR, 
Report No. 336. 


Planck’s distribution is established only much 
later, since it exists as the result of induced emis- 
sion. 

The physical conditions under which Wien’s 
distribution can exist can be represented in the 
following way. Let the matter be momentarily in a 
state with very high temperature, so that all the 
atoms are completely ionized, but assume radia- 
tion has not yet been produced. Then the absorp- 
tion and emission of quanta will occur at the ex- 
pense of a “‘free-free’’ mechanism. The corre- 
sponding emission process is nothing else than 
the bremsstrahlung of the electrons. This process 
is the more probable the lower the frequency of the 
emitted quantum. The same applies to the proba- 
bility of the reverse process, the ‘‘free-free’’ ab- 
sorption; therefore, for sufficiently low fre quen- 
cies, thermal equilibrium will be established by 
means of the absorption and emission of quanta. 
For high frequencies, the probability of Compton 
scattering exceeds the absorption probability. 
Since the quanta are scattered by the moving elec- 
trons, their frequency can also be increased in the 
scattering. Initially, the number of quanta is not 
large: they will all tend toward thermal equilibrium 
independently of each other (i.e., induced proces- 
ses will not constitute any significant part of all 
the scattering processes). The Wien distribution, 
with mean energy 3k7, is established among such 
quanta. 

F'or this reason, the transition of energy from 
matter to radiation will be much more rapid than if 
it took place at the expense of bremsstrahlung of 
the electrons. The bremsstrahlung quanta which 
have frequencies w greater than a certain definite 
frequency w,, will quickly and irreversibly in- 
crease their energy by a Compton mechanism, 


tending to go to the maximum energy 3k7. 
In the Sections below, the distribution function 


will be found for quanta which undergo the Comp- 
ton process. In the Appendix we shall consider 


what energy the quanta extract from the electrons in 
a body of finite dimensions. 
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THERMAL EQUILIBRIUM Taal 


2. THE KINETIC EQUATION 


Let us write down the kinetic equation for the 
distribution function n of the quanta in an un- 
bounded medium for the case of a single scatter- 
ing. For generality, we shall at first not neglect 
induced processes. The equation has the following 
form: 


oe) = Vd (inl +n’) N (es) (1) 


—n' (1 +n) N (s+ ho — ho’)| dW. 


Here N is the distribution function for the free 
electrons, d7 is the element of phase space of 
the electrons, dQ is the differential probability of 
transition from a given state into another, com- 
patible with the laws of conservation of energy 
and momentum. The index C on dn/dt denotes 
that only Compton processes are considered in the 
equation. Statistical equilibrium among the elec- 
trons in the plasma is established very quickly, 
independently of the radiation; therefore, we can 
consider the distribution function N(¢) to be Max- 
wellian. Then, if we replace n in Eq. (1) by the 
Planck distribution n = (e*@/*T — 1)"?, then the 
right and the left parts vanish, as they must. 

We shall consider that the energy of the elec- 
trons is nonrelativistic; i.e., we assume that the 
inequality kT << mc? holds. Then the energy 


- transferred in each separate act is small in com- 
parison with the energy quantum hw: wo’ -w=A 
<@. 

Making use of this inequality, we expand the 
integrand of Eq. (1) in a power series 1n A up to 
terms of the second order, inclusively. We set 


h@/kT = x: 


(2) 


(= [Be-+ ment] alae faarea 


+ [S420 45 +00 +2] 


x3 (er) \# (dW (2) Ae. 


' The second integral on the right side of Eq. (2) is 
| much easier to compute than the first ; but it suf- 
_fices to compute only one of the two integrals. The 
other is determined from the condition that the 

| equation ought to guarantee conservation of the 

| total number of quanta in the scattering. 


_ The laws of energy and momentum conservation 
in the nonrelativistic approximation are written 
in the form: 


(ho /c)n-+ p = (ho’/c)n’ +p’, (3) 


ho + p? / 2m = hes’ + p'? / 2m. 


Here p2/2m =, p and p’ are the momenta of the 
electron before and after the collision, n and n’ 
are the directions of propagation of the quantum. 
Eliminating p’ from these equations, we obtain an 
equation which determines w’ as a function of 

@, p and the angles of scattering. In this equation, 
we set @ = w+ A and limit ourselves to terms 

that are linear in A, at least while we determine 
the integral which contains A2, After simple 


transformations, we get 


es hew (p,n —n’) + (hw)? (1 — nn’) 
hA me? [1 + (hw / mc?) (1 + nn’) — pn/ mc] * (4) 


It is valid to replace the brackets in the denomina- 
tor of Eq. (4) with unity for the case of interest to 
us. The first term in the numerator has the order 
of magnitude (kT/mc2)°/2 and the second term the 
order (kT /mc”)?. But we shall determine the 
integral of A®; therefore, the contribution of the 
first term in the averaging over the angles does 

not vanish. Consequently, upon substitution in 
Eq. (2), we must compute the following integral: 


I = (ho / me)? \ de \aW (p, n—n')? N(e). (6) 


After averaging over all directions of p we get 


dW. 6) 


I = 1/5 (he / me)? \ p2N (2) de) |n— ni 


The first integral is equal to 2m (3kT/2) 
= 3mkT. In the second integral, we replace the 
Compton cross section in the nonrelativsitic ap- 
proximation by the Thomson cross section, which 
is symmetric relative to scattering over the angles 
0 amd (7 —@), so that f nn’dW =0. The Thom- 
son cross section does not depend on the energy 
of the quantum; consequently, 


[ = (ho)? (AT [ me®) c/, (7) 


where J is the Compton range, which is determined 
by the total cross section (87/3 \e2/mc?). 
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In order that Eq. (2) guarantee the conservation 
of the total number of quanta, we must set 


\de |aWN(e) A (8) 


= (kT | mc?) (c/ L) hw (4 — ho / RT). 


Equation (8) can be obtained in the following way. 
The kinetic equation for the quanta must look like 
a sort of conservation law 


(On / Ot)o = — x20 (x?j) / Ox, (9) 


where j is the ‘‘flow’’ of quanta in frequency | 
space. Since Kq. (2) is of second order relative 
to x and contains the second derivative d?n/dx 
linearly, without a coefficient depending on n, the 
current must have the form of the sum of the first 
derivative dn/dx and a certain function depend- 
ing onn. But in the state of total equilibrium, 
when n = (e* — 1)7!, the flow vanishes. In this 
case, On/dx =~n(l+n). It therefore follows 
that 


j=g(x)[on/ox+n(l +n), (10) 
where the function g(x) must be determined. Sub- 
stituting (10) in Eq. (9), and comparing with (2), 
we find that g = —x2, and the unknown function 
A=x(4—%x), which is equivalent to (8). Equa- 
tion (8) is in qualitative agreement with Wien’s 
law: the energy of the quantum increases so long 
as how <4kT. 

We now introduce the dimensionless time y by 


the expression 


p= (me PRT) (le). Cit) 


In these units, the kinetic equation is written in 
the following form: 


(=) Aa Oils 
== a =e 
ny JC ee Be 


If n << 1, then this equation transforms into the 
linear relation 
i 


LOI PS Oe roe ) 
(= \= x ox * = TH). 


This equation will also be solved. According to 
Eq. (13), it is easy to compute the time in which 
the energy of the quantum increases by a factor e 
as a result of the Compton effect. Multiplying 
both sides of Eq. (13) by x? and integrating, we 
get 


& sso n®) (12) 


(13) 
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\ nx? dx = 4 \ nx dx —\ nx* dx. 
0 0 


ela 


(14) 


While Aw is still small in comparison with kT, we 
can neglect the second integral on the right in 

(14). Here x = Sieg 4y_ This means that the time 
for the energy to increase by a factor e is equal to 


= (me? /4kT)1/c. 


ée 


(15) 


3, BREMSSTRAHLUNG SPECTRUM 


The bremsstrahlung spectrum in the general case 
appears rather complicated. We assume that such 
conditions are satisfied in which the Born approxima- 
tion is applicable forthe determination of the 
spectrum. These conditions are satisfied in the 
light elements for sufficiently high temperature 
(from several tens of kilovolts and higher). At 
the same time, it is taken into account that the 
inequality kT << mc? is satisfied. We shall not 
take into account the scattering of electrons on 
electrons, with emission of quanta, since such a 
process makes a significant contribution only in 
very light materials and in each case it doesnot 
exceed the bremsstrahlung emission on nuclei, 
always remaining smaller than it. 

In the Born approximation, and in the nonrela- 
tivistic case, the bremsstrahlung cross section is 


[ Ref. 1, p. 183, Eq. (18)]: 
do BZ 


= ae ft py Wes Vee hw 
mhc? « ho 


mS 


In order to go over to the total number of quanta of 
a given frequency that are emitted per second, we 
need to multiply the cross section by LN (€) vd T 
(L isthe number of nuclei per unit volume, v isthe 
velocity of the electron), integrate over all states 
of the electron and refer to the number of states of 
a quantum of given frequency per unit volume. Thus 
we obtain the equation 


1 ATT gee ede he 
wes aS pO 2h Ae ee 
TRe 3 V SP kT ho® © Ky ( on (17) 


Be Ko (x/ 2) 


he? 


Here Ky is the Macdonald function (Ref. 2, p. 206), 
an is the magnitude of the time interval which 
characterizes the bremsstrahlung. If we take 

into consideration the inverse absorption of quanta 
and their induced emission, then we obtain the 
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rate of change of the quanta asa result of brems- 
strahlung and free-free absorption: 


(Onj Ot), = (1/72) [(1-+2)—nerl*T], (19) 


The derivative vanishes if we put the Planck dis- 
tribution in place of n 

Digressing from the Compton process, and assum- 
ign that the total change dn/dt appears on the left 
side of Eq. (18), we can integrate (18). If n (0) 
= 0, then we get 


(19) 
A 4 ( t 
n ay ka tar © —exp \— = (eholkT Df). 


It then follows that the relaxation time for 
thermal equilibrium of the quanta, for a pure brems- 
strahlung mechanism, is equal to 


“a = h/(e rar 1). (20) 


The total kinetic equation, which takes into ac- 
count the Compton and bremsstrahlung processes, 
is now written 


On FELD ee 
a @)) 


hie te (en. *) 
mc Ll x? Ox (Gtatn 


++ [(1 +n) —ne*]. 
3B 


Going over again to the dimensionless time y, we 


get 
mem. tf Of On : (22) 
oye || x? tt (Se +n +2) 


At 
+2 [(1 +n) — net, 
TB 


The braking time 7, decreases with decrease in 
| the frequency, for example, as «7; therefore, the 
_ quanta for sufficiently low frequencies will always 
| undergo transition to statistical equilibirum in 
| processes of emission and absorption. The quanta 
‘of high frequencies will be taken up by the Comp- 
‘ton process and thus increase their frequency, 
‘ approaching the Wien distribution. It should not 
be thought that frequency of the quantum increases 
monotonically; Eq. (12) is of second order, of the 
diffusion type. The approximation of quanta to 
i incomplete equilibrium ( with respect to energy but 


not with respect to number ) is in the fashion of 
Brownian motion. The limit of the frequency, for 
which the Compton process takes up the quanta 
more rapidly than it succeeds in being absorbed, 
is determined by the following estimate: Calin 
Substituting 7% and 7, in it, we get 


(9V' x /64)Y 2) LZ? mic h? e (23) 


KAT), feo" x57 Ky (hq) 2)heh Dk 


The entire process considered (i.e., the estab- 
lishment of equilibrium by the Compton effect ) pre- 
sents interest only in the case in which haw << kT, 
since only then is there a frequency ely 
@ >> @o, in which the Compton effect plays an 
essential role. For small % , the function K, can 
be replaced by an expansion in % (Ref. 2, p. 96): 
Ki (xo/2) = In(4/yx,), where Iny = 0.577. Thus 


x, is determined by the equation 
Ang T2359) Xe) (24) 


This equation has meaning only if A is a small 
number. 

We now compare the transfer of energy from the 
electrons to the quanta by pure bremsstrahlung and 
by the Compton mechanism*. 

The total energy of the quanta emitted by the 
electrons per unit volume is 


(= a \= 2? do (25) 
OCS ees QO” 72 ¢3 
BRT 
“_ aan \ake ‘ Ko($)= me c3f 
0 


(Ref. 2, p. 424). All quanta whose frequencies 
are greater than w, transfer energy tothe electrons 
by the Compton mechanism; on the average the 
energy of the quanta approaches 3k7. Therefore, 


the energy transferred per unit time is 
oO 


(dE [ dt) = 3kT \ cstw®de/n2c8, (26) 


@o 


The principal contribution to the integral is pro- 
vided by the low frequencies. Therefore, we can re- 
place the function K, under the integral by its 


* This comparison was pointed out to us by L. D. 
Landau. 
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approximate value; to avoid divergence at the 
upper limit, we do not integrate to infinity, but to 


w=kT/h. We get 


KT 
dE B do, 4kT (27) 
(Fr), = 80 zon \o! Fhe 
®o 
SLB ee eed 
a oe | OT 
Pe TeHiCoult yhoo 


If we do not make use of the approximate expres- 
sion for Ke then there will still stand a numerical 
component in front of the logarithm in Eq. (27). 
That is, in place of In?(4/yx,), the integral gives 
In? (4/yx) ~ 0.27. But we can hardly consider 
this to be accurate, since the frequency w, is 
found by an estimation method. 

The ratio of the energy transferred by the Comp- 
ton mechanism to the energy transferred to the 


quanta upon emission is equal to 


4RT 


pal (28) 
hy@, 


’ 


dB\ . [dE 
Ge mle 


2) 
= In? 


v dt JB a 


which can reach a few score. 

If we assume that quanta with frequency less 
than @, do not undergo Compton scattering at all, 
we commit a certain error. There is another, and 
somewhat more accurate, method of computing 
dE/dt. For sufficiently low frequencies, the 
state of the quanta is stationary, and for x > 0, it 
tends toward 1/x, i.e., toward the limiting form of 
Planck’s formula. Therefore, n satisfies the ordi- 
nary differential equation which is obtained from 
(22) if we discard dn/dy in it. Moreover, we should 
also discard n in comparison with n2, and conse- 
quently regard x as a small quantity in the second 
component of theright side. This gives 

d 


/dn a 4A DB 
et ers + n° tne = (ep = =1)<4(29) 


We now setn=z’/z,z=x+wW, W<<x. Then we 
get the equation 


d 
aa x3b” — 


dx (30) 


for w’. 

This can be integrated approximately (by the 
WKB method ) if we consider the coefficient for wy’ 
to be a large number. With this accuracy, 

[ RlWaAe Poss 
In r é 


b’ = Cexp aan a (31) 


———_ ee 


* It is further assumed that In(2.35/x)>> 1. 
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Such a solution is valid, strictly speaking, only 
when the exponent is large in comparison with 
unity. But if we choose C =—1, then we get an 
interpolation formula for the distribution function, 
which possesses the necessary properties and for 
X% >> Xo: 


n=—(I — exp I oe ey (32) 


For large x/%, the number of quanta is much less 
than the equilibrium number. Adding the factor 

(1 —nx) under the integral (27), a factor which 
takes into account induced emission and absorption 
of quanta, we get a converging expression which 
can be integrated from w =0: 


(33) 


xX exp \- le ye : 


The function under the integral vanishes for suffi- 
ciently small w. The effective limit of integration 
lies at about w ~ wo: 


4. GENERAL FORMULAS FOR THE AVERAGE 
FREQUENCY IN THE COMPTON PROCESS 


If the photon gas is still far from statistical 


equilibrium with the electrons, then the number of 
photons with frequency w > w, is small in com- 


parison with unity. In this phase of the process, 
we can write down the following linearized kinetic 
equation for quanta with frequency w > w 


on 10 7 oR = 0 
ay at Oe (Ge +8) = Hel 


0° 


(34) 


Let us first consider the corresponding homo- 
geneous equation. For this we introduce a new 
unknown function by the formula 

n = e—*l2'9(x) | x. (35) 


y satisfies the equation (we are considering the 
homogeneous equation ) 


(36) 
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A 
Here A (x) is an operator on the right-hand side. 
Some simplifications of the calculations arise be- 
cause of the fact that A(x) is a Hermitian oper- 
ator*, 

Let us assume that the initial photon distribution 
is given in the form of some function ny (x); then 
the distribution at any later moment is written 
symbolically as 


(x, y) = eA xe*Png (x); (37) 


el 


2 Aa 
—= A(x)y 1. *12 
f= ——e xe" Ng (x). 


We assume that a quantum with frequency @, 1s 
emitted at the initial moment. Then Ny (x)= 

b\(x = ae We also compute (in dimension- 
less form) the mean frequency which this quantum 
will have over some time interval as a result of 
the quantum process: 


(38) 


© co 
x= \ rie di \ x2e—*l2¢A(x) yexl2 oy) dx 
0 0 4 


ee) 
= \ e*l2 8 (x ~%) eAY x2e—*l2d x 
*1 
0 


1 = 1 
nee at 12 A (1) 2 p—*,/2 — — px. 
ae aes X? e—Hil2 = 7 e*il2y (x,). 


Here we have made use of the fact that a function 
of a Hermitian operator is also a Hermitian opera- 
tor. In Eq. (38), there enters the function Aa) 
which clearly satisfies, relative to x), the same 
equation (36) as (x) relative to x. In contrast 
to ~, the function y is subject to a different ini- 
tial condition: 

cg = 0) —*,e-732, (39) 
In what follows, the index 1 will be omitted from 
x,, because the ‘‘current frequency’”’ x enters no 
further. 

Thus, in order to find the mean frequency of the 
quantum, which is emitted with an initial frequency 
x, we must solve Eq. (36) with the initial condition 
_ (39). For this purpose, we must first determine 
_ the spectrum of the Hermitian operator A(x). We 
set 


* We have introduced the operator A(x) and found its 
spectrum by making use of the results of I. M. Gel’fand. 
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Zi ye en (eZ) en ee (40) 


The function f(z) satisfies an ordinary differ- 
ential equation of the same form as the Schrédinger 
equation for the vibration levels of the diatomic 
molecules, if the potential function of the nuclei is 
taken in the form of a Morse potential: 

ear Cala’ (202 13/08) fein th teen) 
Equation (41) is integrated with the help of the 


degenerate hypergeometric functions, which we de- 
note by the variable x: 


Y= Cx *Wain (x) (42) 


(Ref. 3, Sec. 16). Here Ws iph®) is the Whittaker 


function, which is a combination of two ordinary 
degenerate hypergeometric functions: 


T (—2i 

Wain (X) = To Mz, ip, (x) (43) 
Y (2iu) ; 

7 eat ta) Mastel)- 


Here M, ;,,(®) is determined by the well-known 
series 


(44) 
a (—8/e +- in)(—V7/2 + ip) = 
2! (2iu + 1) (2iu + 2) 


The function W falls off at infinity as e"”, while 
M does not possess this property. Therefore, y 
is also expressed by W. 

We now find the function for the discrete spec- 
trum, analogous to the vibrational states of the 
diatomic molecule (functions of the continuous 
spectrum correspond to a dissociating molecule ). 
The discrete spectrum is possible for negative pi” 

[ see Eq. (41)] or for purely imaginary p. The cor- 
responding eigenfunctions should be quadratically 
integrable. According to Eqs. (42)-(44), the func- 
tions W , for small x and purely imaginary 4, con- 
sist of two components of the form x-#*IFI, How- 
ever, we cannot integrate the square of the function 
for this upper sign. Consequently, the eigenvalues 
are numbers for which W consists only of functions 
with an integrable square. Here the numbers are 
|| = 3/2 and |p| = 1/2, since the first component 
of Eq. (43) vanishes [I'(—2) =~, [(-3) =o]. 


736 


The series for the functions My yx x) and 
M, 3/o (x) are broken off. Elementary functions 
ee et rained which we at once write with normal- 
ized coefficients 


(45) 


Xaje (*) =V2(1 —x/2)e—*?, — YXa42 = 2-Mxe—*P. 


The functions for the continuous spectrum are 
normalized by transition to their normalized asymp- 
totic expansion in a way entirely analogous to that 
used inthe problem of the hydrogen atom. The ex- 
pansions are referred, not to large but to small x, 
because for large x the function W decays ex- 
ponentially. It is seen from Eq. (41) that for 
z > —oo, i.e., for small x, the function f,, 1S pro- 
rrional to lem +). The normalized factor 
of the cosine is / 2/7 
cos(pz+ PB) =cos (plnx + d), we get the normal- 


. Expressing W in terms of 


ized functions of the continuous spectrum 


1 
V 2x 


TP (—- 3/, + iv) Wai. (*) 
T (2iw) Se 


(46) 


igh = 


It is now easy to write down the general formula 
for ¥ (x on theright-hand side gives the initial 
frequency of the quantum, previously called x, ) 

co 
me - erl2 fem ( e—*EXpdu. 
0 


(47) 


+ e-29Gi eXal2 + ct | D 


where Cu Cy and Cams are the expansicn coeffi- 


cients of the function x 2e°*/2 [see Eq. (38) ] in 


the orthogonal set of functions Xp Cy and (Sag: 


For the determina- 
tion of ¢, we make use of the integral representa- 


are found in elementary fashion. 


tion of the function W, ip '*) (Ref. 3; p. 345): 
25—+*/2 
Wein (*) = 35 
( TOL Go—im—%)T ot iu—h) x y 
s \ Dee?) V 75) .- 


—1co 


With the aid of Eq. (46), we find 
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Gus 


1 | Yr (—3/, + iv) 
V 2x P (2ip) 


QT 


© Tolotar( oie 24) T ao ie 
s \ Eine 9/5) Pit 975) de 


—loo 


4 —F/e-F ip j 
LE a+) T (6), 4 ju) T (8/4 — iu), 


Vine) 


where the complex integral is taken according to 
Barnes’ formula®. Substituting this in Eq. (47), 
making use of the equation (uw) \( 1~u)=7csezu, 
and the fact that Wee . (x) is an even function of 
pL, we get the ress for x in the form of a 
complex integral 

too 
Sone 5 tl ade \ eYW,,5(x) tensx sds 48) 


—io 


It is therefore evident that, as a result of the 
Compton process, the mean frequency of any 
quantum tends toward 3k7T/h, independently of its 
initial frequency. Application of Eq. (48) will be 
given in the Appendix. 

In conclusion, | wish to express my sincere 
gratitude to la. B. Zel’dovich who set up the 
present problem and displayed a constant interest 
in it, and also to L. D. Landau and I. M. Gel’fand ° 
who made a series of important suggestions. Much 
of the results of Sec. 3 were obtained with the 
participation of the late S. P. D’iakov. 


APPENDIX 


THE COMPTON PROCESS IN A BODY OF FINITE 
DIMENSIONS 


We can compute the average frequency which is 
possessed by quanta in a body of finite dimensions 
as a result of the Compton process. Since the 
Thomson cross section does not depend on the 
energy, the diffusion coefficient of the quantum is 
a constant. Here the probability of emission of a 
quantum at the instant of time y depends exponen- 
tially on the time only if the initial distribution 
corresponds to one of the eigenfunctions of the 
diffusion problem. [t is natural to take a distribu- 
tion which corresponds tothe ground state eigen- 
value since only it of all the functions is constant 
in sign. In dimensionless units, the probability of 
emission of a quantum fromthe system is given by 


THERMAL EQUILIBRIUM 


dw (y) = Be-°ydy, (1) 
The mean frequency of the emitted quantum in this 
case is less than 3k4T/h. It can be determined if 
we multiply (I) by x and integrate over y: 


(I) 
= oa 72 p*l 
x= \ xd (g) = ae \ tg xsW.,_5 (x) 
sds 28 (1/x — 1/5) 
oh 5 3 ie es my ana 


The energy transferred to the quanta from the 
electrons under these conditions is equal tothe 
integral (II), taken over the bremsstrahlung spec- 
trum. We introduce the notation 


c d 
P| Meeks) OD 
We then have 
= = d 
R= \ 8 Ko (F)G (Iv) 
. LENG 
=i \ tess {p = I ees) 
UC (— 2s) = sds 
ce em 7,5) ff (*o s)} B+ %4— s? 
C (B)X% = Ayla) oy Banobe 
— 2p a BK, 3 
C we XN aX 
+3) eK, (5)S. 


sie 

The complex integral of the first component is com- 
pleted by the integral over an infinite semicircle 
in the left half-plane. Then the entire integral is 
expressed in the form of the sum of the residues of 
the expression under the integral from poles located 
to the left of the imaginary axis. These poles are 
located at the points s = —1/2, —3/2, —5/2 and, 
furthermore, at the point s =\/B + 9/4. The resi- 
dues at the first two points are reduced with the 
last two integrals in Eq. (IV). The residues at 
the points s =—5/2, —7/2, —9/2 remain finite 

even for x, =0. Therefore, we can replace x, 
in them by 0. All these residues give only a 
small contribution to the integral. The principal 
contribution is made by the residue for 
s=-/9/4+ B=-(3/2+u). (If the body has 
dimensions that are not too small, then u is a small 
number.) For %, we get the expression 
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c= —OnBtor Vea, Ee 2Vet 
B tg Ve+ Tape Vesa (V) 


XH (x9,— VB + 9/4) 


(R42) B 
waa (RTD). BI Chae 


XH (0, — Be). 


The quantities H(0, —(2k + 1)/2) are decom- 
posed into the converging numerical series 

H(0, —5/2) = 2.27, H(0, —7/2) = 2.31; the re- 
maining expressions of this type are multiplied 
by small coefficients. We put H(x9,-V B+9/4) 


in the forn: of the difference between two integrals 


. (VI) 
H (%,—VB +9/4) = \ M2,—(*intu) (*) Ko ($)5 
0 . 


te 


—\ Ma cntm (2) Ko (5) — 


x 


°o 


The first integral we call it F(u)] is computed by 
expansion of M in a power series, The numerical 
values of F (wu) are the following: 


u=0.01 0.03 0.1 0.2 
F (u)= 10080 1137 107 28.8 
u=0.3 0.4 0.5 0.75 1.0 
|G) pote ON at: po oe eer 3.3 vA 


In the second integral in (VI), we must use the 
expressions Mf and K, for small x. This gives 


oe 


\ eee, 8 (=) dx = = ( 


or 
= 
| 
tA 
= 
[es 
| 
J 
ee 


As u tends to zero, we obtain the results for an 
unbounded medium that we already know. 


1 W. Heitler, Quantum theory of radiation. 
2G. N. Watson, Theory of Bessel functions. 


3 &. T. Whittaker and G. N. Watson, Modern Analysis, 
4th ed. ; 


Translated by R. T. Beyer 
182 


SOVIET PHYSICS JETP 


VOLUME 4, NUMBER 5 


JUNE, 1957 


Polarization of Relativistic Protons in Coulomb Scattering 


M. G. UrnIn AND V. N. MOKHOV 
Moscow Institute of Engineering Physics 
(Submitted to JETP editor September 15, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 842-844 (November, 1956) 


Perturbation theory was used to determine the polarization of relativistic protons which 


experience Coulomb sc attering. 


EEE 


Ne we limit ourselves to weak and almost 


constant electromagnetic fields the equation 
which describes a particle with spin 1/2 and mag- 
netic moment i = uehk/2 me (m is the proton mass 
and « = 2.79) for v <<c is as follows! 


ge aa = 6A.) + Tae TE py +m} ¥ = 0, 


where A, 
the electromagnetic field tensor and Yt’ = ut- e/2m 


(here and in the following # =c = 1). For 
FEY = eh. 


In a Coulomb field (A = 0; A, =to= iZe/r): 


is the four-dimensional potential, F’,) is 


stationary states we have 


= ibyp + Bm + ep + M’7Vo. 


Since the vectors in the problem can be used to 
form a unique pseudovector, that is, Lpop,! ( where 
Pp, and p, are the proton momentum before and after 
scattering ) polarization in the scattering plane is 
zero; therefore, we naturally analyze the spin per- 
pendicular to that plane (in the z direction ). We 
assume elestic scattering, i.e., p, = Py =P: 

Whenever the external field can be reparied as 
a perturbation the following formula holds true in 
first approximation: 


donyus = (2 /0)|\ ¥iVYodr |” 8 (2, — e9)d ps / (2n)° 
re of Orel 1 
len) )| Ver dO,., 

where do is the differential scattering cross 


orl 
section; v is the velocity of the proton; w, 


SHrek e!P OF and Wy =u, oe e'P1? are the free 


wave functions of the arctan before and after 

scattering; wu nu are the unit bispinors 

7 Hoh’ PaAy P 

which characterize states with certain polarization 

inthe z direction); V =eg+ it’y Vqis the per- 

turbation; dQ | is the element of solid angle in the 
1 


direction of the scattered proton momentum; 


Voie: \e dat (eo + WM’ V9) AT Upsro 


= (4nZe? | gi) wa [1 — OM’ /e) 17 Goi] Upore 


where q)) =Po — Py: 


For an unpolarized primary proton beam 


doy, = "Ye Si [e"/ (2n))] | Vit? FP dQ,,, (1) 


Bo 


where & denotes summation over initial polariza- 
Ho 
tions. Since Wud is the eigenfunction of the opera- 


tor 1/2 2B, Hy A, can be replaced by 
1 


[i + 4/2 EB Uy, / 2b. = Sup ilpay 


which enables us to sum joves pv, in (1). Then, 
using Casimir’s operator” (H, + A, )/2, , where 


H, = B(iyp, + m) in order to sum over NA ie 


obtain 
d3y, = 1/, (Ze / qui)* Sp {[1 
— (Mt /e) £Yoi] (Ho + 8) 
x [1+ (OR /e) iGo.) (Hi +) [uy 
Sr ce x 8] / 244) dQy,. 
Then the total differential scattering cross sec- 
tion is 


ds), a ds_s), 


= 1/2 (Ze? / qo)’ Sp {[1 — (M’ / e) ixqor] (Hy +) 
[1+ (M’ /e) ixqos] (Hy + &)} dQ», 


__ (Ze?/2pv)? 
= ant O73 — 2v*L sin? (8 / 2)] dQ», 
=[(a -1/2) — 1/20%v?]/(1- v2); @ is the 

are between p, and Py: 


In this approximation we have for the polari- 
zation 
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ds), ae ds_1), 


= */, (Ze? / 2pv)? Sp {{1 — OM’ /e) iy qoy] (Hy + e) 
x {1 + (DI / e) tx qo,] (7, + ¢) xB} dQ,, ==3) (@). 


We therefore consider the scattering cross section 
in the second perturbation approximation: 


2 
1 € 


a pasrres Tpy 
doy, = 2 Ld (21)? Vous 
Bo 
1py tp 7 
UTS os dp, 2 
x \ >» € =a, (27)3 dQ,,, 


where the integral with respect to p, is taken along 
the real axis encircling the point p, = p from 
below®. 

Retaining the first nonvaishing terms in the ex- 
pression for the polarization we obtain 


ds), Ga d3_1), 


22 ee ylle piri don 
= —— Re [ws - \ ini “ou, Pi 
Joep re) SD e—a, ~ (ne 
0 BGA; L 
GS vie 3 yi—le ip; 
sera) i tee Foye, Je 
waa sis! a ae ali 


We must here sum over fego App Ho? and just as 
was done above we introduce the summations over 
No» Ay» Hy? 
dos, — do_1, = [(Ze*)' / (2n)°q3,] 

Re|\ Sp F dpi /igigh (2 — €2) | dp, 
F = 8B [1 —(n’/e)ixq,)(H +*) 
x [1 — OR’ /e)® qq) (H+ ®) 
x [1 + (M’ /e) iyq,] (7, +.) aie 
Here use has been made of 2, = y,y,/i. Itis 
easily seen that 


\dQp, \pidp: Sp F / ig3,43, ( — &) 


= —a\[p,2,Sp F/ 934% ( + ep, = A, 


| 


—\d0,,{ ptdp, Sp F / i93.4%, (2? — 2). 


The second integral with respect to dp, is taken 
along the real axis in the sense of the principal 


) value. 


Since the imaginary part of F is the sum of 
products of an odd number of y matrices, Sp F is a 
real quantity and, consequently, 
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Re \)42pi \ pidp, Sp F / iq?.q?, (e? — 22) = 0. 
Then 


as, Ee do_,, 


= —[p (Ze)? /8nq2,]d0, \\dOp, [Sp F / @2,4%,loeo 
= [mpL | [PoP1] | (Ze?)® / =92,} 
x IE — 2 ON | me) p7}dQ,, 
Cf pry Py (p2- BaP 
x \ 2 ,2 
90:9 i1 


| dQy 
PP 


Integrating over the angles of p, and converting 
to ordinary units we obtain 


(eZ sintmic KL 1 


doy, — ds, =|.) —- —— In —_— 
jp — do), \137) p® sind” sin 07 4p 


pee | eee Bebe 
K a 1— 5” B a Won 
The integral cross section is 
01), — Gy, = 20? In 2 (Z/ 137)3 (a2me / p?) KL. 
It can be seen that for B = 0.6 and 0.77 the polari- 


zation vanishes. 
The relative polarization is 


do,, —do_1, 
2 2 
doy), + do_,), 
__ (Z/ 137) 48 V1 — 6K sin’ (0 / 2) 4 


1'— 25*2 Sin? (0/2) cos (0/2) Sin (9; 2)° 


When v << c we arrive at the previously known re- 
sult?: 

do,,,—do_,), 

doy), it do_y, 


2 


ae Z sin? (0/2) { 


Gk 4(a— > “¢ 137 cos (6/2) 1 Sin 0/2)" 


\ 


The problem has been solved by perturbation 
theory. Since |e¢| > | 2i’yV | the criterion for 
appl ying perturbation theory to the present case 


will be the inequality Ze*/itv << 1. For rela- 
tivistic protons this is equivalent to Z/137 « 1. 

The formulas which have been obtained are ap- 
plicable to the angular range 
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For angles greater than Leek. nuclear scat- 
tering is important. Small angles may also be ex- 
cluded because the Coulomb field of the nucleus 


M. G. URIN AND V. N. MOKHOV 


is screened by atomic electrons. 
These results can also be used as a correction 
to polarization in nuclear scattering. In this case 


ds), — ds_1), i | A le 


nuc 


= Ag, |? a | Agr—g + Ag, 7, 


where A and A. are the nuclear and Coulomb 
scattering amplitudes, respectively. In the inter- 
ference term it is sufficient to take A, in the first 
order perturbation approximation. 
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Isotopic Invariance and the Creation of Particles 


L. I. Lapiwus 
Institute for Nuclear Problems 
Academy of Sciences, USSR 
(Submitted to JETP editor October 13, 1955) 


The consequences of conservation of isotopic spin are investigated. Relations between 
different cross sections are found which are valid if inthe meson nucleon interaction a 
state with a particular value of isotopic spin predominates. The relations of Smorodinskii 
and Jacobson for elastic nucleon-nucleon cross sections are generalized for the case of meson 
and nucleon—antinucleon pair production. Furthermore, the consequences of isotopic spin 
conservation are given for the following cases: meson production on nuclei, creation of 
heavy meson pairs and nucleon antinucleon pairs in 7—nucleon collisions, and for some pro- 
cesses of nucleon annihilation in collisions with deuterons. 


IN connection with the increase in the number 


*of possible high energy experiments on nucleons 


and mesons it is interesting to investigate the con- 
sequences of the so called hypothesis of charge 
independence or isotopic invariance. 

The meson creation processes should allow the 
most direct experimental verification of the con- 
servation of isotopic spin. Besides the relation 
given by Yang! 


ds(p+ px +d) =2ds(n+ p—r°+ a), 
one can show,2’? using just one condition derived 
from isotopic invariance, that the following rela- 
tion also holds 


do (p + d—» H? + a") = 2ds (p+ d— He? + n°). 


Several reactions are forbidden by isotopic in- 
variance. Among them is the following curious 
case: in d—d collisions leaving the deuterons in- 
tact, only even numbers of mesons can be created. 
The forbidden character of the reactions 


d+d—-dtd+n d+d—->Het+ 7° 


fo} 
is clear. The case of three 7 —mesons can be 
proven as follows. Calling Wp 7 a function with 
ae 


definite T* and Ty; lone has for the wave function 


of two 7° —mesons 
(nx) = £V Dna = Yoo} V3, 


which does not contain 7=1 components. There- 
fore a system of three 7°—mesons cannot have a 
part with 7 =0. This shows that three 7°—mesons 
cannot be created since the nuclear system has 

T = 0 before and after the collision. 

The investigation of the consequences of 
isotopic spin conservation furthermore allows one 
to obtain information on the meson—nucleon and 
nucleon—nucleon interaction in states of definite 
isotopic spin. For example, as is well known, the 
elastic and the charge exchange scattering cross 
section of mesons is given in terms of the ampli- 


tudes of the states with T = 3/2 and T = 1/2 a, 
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and a, , respectively, in the following way: 
Goln pn") = |.a, (2, (1) 
ds (x p— ) = 1/,|a3 + 2a, [*, 
do (x p—> n°) = */)|a; —a,|?. 


One sees from (1) that the elastic cross sections 


in the T = 3/2 and T = 1/2 states are given by 


dos), =ds (x*p =) cK), 


do, = 1/, {3[do(x p= ) 
+ do (np x°)] —ds (a*p > =*)}, 
which yield for the total cross sections 
Gs, = O(n pon) =a", (2) 
Sit, = 8a {I (@ p> *) 
+ 6 (a7p > =°)] — o*} = 3/, (30- — o*). 


For meson production in 7—N collisions, one can 
obtain 


dss), (xN — Naz) 
= ds (xtp—> x'x*) + do, (nip > x*n), 
dss, (nN — Nar) (3) 
= 1, {3 [do (x p—> rn) + ds, (x p— x x) 
+ do, (x p— xn )] — doa, («NV — Nar)}, 
where, forexample 
do, (x p—> nr) 
= de (nr p—nx'x) + ds (x p— n=’), 


The yield for the total cross sections 


oy, (nV > Naz) = 5 (n*p — =), 


oi, (nN —> Naz) = 3), {39 (np > an) — 3 (n*p—> an)}, 


Let o*, 0°, and o~ be the cross section for 


multiple production of mesons by positive,uncharged M (np—>x*nn) 


and negative meson respectively. Then it can be 
shown that expressions of the form (2) are valid 
for any number of produced mesons; therefore, they 
remain valid for the total meson—nucleon inter- 
action cross section. The validity of these relations 
is connected with the fact thatthe isotopic spin of 
the meson system can be only 0, 1, or 2 if the 


TA 


total isotopic spin of the meson—nucleon system 
is T =1/2 or T=3/2. 

If the elastic cross section predominates, one 
obtains for a state with T 77 =3/2 (as is well 
known) 


do (x*p—n"):da(x p— 7°): ds(x p>) 
aos Det 


In order to obtain the quantitative consequences 
ofthe predominance of the JT =3/2 state inthe 
meson—nucleon interaction in meson production, 
one has to expand the final system into subsys- 
tems. In the analysis of meson production process 
es by nucleons, the final state ofthe system is 
usually classified in the way that the isotopic 
spin is a sum of the isotopic spin of the nucleons 
and of the meson.4*> This way one can follow 
through transitions taking place in the nucleon 
system. ® However, expanding into meson—nucleon 
subsystems, one can explore the transitions 
undergone by subsystems with different ere and 
as a result establishrelations between different 
cross sections which are due to the predominance 
of certain values of 7,,, in the meson nucleon 
interaction. 

If isotopic spin is conserved, one can express 
the cross section of single meson production in 
N—N collisions in terms of three independent matrix 
elements. Two of them correspond to transitions 
with T = 1, and one with 7 =0. Usually the two 
T =1 states of the final system are classified 
according to their symmetry with respect to nucleon 
exhange. In the scheme adopted in the present 
paper, the total isotopic spin7’ = | is obtained by 
combining the spin of the nucleon Ty = 1/2 with 
the 7N subsystem in either the T, =1/2 or the 
TN = 3/2 state. 

Denoting the transition amplitudes into the T=1 
state with A,, and 4,1, and into the TJ = 0 state 
with 4, the cross sections forthe different pro- 
cesses of single meson production can be expressed 
as follows: 


M (pp—>x*pn) = 3°2*Ajs, 

M (pp —>='np) =— Dee by. — DSR be 
M (pp—>*°pp) =—6 "Ay — 3 "Aun, 
SG Ag on aan 


M (np pp) 
ie gals (6 "Ais ue ee GAL Pee MAR, 
M (np — =°pn) (5) 


a gl foun. oom ba oA ws 65 4A,,.- 


M (np > *°xd) ; 
SOA 3 A 6 PAGO Ag. 
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The two nucleon—meson states (7 pn) and (anp ) 
are obtained from each other by exchanging the 
nucleons. Writing do 4 (pp 77 ) = do (pp >7" np) 
+do (pp -7* pn) l +c we obtain immediately 


(6) 


ds, (pp— =") + do (np—x*)+ds (np) 
= 2[ds(pp—*°) + do, (np—-°)]. 
Furthermore, one can obtain relations from (5) be- 


tween cross sections for different processes if 
the meson nucleon interaction of one 7’, pre- 


dominates. Thus, if 7 meson—nucleon interaction 
occurs only in the 7, = 3/2 state, then the fol- 


lowing relation obtains 
ds (pp —> «*) = 5ds (pp > =°) = 2,5de (np — n°) 
= 10ds (np) = 10ds(np— x"). 


(7) 


In the complementary case where only the 7, =1/2 


state contributes, (7) changes into 


ds, (pp— nr") = 2ds (pp—°), (8) 
ds, (np—> =) +ds (np + 5") = 2do, (np — a9). 
(9) 


The relations (6) to (9) are true forcertain parts 
of the meson spectrum. These relations can only 
be approximately true forthe total cross sections 
even if the main part of the spectrum consists of 
meson energies where the interaction in a parti- 
cular T,) state predominates. 


It is known from experimental results on the 
meson-nucleon interaction that for meson energies 
of 150 to 200 mev, the interaction in the TIN= af 
state predominates. The experimental total cross 
sections for single meson production at a nuclear 
energy of ~ 650 mev, where the center of mass 
of the spectrum of outgoing mesons lies at 150 to 
200 mev, do not contradict fq. (7).7»8»9 

From (5) one can express 4,, , A 11, and 49, 


in terms of cross sections. Thus, do, =|4,, [2s ; 


the cross section for meson production in the 
T = 0 state takes the form 


dsy(NN >) = 3 {ds (np— =") (10) 


+ ds(np-—> «x ) —ds (pp =°)}. 


Close to the meson production threshold, all 
quantities on the right hand side of (10) are small 


in comparison to o (pp ~7* ). This leads to the 
well known predominance of the TN = 1 state 


for meson creation.!° In the range of large 
energies, where the meson—nucleon interaction 
occurs in the Ty, =3/2 state, the expression 
(10) due to (7) alsotends to zero. 

From the experimental data on the nucleon—nu- 
cleon interaction one can obtain information on 
the interaction in states of definite isotopic spin 
in a fashion analogous to the way in which Eqs. 
(2) gave similar information on the meson—nucleon 
interaction. 


Let o%p (0), obp (8) = of (Band ot (6) 


be the differential nucleon scattering cross sec- 


tions. Then, as shown by Smorodinskii!? and 
Jacobson!2 holds 


dsj (6) = 2 [don, (6) + don» (x — 9)] — ds*p (9), 


For the total cross sections, this becomes 


(11) 


Using (10) one can obtain another expression 
from (5) for single meson production in the 7 =0 
state: 


y 
3) = 2onp — Spp- 


09 (NN — rz) = 3 (12) 


= 26 (np— x) — 9 (pp — tz) = 25ny — Sopp, 


Here o (np ~7) is the total single meson production 
cross section in n—p collisions and o(pp ~7) 

= 0, is the total single meson production cross 
section in p—p collisions. The relation (6) appears 
as the result of the existence oftwo expressions, 
(9) and (12) for ae From the last two relations 

it follows that (12) holds for the total cross sec- 
tions of nucleon interactions, including both 
elastic scattering and meson production. It re- 
mains valid even in presence of multiple meson 
production if the contribution from the latter 
cesses is subtracted. 

3. Inthe analysis of meson creation in 7—N 
collisions?’> the final state was expressed such 
that the total isotopic spin was given as the sum 
of the nucleon isotopic spin and the isotopic spin 
of the meson system. Thereby the possibility 
arose to investigate the transitions inte states 
of different meson exchange symmetries. When 


pro- 


dividing the system into meson—nucleon subsystems 
the remarkable fact emerged that the meson— 
nucleon subsystem of the final state can have 

TaN = 3/2 or 1/2 even if the total system had the 
same T' respectively. 


In the case where both T = 3/2 and TN = S72 
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the cross sections of the different processes obey 
the relations 


(13) 


ds, (x*p—> n*n°) 


13 17 x 
=> do (x*p—n'n*) = “57 ds (x p —> x°n°) 


447 , : 17, 7, _ : 
= 77 49, (ep 12) = Go ds (= porn") 


, 


Clearly the first of these processes predominates 
over all meson—proton processes. 

For T = 3/2 and the isotopic spin for the sub- 
system 7, = 1/2, one obtains, instead of (13), 


ds (x*p—> n* nt) (14) 
= 2do, (x*p— x*n°) = 9do (np —> nr) 
= 18/5do, (x p— nn) = Qds, (m p—x a"). 
In both these expressions, i.e., if the total isotopic 
spin is T =3/2 with arbitrary isotopic spin ofthe 
subsystems, the following relations hold: 


do (x*p— x'x*) : do (x°p — nr) : da (xp —> xn) 
ee ie (15) 
2 [ds (x*p— r*x*) 
+ ds, (np r°n°)] = 3 [do (xp — 2°) 
4 da, (n9p —>n*n") + da, (=p >=*x°)], 
2do, (x p—« 7°) 
= do, (x p> a") + 4do (x p— rr). 


In the case when the interaction predominates for 
'T =1/2 of the total system, nothing happens for 
incoming positive mesons. Besides the known 
expressions 


Ads (xp — °r°) 
(16) 
4 ds, (x p—> xn!) = 2d, (xp n*), 
do (x p—> rn) = 2do (np > x°r°), 
do, (x p—> a ta) = 2d, (x°p— n°) 
there exist still further relations when i, is 
specified. For T,. = 3/2 (T = 1/2), one obtains, 
instead of (12), the relation 
ds, (x p—xx') = 2,5de, (rn pan) 
= 2,5ds(n px"), (17) 
and for Tan = 1/2); 
ds, (x pr z') 


(18) 


= do, (x p—> rr) = 4d (nm p— n°’). 


In the energy range where the interaction of the 
mesons withthe nucleon in the final state occurs 
only in the Ty = 3/2 state, but where the total 


isotopic spin is both 3/2 and 1/2, the expressions 
(13) change only for interactions involving nega- 
tive mesons and protons since 7 = 1/2 states 

do not participate in the (7+ p ) system. Denoting 
the total cross section of the change of a positive 
meson into two mesons by do ( a* p a7 ) > we 
obtain the relation in the form 


65ds (=p — nn) + 6ds (x*p > xr) 


= 40ds, (np — nn) (19) 


+ 10do, (x p— xa"). 


4. In analyzing the nonproduction of mesons 
from the point of view of isotopic spin invariance’ 
one has to consider (in addition to the operator S 
which transforms like a scalar) an operator which 
transforms like the third component V, of a vector 
in isotopic spin space. The only nonvanishing 
matrix elements of such an operator are (see for 


Example Ref. 15). 


nTT, 


(Vz ule, Vas Tie. (20) 


(21) 
a DRE n No 
(Ia er ree a) 


Here n and n “are all other indices specifying the 
state of the system. 

We shall now investigate the process of single 
meson photoproduction on deuterium and look for 
relations between different cross sections, consi- 
dering the meson—nucleon system to bg in definite 
Ty States. Because of (20), Vz a T. = 0; hence 


thedifferent matrix elements of the photoprocess 
have the form 


M (yd — x*nn) = 3-7 Sy + 672 Vig + 8-2Vi,, 
M (yd—> =" pp) = 38S, — 6" Vig —3-4V 
M (yd —> =° pn) = —6~2 Sy + 372V1, — 672 Vi,, 
M (yd x np) = — 67S) — 32 V,, + 6 V,,, 


(22) 
Here S, is the transition amplitude connected 
with the operator S, and Y,, and V,, are the corre- 
sponding quantities for ie : Vig is the amplitude 
connected with transitions into states with T,, 
= 3/2 and J ,, into states with T,,, = 1/2, when the 


isotopic spin of the total system equals one. 
In the energy range where the a 3/2 state 
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predominates in the meson—nucleon interaction the 
processes involving V3 will also predominate. 
Then the following relations will hold between the 
cross sections: 


(23) 
ds (yd —> x*) = ds ({d—> x7) = 3/,ds (qd >»). 


Inthe energy range when the interaction in the 
| ae 1/2 state predominates one obtains from 
(22) 


(24) 
do (yd—> n*) + ds (yd +x) = 2do (yd > r°). 


In the analysis of meson photoprocesses the small- 
ness of S as compared with /, is sometimes taken 


as a starting pointes! lite is based on the 
smallness of S, as compared with Vj3 - How- 


ever, the smallness of the matrix 


element oP may be due to the predominance of the 


meson—nucleon interaction in the TaN = 3/2 state. 


The rather large cross section for the ‘‘elastic”’ 


7° photoproduction!?*!8 also may be due solely 

to the above mentioned characteristics ofthe meson 
nucleon interaction (the quantity So does not make 
any contribution to the yd ~ d +7° process). 

As shown above in many examples, the predomi- 
nance of the nucleon—meson interaction in states 
of definite JT can result in relations between the 
cross sections of different but related meson pro- 
duction processes. The derivation ofthese rela- 
tions did not involve any details ofthe meson— 
nucleon interaction besides the assumption of 
conservation of isotopic spin. These relations 
must therefore also follow from the more detailed 
models if they include the strong interaction in 
the T = 3/2 state, independently of the other 
aspects of the model. Relations of the type (7) 
must also appear inthe different ‘‘isobaric models 
However in the same way asthe experimental veri- 
fication of the 9:2:1 ratios in meson scattering 
did not decide the question of the resonance char- 
acter of the state, the experimental verification of 
relation of the type (7) does not confirm the “‘iso- 
baric model’’ but only points up the significantly 
larger importance of the T,, =3/2 state as compared 
tothe doublet state. This clearly holds for all 
processes of real meson production. 

5. The majority of the published relations be- 
tween cross sections for scattering or production 
of 7--mesons concern interactions with nucleons or 
deuterons. However, there exist similar relations 
even for nuclei, if they are in a definite isotopic 
spin state. Such nuclei are the light nuclei, as 
is well known. We shall now investigate the conse- 


9919 


Bi PAPIDES 


quences of isotopic invariance for meson pro- 
duction in nucleon—nucleus collisions. We shall 
consider specifically nuclei with a difference be- 
tween neutron and proton numbers of one and two. 
The relations which we will thus obtain are useful 
for checking the hypothesis of isotopic invariance, 
or for obtaining information on the purity of the 
isotopic spin in the states of the nuclei, and also 
for obtaining information regarding difficult reac- 
tions. 

As is well known, the cross sections for pro- 
duction of positive (o* ), negative (07), and neutral 
(o° ) mesons in nucleon —deuteron collisions in 
case of isotopic invariance have to obey the rela- 
tion 

(25) 
of to = 209, 


The same relation clearly holds for all nuclei with 


We shall now investigate the production of me sons 
by nucleon collision with mirror nuclei like H” , 
He®, and Li’, Be’. They have all isotopic spin 
T = 1/2. The total isotopic spin of nucleus plus 
nucleon therefore can be 0 or 1. The final state 
consists of an even number of nucleons and a 
single meson. The case T = 0 of the total system 
requires a nucleon isotopic spin T,, = 1 because 
of T,,=1. The case T = 1 can be obtained with 
Ti 2,1 or 0. Since no states with T, > 2 can 


participate, it is clear that the results obtained 

for He?® and H$ hold for all similar pairs of 

mirror nuclei .On the otherhand, one sees immedi- 

ately that the results of the present section have to 

go over intothe case of meson production in 

nucleon—nucleon collisions when taking into 

account that there the state with Ty = 2 is absent. 
As a result of the usual considerations, one 

obtains the following relations 


eee (n, =) + fear, (p,=-)] (26) 


aS Lop reese (1, n*) ia or ls (D, n’)] 


2 [op ty, (p,; ™°) + ores (n, nA E 
Here, for example, Or =-1-2(p,7" denotes the 


cross section for 7+—meson production by protons 
summed over all nucleons of a T, = —1/2 nucleus 


like H® or Be?. 


Because of charge symmetry, 
ey) = 
oT ey, (n, T ) a 5 pec (p, wT yy (27) 


(28) 
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One therefore can transform (26) into 


aa (p, =") ott "T= (Pp, n)] (29) 
a9 ee: (Pp, =) oe orgs (p, m )] 
=2 [o 7=—l (p, n°) + or = ts (p, x°)]. 


One can easily check that forthe case ofthe 
simplest mirror ‘‘nuclei,’’ the proton and the 
neutron, (29) changes into the well known formula 


*/2 9 (pp —> =") = c (np =°) 
+ 3 (pp—> =) — 3 (np), 
if we note that 
Cr 1, (P»* ) = 3 (pp) = 0, 
o(np—>n)=c(np>r). 


In addition to Eq. (29), it is possible to esta- 
blish several inequalities, as, for example, 


etn (P=) > Yoo 1s,(P.2), 80) 


oT = "Te (p, x) Zz Te oT Hh (DP, nT), 


OS ee Pe ) 8,1 Ap, **) 


a oT =k (p, x°) z /s oT =H (Pp, ™). 


One can apply a similar analysis to nuclei with 
[’y = 1 forming an isobaric triplet. The result is 


[o, 44 (P,*") + 79 (P, =") (31) 


On ay © eis Pr ) 
+ 97 9 (P, 8) + 97 (PF) 
= 2[5, 4, (P, ®°) + S79 (P, *°) 
+ op 4 (Pp, *°)]. 


Similarly one can obtain inequalities such as 


F114 (P, ™) > "ho oT =H (D, sas (32) 


0)- 
97 =H (Pp; n*) = “Ia oT +1 (P; = ); 
- 2 0 
Sr =H (eS i ee (p, x) > */s Sr mt (p, %°) 
and a number of others. 
4. We shall now illustrate the characteristic 
peculiarities of the relation between the meson- 


creation cross sections in case of predominance of 
certain Tn, in the meson—nucleon interactions, 
and choose as an example, a very simple nucleus, 
the deuteron. The Haat state in the case of meson 
production in a d—p collision can be split into 
subsystems considering the meson and nucleon as 


one, and the remaining two nucleons as the other, 
subsystem. The matrix elements for the pro- 


duction of mesons of different charge, M+, M-, and 
M™", can be expressed in terms of three quantities 
R,, N,and N, , which characterize the transitions 


inthe different possible isotopic spin states of the 
subsystems. Here R, = 3/2 r, corresponds to 
transitions with Tan = aoe Tne 1; for | ae 

= 1/2, N,=3 n, corresponds to transitions wit 


lyn = 1 and N,=v3 n, to transitions with 
1 es = 0. The different matrix elements then are 


given by 


M (pd—> =x ppp) = re + 21, (33) 


M (pd—>x*nnp) = —rz+ ny + ng, 
M (pd —> x*npn) = — ry + ns — Ng, 
M (pd —> x*pnn) = 3r;. 


In the energy range where ns andn, are negligible 
with respect to r, , the Don = 3/2 state predominates 


in the 7—nucleon interaction. The large 7+— 7- 
production branching ratio then follows from Eq.(33): 


ds*:ds) = 111, (34) 


Forthe neutral mesons one then obtains [from 


(25) ]: 


do° => os as". (344 


This can also be obtained from expressions of the 
type (34) which have not been written down here. 

The case of heavier nuclei with T =0 is consi- 
derably more involved. Even for He‘ it is not 
possible to obtain equations of type (34); the com- 
plications arise from states with Ty, = 2. 

It should be mentioned that relations ofthetype 
(34) have been derived earlier !9 under the assump- 
tion thatthe meson is created in collisions of the 
incoming particle with individual nucleons of the 
target nucleus. In that approximation, (34) is 
valid for all T = 0 nuclei. 

The strong predominance of the T,,, = 3/2 state 
in the energy region 150 to 200 mev also shows up 
strongly in the interaction of mesons with nuclei 
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such asthe deuteron. Considerations of similar 
nature to the foregoing show that the following 
relation holds between the charge exchange and 
non—charge exchange scattering cross sections: 


Qds(nx d—>x) =5ddo(nx d—7%). (35) 
The probability for charge exchange scattering 
istherefore much smaller than the probability for 
straight scattering, in marked contrast to 7-nucleon 
scattering in the same energy region. 


7. It has been deduced from experimental evi- 


dence on hyperons and K-particles?°’ 21» ?* that 
the isotopic spin of the different particles is. 
T=1/2; T, =9; Ty =1/2; T-=1/2. With this 
assignment it is possible to understand many pro- 
perties ofthe ‘‘strange’’ particles. The large 
value of the KX / K+ ratio in K-production with 
nuclei can be explained in this way. Further- 
more, the scheme of associated production of K 
and Y particles in nucleon—nucleon collisions re- 
moves the difficulty of the long half—life of the 
particles as compared withthe rather high pro- 
duction probability, etc. 

The reactions of creation of new particles in 
m-nucleon collisions have several peculiarities as 
compared with creation in nucleon—nucleon colli- 
sions. In particular, it is possible to create a 

air of K-particleg, without creating a hyperon 
te +N >N +K+K _ ), This reaction will occur 
at a kinetic energy of the meson greater than 


W = (2m,—m,)c? [1 + (2m, + m,)/ 2M |] 


= 1400 mev 
(K denotes the antiparticle of K ; for example if 
be = 1/2 799 = 1/2 then To > = 1/2, and 
Tee =1/2). 
Zz 


The conservation laws of charge and projection 
of the isotopic spin allow justthe following reactions 


(36) 
Fp pha, ep ek 


Cle hey Uden as SC na 8 


NN 
No production of K° particles is possible in 
a7 —p collisions since in a reaction like 
CP Sy gag OS at aa R°, allowed by conservation 
of charge, T, is not conserved. The cross sec- 


tions of the allowed reactions can be expressed in 
the form 
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(37) 


a (n*p—> pK*K®) = | a ? = 93), (nN > NKR), 

3, (m7 p> nK*K’) = 1/3 {?/3|%3 — %& |? +2] 81 Ph, 
5, (Rp —> PKK") = Yp ay + Dee, 
Here « , and 8, correspond to transitions with 
T = 3/2. The cross sections 0,,, for K-pair 
production in the J = 1/2 state are given by 


ou), (@N > NKK) = ¥/2 {3 [2, (7 p > K*K’) 
+9, (x p> KK] oF 
— ds), (7 > NKk)} 
—1/, (30 (x p—> KR) — ¢ (x*p—> KR)}, 


which has the same form as (4). ‘ 

One sees from (37) that the probabilities of K 

and K~ production have comparable magnitude. 

The direct dependence of the relations between 

the different cross sections on the isotopic spin 
also follows immediately from (37). If one con- 
siders, in addition to the reactions.(36), K-pair 
creation induced by 7° —mesons, one can easily 
derive relations between the different crosssections 
analogous to Heitler’s relations for 7—meson scat- 
tering. 

2. In connection with the possibility of experi- 
ments in the bev range, it is of interest to con- 
sider thecreation andthe interactions of anti- 
nucleons. One of the rather low threshold processes 
is the nucleon pair creation ig.7— N collisions, i.e., 
the reaction 7 +N -N +N’+N%. Its threshold lies 
at a meson kinetic energy of 
li \ if m,, ) 

W = 4Mel1— 4. 2) = 3760 mex, 
Nucleon pairs can be produced in the following 
meson—proton collisions: 


m+ p>p+ptn 
nm + pon+P+p;0 +p sn+n+h; 
m+ p>ptpt+p; P+psptnthi. 


. . —~ La) . 
Introducing crosssections for n and p creation, 
summed over nucleons, i.e., denoting 


a(x p>p)= 3 (= p—>npp) + 4( p> pnp) 


etc., one can write for the relation between the 
crosssections 
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a(x pn) +4(xp—p) +3 (pn) 
= 2[3 (np p) + o(=°p—n)], (39) 


This equation allows one to obtain the cross section 
of antinucleon creation by neutral mesons from 
experimentally determined cross sections of anti- 
nucleon creation by charged mesons. 

Similarly we have 


91), (nN —> N) = 1/5 {3 [5 (xp 5) (40) 


+o(xp => 7))—e(x' p> n)} 
= 1 {3s (x p> N) — 9 (n*p— N)}. 
If the T = 3/2 state predominates in the 7—N 
interaction, one obtains 
o(x*p—>n):o(x p—>p):o(s pn) =9:2:1. 


On the other hand, if the T = 1/2 is the important 


one, we have 


a(x p—>n) +-0(x-p—>p) (41) 


= 2 [3 (x9p 1) + 3 («9p p)l. 


From (40) and (41) it follows immediately that 


ds (x-p—>d- p) (42) 


= 2ds (r°p —d +n) = 2d (x°n—+>d + p) 


in processes where the final state contains a 


deuteron, or also in theinverse process of the anni- 
hilation of antinucleons on deuterium in the 


emission of a single meson. 

Relations between antinucleon—nucleon annihila- 
tion cross sections inthe emission of two and 
three 7—mesons have been derived earlier by Kob- 
zarev and Shmushkevich2?°24 For two—meson 
antiproton annihilation processes on deuterium one 
can obtain 


2[s (pd >nin) (43) 


aa {pd —> nx «*)] = 46 (pd —> nxn) 
+o (pd —+>pxn)+oa (pd —> pr), 
\ which for the total cross sections go over into 


99 (pd —> atx 
P . 43”) 


= 45 (pd > nn) + 6 (pd—>a°r ) 
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which coincide withthe expressions for anti- 
nucleon—nucleon annihilation obtained by K ob- 
zarev and Shmushkevich. For three-meson anti- 
proton annihilation on deuterium one obtains 


(44) 


oF (pd > Tn % ) 
Ee) (pd —> 79n G9) 4 a, (pd —> Tn nT), 


and for the total cross sections we do get Shmush- 
kevichs expressions for three-meson nucleon—anti- 
nucleon annihilation. For annihilation cross sec- 
tions involving 7* , 7” , 7° —mesons, which do 
not appear in (44), one obtains the inequality 
¥ (45) 

o, (pd—> xx n°) > a, (pd > rrr), 
The cross sections of (44) and (45) are summed 
over 7-mesons, for example 


o (nina) =o(ntn a )to(x ain )to(n an). 


The requirement of isotopic invariance yields a 
number of inequalities for nucleon pair creation 
in N—N collisions, such as 


30, (pp—>n)>s(pp +p), 


QIo (np — p) (46) 


~ 


4a (np—>n)] > «(pp p) + 3 (pp—n), 


The cross sections 0, and oy of pair creation in 
states of definite isotopic spin of the N—N system 
are given by 


o,(NN > N) = 9 (ppp) + o(pp—n), 
69 (NN -> NV) = 2[s (np 7) 


(47) 


- 3 (np — p)| — 9,(NN > WN) 


in complete analogy with relation (12). 

The author is very grateful to J. Ja. Pomeranchuk 
and to Ja. A. Smorodinskii fortheir keen interest 
in this work andtheir valuable comments. 
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Temperature Dependence of Viscosity of 
Liquid Argon 


N. F. ZHDANOVA 
Khar’kov State University 
(Submitted to JETP editor July 10, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 724-725 
(October, 1956) 


| ina work continues the investigation of the 
temperature dependence of the viscosity of 
elementary liquids at constant density!’*, The ob- 
ject of our investigation is liquid argon. The 
method and apparatus to measure the viscosity co- 
efficient at constant density were described pre- 
viously”. 

The measured temperature dependence of the 
viscosity of liquid argon at constant density (in 
the range from 90 to 270°K) is shown graphically 
in Fig. 1, in which the ordinate represents the 
fluidity in cgs units, and the abscissa the absolute 
temperature. Curve a-a shows the temperature de- 
pendence of the fluidity of argon in equilibrium 
with its vapor pressure. The Table lists the ex- 
perimental data corresponding to curve a-a. The 
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family of curves ¢{ 7 ) at p = const, obtained for 
argon, is very similar to an analogous family of 
curves previously obtained for nitrogen”. 

Two types of curves are obtained, depending on 
how the viscosity (fluidity ) varies with temperature 
at constant density. At high densities the flu- 
idity of argon increases with temperature; at low 
temperatures, to the contrary, the fluidity of argon 
diminishes with increasing temperature. It should 
be noted that in both argon and nitrogen the char- 
acter of the temperature dependence of viscosity 
changes at approximately the same value of rela- 
tive liquid density (p/ px ~ 2). One can assume 
thatthe character of the temperature dependence of 
the viscosity of nitrogen and argon (and perhaps 
also of other elementary liquids ) changes at a 
density close to 2p, because of the change in the 
mechanism of viscosity. The liquid mechanism of 
viscosity predominates at p > 2p,, while the gas 
mechanism predominates at p < 2p,. 

Figure 2 shows a family of isothermal viscosity 
curves for argon obtained by calculation fromthe 
data of Fig. 1. The abscissa represents the 
density of the substance in g/cm®, the ordinate 
the viscosity (x 10° ) in egs units. It is evident 
from Fig. 2 that argon viscosity depends mono- 
tonically on its density. The isothermal curves 
for argon intersect each other and intersect the 
equilibrium curve in approximately one point, at a 
liquid density nearly equal to 2p,. 

Results of an investigation of the viscous prop- 
erties of strongly compressed argon at a tempera- 
ture above 0° have recently been published?. In 


Fic. 1. Temperature dependence of fluidity of liquid 
argon in equilibrium with its vapor pressure; ]—p 
= 1.37 g/em®; 2—1.31 g/em®; 3—1.22 g/em®; 4—1.16 
g/em®; 5—-—1/10 g/em®; 6—1.02 g/cm®; 7-—0.95 g/cm®; 
8—0.88 g/cm®; 9—0.78 g/cm®; 10—0.70 g/cm?. 
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750 


TABLE 
See 
Ns g, 
is cea neon at /em/eee 
84.25 0.00282* 355* 
86,25 0.00262* 382* 
86.90 0 .00256* 391* 
87.30 0.00252* 397* 
90.0 0.00232 432 
99.5 0.00162 618 
T1420 0.00137 750 
420 0.00116 862 
427, 0 ,00100 4000 
133.5 0.00077 4300 
138.7 0.00070 1430 
143 0.00063 4590 
147 0.00056 4790 
149 0.00050 2000 
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* Values cited from work of N, S. Rudenko’. 


Fic. 2. Isothermal plots of argon viscosity vs, density. 


1260" Ks 2 980° Ky. 32009 Kees: 


our investigation, the viscosity coefficient of argo 
was measured at temperatures below + 18°C, and 
the results can therefore be compared only for a 


narrow temperature interval. Our results are 


neverthelegs in good agreement with those of Ref. 
3; the maximum discrepancy does not exceed 10%. 
The temperature dependence of the viscosity of 
liquid argon at constant density in excess of 2p, 
can be quite satisfactorily represented by an equa- 
tion of the type 7 = Ae¥U/T 


, where A and U are 
constants. A similar temperature dependence of 


viscosity was formerly obtained for nitrogen”. 
In conclusion, I must thank B. I. Berkin and 
N. S. Rudenko for supervising this work. 


1B, I. Berkin and N. S. Rudenko, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 20, 523 (1950). 

2 F, Zhdanova, J. Exptl. Theoret. Phys. (U.S.S.R.) 
31, 14 (1956); Soviet Phys. JETP 4, 19 (1957). 

3 Michels, Botzen and Schurman, Physica 20, 1141 
(1954). 


4 N.S. Rudenko, J. Techn. Phys. (U.S.S.R.) 18, 1123 
(1948). 
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The HDSe Microwave Spectrum 


V.G. VESELAGO AND A, M, PROKHOROV 
P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor July 13, 1956) 
J. Exptl. Theoret. Phys. (UESLSHIRG) Silo 731 

(October, 1956) 


HE HDSe microwave spectrum was investigated 
T with a radio spectroscope with electric molecu- 
lar modulation. : 

Preliminary calculations called for two transi- 
tions to exist in the 9000 mc region: 2,,—2,, and 
4,,—4,,)- An investigation of the spectrum in the 


8400-9300 me range disclosed two groups of six 
lines each, one for each of the selenium isotopes. 
Study of the Stark effect of the observed lines 
disclosed that one group of lines corresponds to 
the 259-29 transition, the othertothe 2 es 


transition. The frequencies of the observed lines 
are given in the Table. 
The frequencies were measured with the aid of a 


quartz multiplier. The measurement accuracy was 
+0.1 mc. The frequencies of the Se’4 lines were 


not measured, for this isotope occurs infrequently 
and its lines are of low intensity. In addition to 
observing the HDSe lines, we also observed two 


previously known? HDO lines, at 8577.7 and 8836.95 


mc. 

The intensity of the HDSe line reaches values 
of the order of 10°° cm7!. The HDO line at 8836.95 
me ” was used to calibrate the spectroscope 
sensitivity. 

The observed lines were used to calculate the 
frequencies of other possible transitions. Cal- 
culations called for a 9 — 9... transition to exist 
in the vicinity of 14,000 mc. The lines corre- 
sponding to this transition were found, but a dis- 
crepancy on the order of 60 me was found between 
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EEE 
Transition | eae set cy, 
82 8756.7 
80 8771.05 
43;—Ag3o 78 8786.05 
77 8793.95 
76 8801 .85 
82 9127.75 
80 9138.55 
229—221 78 9149.65 
77 9155.85 
76 9161,50 
82 13827 .7 
80 13862 65 
95a—9s5 78 13899 .3 
av 13918.3 
76 13937.8 


the calculated and the experimental data. This is 
attributed to the failure to allow in the calculations 
for the centrifugal perturbation, which is large for 
this molecule. To find the constants of the centrifu- 
gal perturbation, it is necessary to measure the 
frequencies of a few more transitions; this will be 
done in the future. 

In conclusion, the authors thank G. Ia. Vzenkova 
for preparing the HDSe compound. 


1 
D. W.Poesenerand M.W.P. Strandberg, Phys. Rev. 
95, 374 (1954). 


2D. W. Posener, J. Chem. Phys. 23, 1728 (1955). 
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‘Seniority’? Quantum Number Selection 
Rules in ituclear Reactions 


V. G. NEUDACHIN 
(Submitted to JETP editor May 30, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 891 
(November, 1956) 


*“SENIORITY’’ quantum number appears in the 
A theory of atomic and nuclear shells!-4, Let us 
denote this by v. At the present time, the degree 
of accuracy of this quantum number has not been 
established. The question of the correctness of v 
is closely related to the question of the accuracy 
of jj coupling, although it does not entirely co- 
incide with the latter. For the purpose of obtain- 


tol 


ing the required experimental information, it is 
necessary to investigate the satisfying of the selec- 
tion rules for v in nuclear reactions. These rules 
can be derived in a very simple way on the basis 

of the results given in the articles referred to 
above. 

1. In a reaction involving the capture or emis- 
sion of aj nucleon ( initial configuration j”, final 
configuration j"*!, or vice versa) Av = +1. 

In particular, stripping in even-even nculei, for 
example, with an frase shell, should not lead to the 
formation of a resultant nucleus in the excited 
Staten) p= 2 le ‘e with v = 3 (the ground 
state of the initial nucleus has v = 0 and J =0; 
the ground state of the final nucleus, with the ex- 


and V5, has v = land J=7/2-). 


However, such excited states of nuclei with f 


ception of dies 


7/2 
shells have not yet been observed experimentally. 


2. For 1 or 3 transitions in nuclei where 
there are only neutrons outside of the filled 
shells (for example, Ca}; ), or only protons ( for 
example, ue ), which are characterized by the 
configuration j", Av=0. 

Thus the selection rules in Ca4? and V°? for v 
forbid an 1 transition from any level of the 
(f,/.)" configuration to the ground level of this 
configuration with v = 1, J =7 = 7/2-, which is 
eround level for these nuclei. 

3. For M1 or M3 y-transitions in the case of a 
j" configuration formed by neutrons and protons 
(| AL, | ora 2A ie ON dite 0 when the 
isobaric spin 7 of the initial and final states is 
zero, Av'= 0. 

For E 2 radiation the selection rules for v will 
be Av = 0, +2. These have no practical value. 

Selection rules ] are intuitively clear and require 
no explanation. Selection rules 2 and 3 can also 
be derived by a very clear method. We shall now 
discuss selection rules 2. 

The wave function of a state of configuration j” 


with seniority v can be written as: 
a 

Py (2, 0) = >) (— 1)? PYG U, 2) 
P 


.. Yo (n—v —1,n—v) Wi, (0, 0); 


where the P are permutation operators of n numbers: 
(—1)? = +41 when P is even and —1 when P is 

odd. 
cases where such a wave function of the j” con- 


jt is important to note that even in other 


figuration is broken up into factors, none of the 


2, Lh eR RSe LO 
factors can be a symmetric function (antisymmetri- 
zation of a function which is symmetric with re- 
spect to even two particles gives,a vanishing re- 
sult). Thus no factor can be Le 1, 2), where 

J’ is-odd (j is a half integer). 

The operator of a lf 1 transition is a pseudo- 
vector operator; therefore, the matrix element 
vanishes for a transition between a state with the 
wave function we (1,2) and a state with the wave 
function W mi 1, 2), where J’, as we have seen, can 


M 43 
only be even. This simply denotes that transitions 


with Av # 0 are forbidden. 

It is expedient in practice to investigate experi- 
mentally the satisfaction of the selection rules for 
v only for nuclei which are heavier than Cass 
since nuclei between O}® and Cae, evidently do 
not possess a Shell structure, 1d and 2s con- 
figurations are highly mixed. 

In particular, for nuclei with a lf, ,, shell 
these experiments can determine whether jj or 
intermediate coupling takes place® and whether 
collective interactions are significant. v will be 
a good quantum number only when j— is a good 
quantum number and collective effects are unimport- 
ant. ixperimental investigations of the accuracy of 
v are naturally performed through experimental in- 
vestigations of the accuracy of j ©. 


1 
G. Racah, Phys. Rev. 63, 367 (1943). 
2 A, Edmonds and B. Flowers, Proc. Roy. Soc. 
(London) 214A 515 (1952). 


3 C. Schwartz and A, de-Shalit, Phys. Rev. 94, 1257 
(1954). 


4M. Umesawa, Progr. Theor. Phys. 8, 509 (1952). 
> D. R. Inglis, Rev. Mod. Phys. 25, 390 (1953). 


: J. B. French and B. J. Raz, Phys. Rev. 98, 1523 
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Gamma Quanta Emitted by |, Rh and Co 
Nuclei in Thermal Neutron Capture 


I. V. Estuin, L. F. KALINKIN AND 
A. S. MELIOR ANSKII 
Moscow State University 
(Submitted to JETP editor April 22, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 886-887 
(November, 1956 ) 


THE EDITOR 


Bp most reliable data on the energy and the ab- 
solute yield of y-quanta emitted by nuclei 
upon thermal neutron capture have been obtained 


by Kinsey’s group’ and by the Soviet scientists 
Groshev, Ad’iasevich and Demidov?’?. In Kinsey’s 
work!, only y-rays with energies greater than 3 mev 
were detected while in the work of Ref. 2, the spec- 
trum of y-quanta with energies greater than 0.3 mev 
was investigated. Meanwhile, measurements car- 
ried out with the help of scintillation spectro- 
meters ' proved the presence of discrete lines 

in the low energy part of the spectra. The authors 
working with scintillation spectrometers were not 
able to determine the absolute intensities of the 
observed lines. 

In the present work, the energies and absolute 
intensities of y-quanta with energies of 50 to 600 
kev emitted by I, Rh and Co nuclei during thermal 
neutron capture were determined. In the work, a 
scintillation spectrometer was used with a Nal 
(Tl) crystal of cylindrical shape (height 9 mm, 
diameter, 28 mm). The resolving power of the 
spectrometer, 7, depends on the energy of the y- 
quanta (E,) according to the law 


a 


=186 EL? + 2.5, (1) 


where £ is expressed in kev and 7 in percent. In 
experiments carried out with radioactive emitters 
having monoenergetic y-ray spectra, the efficiency 
of the spectrometer ep» Was determined, enabling 
one to convert the area of the photo peak to the 
number of y-quanta falling on the Nal (TI) crystal. 
A heavy water physics research reactor® was 
used in this work as a source of thermal neutrons. 
A well-colliniated beam of neutrons came out of a 
horizontal channel in the reactor shielding. A 


target of the material being investigated was lo- 
cated in the center of the beam. A Nal(T1) crys- 
tal and a photomultiplier tube were placed under the 
target, and were carefully shielded with lead and 
with boron carbide . A channel of 10 or 15 mm 
diameter, used as a collimator for y-rays coming 
from the target to the Nal(T1) crystal, was located 
in the spectrometer shielding. The aperture of the 
y-tay collimator was covered with boron carbide of 
0.3 gm/cm? thickness, blocking the passage of 
thermal neutrons scattered in the target. 


In the measurement of y-tays fromthe capture of 
neutrons, measurements were made with an open 


beam: of thermal neutrons, Ng, and with a beam of 
neutrons filtered at the exit of the neutron colli- 
mator by a B,C shield ND: The effect of thermal 


neutrons in the target N is equal to the difference 
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between these two values: 
= Wg Ni. 


The photopeaks of soft y-rays in the spectra of 
the targets investigated that are emitted by nuclei 
as a result of thermal neutron capture are seen on a 
background of impulses from harder y-quanta. The 
presence of this “‘base’’ limits the accuracy of the 
determination of the areas of the photopeaks. In 
order to lower the background due to hard y- quanta, 
the study of the low energy part of the y-ray spectra 
included measurements of the absorption of the y- 
quanta in lead. In such a way, the y-ray spectra 
absorbed in thin lead filters were measured. In 
these spectra, it is possible to isolate the desired 
photopeak area with certainty; this area is directly 
related to the intensities of the measured y-rays. 

In order to determine the number of y-quanta of a 
given energy resulting from the capture of one neu- 
tron, it is necessary to know the neutron current 
falling on the target as well as the solid angle sub- 
tended by the target relative to the Nal(T1) crys- 
tal. With the goal of measuring these quantities 
experimentally, we replaced in the neutron beam the 
target being investigated with a B,C target, similar 
in shape to the target of the material being investi- 
gated. The B,C target completely absorbed the 
thermal neutrons falling on it. Comparison of the 
area of the photopeak from 482 kev y-quanta, 
emitted by a B,C target, with the area of the 
photopeak arising from the target of the material 
being investigated permitted determination of the 
emission of y-quanta during capture of a single 
neutron. Here use was made of the absorption 
cross section for thermal neutrons’ and the experi- 
mentally determined efficiency of the scintillation 
spectrometer. The results of measurements on I, ith 
and Co are presented below. 

During the measurement of thermal neutron cap- 
ture, y-rays from I nuclei, y-quanta with energy 
E = 135 +4 kev, not apparent earlier in the work of 
other authors4’®, were observed. The results of 
one of the experiments with an | target are pre- 
sented in the Figure. The photopeak of y-rays with 
135 kev energy is clearly seen. The intensity of 
these y-quanta per 100 captures of thermal neutrons 
was n = 30. The accuracy in the determination of 
the absolute yield is 15%. On the Figure, to the 
left of the principal photopeak, there are seen two 
small instrumental peaks. In addition, a photopeak 
from y-quanta of energy 510 kev is noticed in the 
spectrum of the y-radiation from an | target. It is 
possible, however, that these quanta have a second- 
ary origin. Gamma-quanta with an energy of 255 
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kev, observed in Ref. 5 on the reaction I(n,y), did 
not appear in our measurements. 


N 
1600 


135 kev 


YO 


12.00\-- 


Pulse height in volts 


2 10 20 JO 40 50 
Counting rate 


Fic. The y-ray spectrum from Iodine. 


Four discrete lines, with energies L, = 217 +4; 
E, = 116 +4; E, = 133 +4; E, = 96 +4 kev, and 


with intensities (for 100 captures of thermal neu- 


trons ) respectively equal ton, = 9.3, 7, = 18,7, 


= 8 andn, = 16, have been observed as the result 
of the measurement of the y-ray spectra emitted by 
Rh nuclei upon thermal neutron capture. The ratio 
n,/n, is determined with an accuracy of 15-20%. 
The fines found cannot be connected with the ac- 
tivation of the target, since they differ in energies 
from the y-quanta fromthe isomer Rh!94 8 In the 
work of Hamermesh and Hummel?, y-quanta of 
energies 80 and 160 kev found in the y-radiation 
from radiative capture of neutrons by Rh nuclei, 
were assigned in error to target activation. In 
this work, it is probable that the most intense of 
the y-rays registered by us were detected. In the 
work of Kinsey and Bartholomew9, the energies and 
intensities of the hardest y-quanta emitted upon 
slow neutron capture were measured. Qn the basis 
of these data, it is possible to establish the ener- 
gies of the low-lying levels of the Rh!4 nucleus. 


The y-lines found by us correspond to transitions 
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between these levels. 

Gamma-quanta with energies EL , = 276 and Ee 
= 226 kev and approximately equal intensities of 
about 20 y-quanta per 100 neutron capture have been 
observed in the measurement of the spectra of the 
y-rays from theradiative capture of thermal 
neutrons by Co nuclei. The energies of the y-quanta 
£, and E, are in agreement with the data from the 
work of Reier and Shamos?. 

In conclusion, the authors thank A. M. Safronov 
and the association of co-workers operating the 
physics reactor for their help in the work. 
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Concerning a Certain Possibility in 
Quantum Field Theory 


Iu. M. LOMSADZE 
Moscow State University 
(Submitted to JETP editor February 28, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 887-889 
(November, 1956 ) 


HE author has attempted to overcome the well- 

known difficulties of contemporary relativistic 
quantum fieldtheory which result, first, from the 
appearance of irrenovable infinities in many ‘‘un- 
renormalizable’’ variants of the theory (among 
which are evidently all variants with an interaction 
Hamiltonian which either.consists of the product 
of more than three field operators or contains the 
derivatives of these operators ) and, secondly, from 
the divergence of series that are obtained after the 
elimination of all infinities in the ‘‘renormalizable”’ 
variants (particularly in electrodynamics). 

It would seem that the explanation of these diffi- 
culties must be sought not in a deficiency of the 
theory itself but in a short-coming of the method 
that is used to solve the equations of the theory 
(the Lomonoga-Schwinger equations ), namely, the 
perturbation method (the decomposition of the de- 
sired solution in a MacLaurin series of powers of 
the field binding constant g). In other words, the 
series which is obtained formally in the course of 
the solution, because of the illegitimacy of this 
very expansion within the framework of ordinary 
mathematical analysis, does not provide the de- 
sired solution in the usual sense of a sum (the 
limit of the sum of n terms as n > o)*, 

It can reasonably be asked, however, whether it 
is possible in some manner to derive from the 
formally obtained series the solution which was 
improperly expanded in this very series. In other 
words, what mathematical operation should be under- 
stood by the “‘sum’’ of the series so that this 
‘‘sum’’ would give the solution formally expanded 
in the series even when the ordinary concept of a 


sum leads to an obviously incorrect result (=~), 
If the S matrix S(g, p) of a process is selected as 
the solution of the quantum equations (where p 
denotes the set of momenta of “‘real’’ particles), 
then, assuming that this S matrix is an analytic 
function of p, our question can be answered by 
introducing the following generalizations of the 
usual concept of the sum of an infinite series, 
which satisfy general axiomatic requirements (see, 
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for example, Ref. 1). 


If the series U,(€) converges in some interval 
u 


of ¢ to the analytic function S(€), then by the 
generalized sum > (with respect to &) of this 

i€ 
series (in the intervals where it diverges ) we shall 
understand the analytic continuation of S(€) in 
these intervals. Given a series of the form 


= gat: (1, €), where each of the J-integrals can di- 


L 


) 
verge**, then by the /-sum > ¢ (for €) of this 
t 


series, if it exists, we shall understand the /- 


integral of the generalized sum with respect to 1 
and € of the integrands: 


=i 4 S x 
>) Vill, §) = \ Dis U; (2, §). 


The proposed method is applicable to the pair 
theory of interactions of spinor fields and of a 
spinor and pseudoscalar field. The entire infinite 
set of series terms, each of which corresponds to a 
Feynman diagram, is divided in a definite manner 
into (infinite) subsets and the /-summation of the 


terms in each subset is performed (this /-summation 


can be accomplished in closed form). It results 
(as can be shown by the inductive method which 
the author used previously to solve another prob- 
lem?) that the modified series which results from 
this operation, consisting of subsets summed in the 
1 sense is not only renormalizable, but (after re- 
normalization ) converges in the usual sense and 


converges absolutely in each case for large momenta 


of ‘‘real’’ particles. Each term of the renormalized 
modified seriesis a complicated function of g 
which cannot be reduced to an integral power; for 
small g the series decomposes the S matrix in in- 
creasing powers of glng, which reveals the origin 
of the irremovable infinities in the original per- 
turbation series. 

A natural result is that the modified series is 
equivalent to the original series in the following 
sense. If in the original series the /-integration is 
‘limited by some J ,, then such a ““cutoff’’ series 
A can be compared with another series 4“ such 
that the formal expansion of each term A’ in a 
Maclaurin series with respect to g (which con- 
verges to give the expanded tern only for small 
values of 1, ) leads to series A. For small g 
and large 1, series A ‘ gives an expansion in 
increasing powers of gIn(g + e/a). In the 
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limit lay 2 % A’ coincides with our modified 
series, which we obtained without this intervening 
““cutting-off’’ procedure. This fact is extremely 
important for an understanding of the relationship 
between modified and ordinary series, since it 
emphasizes the difference in principle between the 
proposed method andthe usual methods such as the 
introduction of cut-off factors, for which such 
equivalence obviously does not exist. 

One of the peculiarities of the foregoing modifi- 
cation is the fact that now the interaction potential 
of two spinor particles in any approximation of 
pair theory has a singularity at the origin which is 
not stronger than 1/rlnr (conipare the results in 
Ref. 3), which makes it possible to use pair 
theory for the solution of problems concerning 
nuclear forces. An analysis of the potential of the 
first nonvanishing approximation in one of the 
variants of pair theory shows that attraction at 
large distances which decreases exponentially as 
r+ oo, becomes repulsion at small distances ( with 
a 1/r singularity at the origin. This isthe re- 
sult required by experiment. 

It should be noted, in conclusion, that the pro- 
posed method can be used in electrodynamics and 
in the variants of the theory containing derivatives, 
although the latter possibility is obviously associ- 
ated with certain difficulties. 

The author takes this opportunity to thank D. D. 


Ivanenko for valuable discussions. 


‘ 


* The origin of the difficulty resulting from “‘irremova- 


ble’’ infinities can be illustrated by the formal expansion 
of the function Ing in a Maclaurin series; the difficulty 
resulting from series divergence can be illustrated by 
expansion of the function (1 — eis ier Sls 

** Keeping in mind that / can mean any set of virtual 
momenta and & another set of both virtual and real 
momenta. 
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Accuracy of Isobaric Spin for the If, ,, Shell 


V. G. NEUDACHIN 
(Submitted to JETP editor June 18, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 892-893 
(November, 1956 ) 


ADICATY? has calculated the accuracy of the 

isobaric spin 7’ for the lightest nuclei on the 
assumption that the inaccuracy of T is caused by 
Coulomb forces alone. We have carried through 
analogous calculations for nuclei with 1d and 
Dfeas shells. These calculations, which followed 
the method of Racah2’°, are characterized as fol- 
lows: 

1. The matrix elements of the Coulomb interac- 

tion can be of several kinds. 


a) <j°T (s) JMr|G* | j"T’ (3‘) JMr), 


n 
(/2— 7;) C/2— T;) 
. 1 1 J D) 
G= > 2, Si er ey Cx, 
i>j 


T, is the operator of the z component of the isobaric 
spin; (a) is the symbol of the irreducible repre- 
sentation of the symplectic group’; M, =1/2 

x (N — Z) = 1/2( A — 2Z); j” is the nucleonic 
configuration of the unfilled outer shell. The in- 
accuracy of the isobaric spin of the lowest nuclear 
states which is associated with matrix elements of 
this form is 10°* — 10°° (squares of the amplitudes 
of the additional terms) and is relatively inde- 
pendent of configurations and types of coupling 
(LS or jj coupling). 

b) Proton density of distribution in a closed 
spherically symmetrical shell. P(r) denotes the 
combined density of protons in all closed shells. 
Neglecting exchange interaction’, we can repre- 


sent the Coulomb interaction operator of nucleons 
in the outer unfilled shell with the filled shells as 


P(r) dt 


DiCh—), =e) Oe. 


A matrix element which is nondiagonal with respect 


toT: 
<j"T (3) JMr | Xf; ("/g— i) | j"T’ (3) JMr> 
vanishes because of the well-known orthogonality 


of the genealogical coefficients”’?. This con- 
clusion is not changed when the exchange inter- 
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action is taken into account and the matrix ele- 
ment is written in rigorous form, using the formulas 
given by Elliott and by Janagawa”. 


c) <(Nj)"T (9) JMr 


X DClo— i) fi (Mi) (N) T (2) JMr> 


N and N’ ard nonidentical principal quantum numbers 
of the states of individual nucleons. These matrix 
elements are the most important. 

2. The calculations were carried through with 
oscillator wave functions, whose parameters were 
determined mainly by the differences in the binding 
energies of mirror nuclei, assuming charge inde- 
pendence of nuclear forces. The values of the 
parameters were obtained analogously in Ref. 6. In 
particular, we used for Bea v'* = 2.0 x 10°!3 em, 


for Bae y7¥/2— 1.7 x 10°33 cm, for Lie: y%=1,4 


x 10°13 cm, where v is a parameter in the wave 
function; for example, for the 1s state: w 
= const e-Y"?/2 

Calculation of matrix elements (c) gives the 


following values of the square of the amplitude of 
the added term for the ground states: 


Nucleus Lif Pe See 
of, = 5-10-85 410-4 1.19-2 
T = 0, ee = 46 


Thése values are typical for auclei of the corre- 
sponding shells. 

Extensive experimental data are available for the 
lightest nuclei?-9. For nuclei with a 1f7/, shell 
there are almost no data. Some conclusions, how- 
ever, can be drawn from the following fact. The 
resolved §-transitions in odd nuclei with a LD es 
shell between the states i = Lire =j= 7/2 are 
divided into two distinct groups: for non-mirror 
transitions Ce = Loe tT): ig ft =5 — 6, and for 
mifror transitions (7; = T,,_): lg ft ~ 3.5.Examples 
are: 


Tigg (B*) Scot: Ig ft = 3,4; CaéS (p-).ScfS: dy fe asi 

Without attempting to explain this fact, whose 
causes are still unknown®, we shall note that the 
existence of such a clear difference between the 
values of ft for mirror and non-morror transitions 
enables us to say that the squares of the ampli- 
tudes of the added terms for the isobaric spins 
does not exceed a few percent; otherwise, the 
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difference in ft for the two groups mentioned would 
be smaller. 

A direct experimental check of the accuracy of 7 
for nuclei with a ee shell is difficult since 
nuclei with N = Z or N = Z +] are unstable. For 
this purpose it will probably be useful to study the 
reactions (y, n) and (y, p)?. 

Our examination shows that whenever the outer 
neutrans and protons are to be found in the same 
shell in a stable nucleus, 7 is a good quantum 
nuniber. 


When we pass from nuclei with a aes shell to 


heavier nuclei, we find that the outer nuetrons and 
protons in stable nuclei are contained in different 
shells. For such cases the proton and neutron 
shells are considered separately and the isobaric 


Spin is not used as a quantum number. This is 
easily understad, since one cannot speak of the 


of T for these nuclei. 
that T is still a good quantum number 


“‘accuracy”’ 
The fact 
for nuclei which contain a large amount of Coulomb 
energy is associated with the character of the 
coulomb forces: these are long-range forces, so that 
the nondiagonal matrix elements are smaller by 
one order of magnitude than those matrix elements 
which are diagonal with respect to 7. In the 
limiting case of an infinite range for the forces the 
nondiagonal elements (in 7’) would vanish because 
the Hamiltonian would be symmetrical with respect 
to permutations of the particles. 
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B. Mottelson, Dan. Mat. Fys. Medd. 27, No. 16 (1953). 


aie Morinaga, Phys. Rev. 97, 444 (1955). 


Translated by I. Emin 
187 


—_——_—$—$—$— 


157 


The Theory of Slowing Down of Neutrons 


A. IA. TEMKIN 
Institute for Geophysical Methods of Prospecting, 
Petroleum Ministry of the USSR 
(Submitted to JETP editor June 5, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 893-895 
(November, 1956) 


A Ble integral of the collisions of neutrons with 


the nuclei of a moderator! can be written as 


(1) 


x 8 (Uo — ¥,) V(r, w’, Oy Go) — SKB, y, 


a 


vi . 2) 
as “ ryt r (u ) ( 
R= | au Le i. @) 
0 
1 
x \ du’K, (uy u/,u—u'), 
1 
K,=(1—w?— 4 — 2 — 2y, un’) 2, (3) 
i (4) 


By 


a= \ 3(e’—B) ap’, 
0 

where w is the distribution function for collisions 
between neutrons and moderator nuclei (see, for 
example, Refs. 1 and 2), « is an index which desig- 
nates individual elements with mass number M. 
contained in the moderator, 3 and f are the spheri- 


cal angles of the vector w = p/p (where p is the 
neutron momentum and r is its radius vector), 
us In(2mE,/p”) with £, as the initial neutron 
energy and m as the neutron mass, A , is the partial 
neutron mean free path allowing for inelastic colli- 
sions with nuclei of mass Mf,, and A is the total 


neutron mean free path in the medium, 


Y, (24) =[(M, +m) ee —(M, —m) e!2) / 2m, (5) 
F x (4) (6) 
( ((M,-+-m)?/4mM,]e—* for u<q,, 
— 0 eye SST 
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(7) 


qe=o BM m) /(M, —m)], 


na! + VT VT— wos (p’— 8), 8) 


Uo = oo’ = 
B (Ox B < 27) is the root of the equation 


up’ +Vi—p?V 1 — pcos (@B—B6)—y,=0. (9) 
We note that in the one-dimensional problem 

which was considered in Kefs. 3-6, the function w 

is independent of 8, so that Bly =. In this case 


it is easy to derive an equation for A, in the 
form of a series of Legendre polynomials: 


== 5K (20+ 1) Py (vq) Py (He) P; (¥’)- (10) 


K..(p ps wu) is the angular distribution (with re- 
spect to angle J) of neutrons scattered by a nucleus 
in the laboratory system. It is well known that its 
strongest dependence on y and p’ occurs for the 
scattering of neutrons by hydrogen. We shall now 
show that even in this case the principal part is 
played in (10) by the sum of a few (ng + 1) first 


terms of the series which we shall denote b ie 
If we now express K_ according to Eq. (3) the 


remainder of series (10) K.=K,- Ke can be writ- 
ten as a finite expression. n (2) we now replace 
kK, by K° or K, and obtain ie operators Ke and 
K v4 


‘Regarding all functions of u and p as points in 


in the metric space i defining the norm of V(u,,) 
as 


(11) 


and denoting « = || ie 4 / || Ko|| 4 


«i| 7» we obtain 
€ = 0.33 < 1 from (10) with VM = m and No 


Let n be chosen so that « < 1, Pern 7 we 
exact kinetic equation! 


= KB. 44S (12) 


we shall consider the equation 


= SKB WLS, (13) 


where S is the density of neutron sources and 
“aw 


L (u, p, B) =A(u) wgrad + 1. 
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Comparing (12) and (13), we find by using 
Schwarz’ inequality that (|| y— yy) V4 / || wo ||) 
Se. 

The effect of RK. can be regarded as a small per- 


turbation. For tie purpose we write 


p— yO = gH yO 4...- YM 4.... (14) 
Substituting this series in (1), breaking it off for 
successive values of n = 1, 2,..., taking (13) into 
account and each time dropping a term of the form 


= S)K,8,0, 


we arrive at an equation for the determination of 
the nth correction which quire from (13) only 
in that S is replaced by S vist 

The solutions of these marie: can be written 
with the aid of their Green’s functions G in the 
form 


(15) 


16 
po” (i u,U, B)= \ Suey (1, “1, U1, 81) ( ) 


x G (r, T1, YU, Uy, BL, U4, B, 81) dry, du, dy d61, 


setting S(-1) _ §, 

Recalling how the equations for yp) were de- 
rived by the use of (13) and (16), we find that 
CH YOU ce 


le | 
H 


that is, the series (14) converges to wy — W with 
the error defined by (17). We note that the con- 
vergence of a point sequence in space L,, which 
we have used, corresponds, as is well known, to 
the convergence in the mean of a sequence of func- 
tions. 

The Green’s function G satisfies (13) when we set 


S=6(r—1r,) x d5(u—u,)d(p~p,)6(B-B,). 
Multiplying this equation on the left by the opera- 
tor L~} and using g to denote the Green’s function 


of the operator L which satisfies the boundary con- 
ditions of the problem, we put it into the form 


(|y-yo— ~a) (17) 


1 
1 — etl, 


nee Dh arkese fT Bs 8) (18) 


x G Cie YT, uw, uy, BL’, U4, B’, 6x) 


Trees Ty, UW, U, 6)8 (4 — uy) 8 (u — wy) 8 (8B — B)). 
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The right-hand side of (18) actually contains G°, 


n 


0 
the sum of the first ©} (2n +1) (in the one- 


n=0 

dimensional case n, + 1)] spherical harmonics of 
the Green’s functions. Therefore, the obtaining of 
G is reduced to the obtaining of G° by the method 
of spherical harmonics, that is, to the solution of 
a small set of integral equations which can be 
solved with consideration of the dependence of 
A and A, onu. The Green’s function G and the 
functions w°°) and yw? are then determined accord- 
ing to (18) and (16) in finite form. 

This is especially important for calculating 
neutron distributions in media which contain hydro- 
gen (water, petroleum, etc.) since the usual ex- 


pansion of the distribution in spherical functions !~® 


converges poorly in this case. 
In conclusion, I wish to express my Sincere 
thanks to S. A. Kantor for his assistance. 
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The Effect of Finiteness of Target-Nucleus 
Mass on Angular Distribution in 
(d, p) and (d, n) Reactions 


D. P. GRECHUKHIN 
(Submitted to JETP editor June 12, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 895-897 
(November, 1956 ) 


iB analyzing the angular distribution of the prod- 
ucts of (d, p) and (d, n) reactions, it is cus- 
tomary to use the formulas derived,.by Butler! for 
an infinitely heavy target-nucleus. We have cal- 
culated the angular distribution with allowance for 
the finiteness of the nuclear mass by the same 
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method of smooth connection of functions and sub- 
ject to the same assumptions as in Ref. 1 without 
considering the question of the legitimacy of these 
assumptions. The results of the calculation are 
given below. 

The angular distribution is given by the following 
formula: 


S (0) = |(Z3-+ 2) = (23 + (a + BP ~ 
I 
J (+ q)! 
‘ ps : ns (> (L—q)! q! (2k8 Ry)? 


x Wat kERol) fr (ZeRo) 


1+ q)! 2 
—( DG pigesRyt) Ro Fras RO]? 
qg=0 

where / is the orbital angular momentum of a nu- 
cleon captured in an orbit of the ultimare nucleus; 
ks is the wave number of this nucleon in the final 
state. The values of N are the same as in Ref. 1. 
Ys is the ‘‘reaction radius’”’ and is obtained by 
setting in agreement the theoretical and experi- 
mental curves for the angular distribution of the 
products of stripping. The wave numbers o and 8 
which describe the state of the deuteron, are taken 
to be u = 0.23 x 1013 cm’! and B = 1.4 x 1013 em’}; 
f (x) are spherical Bessel functions: fh (x) 
=4/ 7 / 2% da (x). This formula differs from that 


of Butler only in that K is replaced by Z,, Z by 
Z, (andr, by Ry). Here Z, and Z, are given by 


4 (Ma "Io M, (2) 
Liars (ar) (atm, ) V2 FM) Wan 
M,+M, lk 
—( a7 = V 2M, W. ny ? 
4-| {Ma - 
=> V2(M,+M)Wim 


? 


Me le 
e mia) ncaa 


where (0G. a) =cos0@, 0 is the angle between the 
directions of the escaping nucleon and the incident 
deuteron in the center-of-mass system, Las and i 
are the kinetic energy of the deuteron and nucleon 
with respect to the initial and final nucleus; M 

M, and M . are the masses of the target-nucleus, the 
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5 sade 9 
1 and 2 are the angular distributions derived theoretically for finite mass of Be, 


with Ry =6.1 x 10°13 cm and R 


emitted nucleon and the captured nucleon. Obvi- 


=EM,/M;W,=W,+Q. Here E , is the 


deuteron energy in the laboratory system and Q is 


ously, W, 


the reaction energy. When /, > o the formula is 
reduced to that of Butler. 

Allowance for the finiteness of the nuclear mass 
M leads to a change in magnitude of the reaction 
radius R, ( which is always an increase). The 
angular distribution of the reaction products is also 
somewhat deformed (especially at angles 6 > 50°). 

We give as an illustration the angular distribution 
of the group of protons resulting from the Be? 

(d, p) Be’? reaction at £ , = 3.6 mev with neue 
capture in the ground qr of Be!®; L = 1a) 

= 4.59 mev (see the Figure ); the “parraGaal data 
are taken from Ref. 2. Allowance for the finiteness 
of M, leads to larger values of R,. Moreover, when 
KR, is determined from agreement of the first maxi- 
mum (or first minimum ) the positions of the second- 
ary maxima and minima of the distribution curve 
also agree with experiment, 


This is not a unique example. Thus, in the He? 


pee Al 
tribution according to Butler’s theory with rp) = 4.5 x 10 


cm, respectively; 3 is the proton dis- 
i ent 4. 


reaction at Ey 


(d, p) He = 10.2 mev® [ or H3 (d,n) 


jee an analogous calculation gives R, = 5.3 
x 10°)? cm instead of ry = 4.3 x 10° a8 can As in 
the preceding instance, agreement of the theoretical 
and experimental first mininia leads directly to agree- 
ment of the succeeding maxima and minima. It 
should be noted that with increasing deuteron 
energy, the correction for finiteness of the mass M, 
becomes more important. Therefore, the decrease 
of the radius ry which was noted by Gordon* prob- 


ably resulted in part from the fact that he did not 
make allowance for the finiteness of Vf ; 
a 


In conclusion I wish tothank A. Z. Dolginov for 


suggesting the problem and for his continued inter- 
est. 


BS cin Butler, Proc. Roy. Soc. (London) A208, 559 
(1951). 


2 Fulbright, Bruner, Bromley and Goldman, Phys. Rev. 
88, 700 (1952). 


3.§. T. Butler and J. L. Symonds, Phys. Rev: 83, 858 
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Translated by I. Emin 
189 


On the Mechanism of Initiation of 
Boiling of Liquid iMetastable Systems by 
lonizing Radiation 


G. A. ASK AR’IAN 
P. N, Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor July 3, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 897-899 
(November, 1956 ) 


A CERTAIN concentration of like-charged ions 

undoubtedly gives rise to an embryonic micro- 
burst of a liquid in which anessential role of the 
electropoles of the ions appears not only in the re- 
pulsion of the ions but also in the realization of 
binding of ions to molecules. In the calcuation of 
the number of bubbles which are formed as a re- 
sult of the ageregation of ions in a liquid super- 
saturated with vapor! or gas*’?, we shall assume 
as sufficient for the induced creation of a bubble 
that there originate in a region whose dimensions 
do not exceed the ‘‘interval of localizations’’ 
A(€) (€ are parameters which characterize the 
degree of supersaturation) v(&) positively charged 
ions, the electrons of which acquired an energy 
aS eC) upon ionization. (We shall call such 
ions noncompensated). The parameter éia% charac- 
terizes the conditions of separation ( averaged over 
all possible configurational dispositions of v ions) 
for which the effect of oppositely charged centers 
becomes unimportant, at least in the time of forma- 
tion ofthe embryonic cavity. 

The probability w(e,) of creation of conditions 
adequate for the formation of an embryonic cavity 
somewhere along the track of a 6-electron, which 
has an initial energy €,, depends on the complex 
spatial distribution on noncompensated ions. We 
can, however, with sufficient confidence, assume 
that the most numerous 6-electrons with low ener- 
gies give the chief contribution to the creation of 
the fluctuations which interest us. This circum- 
stance facilitates the modeling of a distribution of 
noncompensated ions. Thus, for example, we can 


hypothesize that a large part of the noncompen- 
sated ions is formed near the tracks of low energy 
6-electrons and the distributions of such ions is 
approximated closely by a Poisson distribution, in 
which the mean specific number of these noncompen- 
sated ions is related to the specific energy loss of 


an electron 7 ~ ( Ve, mp) (de/dx) = a/€;,,€,where 
by (€;mpShould be understood the energy loss which 


occurs (on the average ) per noncompensated ion 
if 4 
ormed near the track caer re ). Then the 


probability of creation of the required groups per 
element of length dx averaged over the track of a 
d-electron is 

(An) * ; 
dw = 9 ay * for << 1% 
|) dw (2) + 2, (20); 


ve. 
imp 


andw (¢9) = 


where w, (€,) is the additional probability of a 
sought fluctuation at the origin of the track of a 
6-electron. Integrating over the spectrum of the 6- 
electrons, we obtain the specific number of bubbles: 


© max 7 d 
—_ K =< So 
eae \ W (Eo) B? 25 
YEimp 
Oe O44 (aa)? (+, a) 2? y(t 
~ Fy =4)l (ee OREN ons +) ph @), 
i imp 


imp 


on disregarding the relativistic corrections and the 
weak dependence on the upper limit (Z and 8 are 
the charge and speed of an ionizing particle ). 

A characteristic of the process of ionic initiation 


in certain liquids should be noted. Thus, for ex- 
ample, in pure liquids of inert elements in which 


formation of negative molecular ions does not occur, 
the energy necessary for sufficient removal of elec- 
trons from ionized molecules, which take part in 


the formation of cavities, must be anomalously 
large to avoid recombination of ions with high 


mobility electrons before completion of formation of 
a cavity. Therefore, the intensity of a track in 
bubble chambers with inert liquids must increase 
with addition of certain substances which form 


negative ions. 
In a series of events, a certain apparently rela- 
tively small number of bubbles can be formed as a 


result of thermal spikes generated by nuclear colli- 
sions. In calculation of the number of such bubbles 
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we must have in mind that under the moderate super- 
saturation conditions prevailing, single stage 
nuclear collisions of ionizing particles with nuclei 
of atoms of the molecules of the liquid play the 
chief role in the creation of the necessary locali- 
zation of kinetic energies of molecules. The mean 
energy of initiation, apparently, will not depend 
noticeably on the type of nucleus which has re- 
ceived the impulse in the collision, since this 
energy is further distributed among the neighboring 
molecules. A correct theoretical estimate of the 
energy necessary for ‘‘microburst’’ creation of 
embryonic voids does not appear possible, although 
there is some basis for thinking that it is rather 
large at moderate operating supersaturations in view 
of the dynamic resistances which arise. Assuming 
that the energy of initiation espana) exceeds the 
binding energy of atoms in the molecule, we ob- 
tain for the number of acts of transfer to nuclei of 


energy which exceeds Gig 


—— 
n therm ~ 


Sie 

© init pe B ) 

where \, is the number of electrons per cubic 
centimeter of liquid and M_ is the mass of the pro- 
ton. An estimate of the threshold energy for thermal 
initiation of boiling of some liquids for various 
supersaturations could be obtained by studying 
boiling of these liquids under the action of mono- 
chromatic neutrons, the energy of which can be 
varied over the range ~ ]-100 ev. 

On increasing the degree of instability of the 
state, the initiation energy decreases and various 
microprocesses gradually come into effect, which 
guarantee a localization of thermal energy: multi- 
ple collisions, transformation of energy of excited 
molecules into kinetic energy of surrounding mole- 
cules, etc. The high transfer efficiency of elec- 
tronic excitation energy to energy of motion of the 


nuclei of polyatomic molecules which is distributed 
in collisions with neighboring molecules can make 
the indicated process important in a series of con- 
crete cases of formation of thermal spikes. 

It would be natural to try to use the energy re- 
tained in the created ions for the purpose of de- 
veloping a track after the passage of a particle, 
through some interval of time (~ 1] millisecond ) 
sufficient for a pressure burst, i.e., for the creation 
of an automatically operating bubble chamber.The 
supersaturation necessary for retarded development 
of tracks must be such that the kinetic energy 
given off on neutralization of ionized polyatomic 
molecules exceeds the energy for initiation of 
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boiling.(Various mechanisms of transformation of 
the energy liberated during neutralization into 
kinetic energy of molecules--the scattering of 
molecules which have been mutually neutralized, 
dissociation of a molecule excited during neutrali- 
zation, Collisions of the second kind, of surround- 
ing molecules with a molecule excited on neutraliza- 
tion, etc.--give a kinetic energy which does not 
exceed a few electron volts.) For clear deve lop- 
ment of a track, it is necessary that a sufficient 
number of the ions which have remained recombine 
in the course of a short time interval. High spec- 
ific ionization produced by the charged particles in 
the liquid, low coefficients of diffusion and of 
mobility of the ions, and the possibility of utiliza- 
tion of electropoles for variation of the dynamics 
of the recombination process of ions all create 
favorable conditions and allow confidence in the 
expediencey of attempts to set up automatic re- 
cording by going over to very high momentum- 
initiated superheats or supersaturations of operat- 


ing liquids which contain polyatomic molecules. 

According to the thermal model of electric break- 
down of liquids proposed by Guntherschultz (see, 
for example, Ref. 4), one should also expect a 
manifestation of thermal spikes and vapor-gas 
nuclei upon “‘punctuated’’ energy loss by ions 
drifting in the electric field, even at pre-breakdown 
voltages. Therefore, use of a sufficiently strong 
electric field (‘‘waiting’’ or switched on immedi- 
ately after passage of a particle ) can apparently 
either develop the track upon a ‘‘waiting’’ small 
superheat, or conserve the centers of development 
of the track until the creation of adequate super- 
saturation. 

As another example of possible broadening of the 
range of varities of bubble chambers, one can cite 
the possibility of using the slow growth of bubbles 
and small background in a gas bubble chamber to 
demonstrate the recording of tracks of long range 
particles in opaque, physically-interesting, gassed 
liquids through bubbles which emerge on the free 
surface of the liquid (along the “‘torpedo-like”’ 
trail of the particle ). In this case, some informa- 
tion on the spatial arrangement of a track can be 
estimated fron the relative sizes of the bubbles 


along the track, as the size depends on the time 
needed to reach the surface. 


1D. A. Glaser, Nuovo Cimento ( Suppl.) 11, Ser. 9, 2, 
361 (1954); D. A. Glaser and D. C. Rahn, Phys. Rev. 97, 
474 (1955). 
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ane: Askar’ian, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 
636 (1955); Soviet Phys. JETP 1, 571 (1955). 


3 P. Argan and A. Gigli, Nuovo Cimento 8, 5 1171 
(1956). 


2m Wolkenstein, Breakdown of Liquid Dielectrics, 
ONTI, Moscow, 1934. 
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Consequences of Renormalizability of 
Pseudoscalar Meson Theory with 
Two Interaction Constants 


V. V. SUDAKOV AND K. A. TER-MARTIROSIAN 
(Submitted to JETP editor July 14, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 899-901 
(November, 1956) 


ee consequences of renormalizability of the 
pseudoscalar meson theory with two interaction 
constants obtained by Shirkov! are conveniently 
formulated as in Ref. 2. 


The starting equations are again 
01 (2, Xo, B— L) = op (Ses Per ©) / %e (Ber Aer L)» (1) 
B (g2, do, E—L) = BB Aer £) / By (Bes Ae. L)s 
d (g2, Xo, E—L) =, (BF, Ror &) [de (Ber Aer L)s 
SF (g2, do, E—L) = Pe (BF, Ror 8) / Po (Ber Ae» L). 
One then introduces two effective charges g( &) 
and A(€): 
8 (E) = gia? (g2, Ao, E—L) (2) 
X p2(g2, do, E—L)d (gh, Xo, 6 — L) 
= gru2 (g?, rer ©) BZ (Bes Aor 6) dy (SEs Rov §)» 
DE) ee ean esl) (ee, Ny, = L) 
= 2d? (g2, Ag €) Py (82 Aor §)- 
(2 


The notation is the same as in Ref. 2. isa 


quantity whose dependence on the meson-meson 
scattering amplitude P is given by®: 


ef = (92 / 4X9) P, P= (g¢/ 4ttd,) P., 
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A, is a constant which appears in front of the Hamil- 
tonian interaction terms* 


(40/4!) (S,.ca9 5, iP Se ,csoraty ae 82,2. 5t1,) Pe, Pr2Pr, Pr, 


The equivalence of the determination of the effec- 
tive charges from either nonrenormalized or re- 
normalized quantities follows from Eq. (1) and from 
the relations which exist between renormalized and 
nonrenormalized constants 


83 = B202 (g2, Aor L)B2 (2, Aer Le (BE Bor Ly (3) 
Need (foe Ke, 1) Doe AEE) s 


This is fundamentally confirmed by the fact that 
the logarithmic derivatives of u, 8, d and |? with 
respect to € are found to be solely dependent on 
the effective charges’ *g~ and d 


(4) 
a /o = 0/0, = Fy (g?, 4), B’/B = 8/8, = Fa (g?, 9), 
d'jd = d,/d, = Fs(g?,d), FP'|P = P/F, = Fa (8? 0). 


Let us derive, for example, the last of Eqs. (4). 
The quantities g? and A, which appear in ie and 
ie can be expressed in terms of g”, \ and & by 
means of Eq. (2). Carrying this out, one obtains 


fF! (So) Xo» c— L)/# (g3, Xo, Sex L) 
= Fy [g? (g5, 40, §—L), i (g2, Ao, €—ZL), &]. 


This equation can only be satisfied if F, is not 

an explicit function of & otherwise, if &> and A, 

were kept constant, and € and L were varied, keep- 

ing their difference fixed, then € would be the sole 

variable appearing explicitly in F, only. 
According to Eqs. (2) and (4), the logarithmic 

derivatives of the effective charges become 


(g2)'/g? = 2Fy (g?, 0) + 2F2 (g, 2») (5) 


+ Fe (g?, A), '/A = Fa (g?, A) + 2Fs (g?, A). 
If the functions F are known, then Kqs. (5) define 
a system of differential equations which, together 
with the boundary conditions g7(L) = go A(L) 
= Nos fully determine the effective charges g2( &) 
and A(é). 

The functions F' may be obtained from perturba- 
tion theory which applies if ey A) << land € is 
close to L, so that BL — ¢) and d,(L — €) are 


small with respect to unity. Weshall consider the 
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most general case, when A, and g2 are of the same 
order of magnitude. The solution obtained in this 
case is also valid when one ofthese quantities 

is small with respect to the other Ce << Aq or Ay 
< un ), since one may then simply neglect the 
small quantity with respect to the large one. We 
shall limit ourselves to the asymptotic solutions in 
the zero approximation, i.e., we shall consider all 
quantities as functions of only gi (é- L) and 


A, (€-L) or, what amounts tothe same thing,gé 


x (€-L) and Bo X6: Perturbation theory calcula- 
tions indicate that «, 8B, and d do not contain any 
terms in NS (€~L), and we can therefore apply the 
results of Ref. 2 which give F',, F',, F, and the 
asymptotic forms of a, 8 and d, and the effective 
charge g*(). Perturbation theory yields for Ase : 


Ago = Ay — (g/m?) (E — L) + /0ng (6 — L). 


The three terms of this formula correspond to the 
diagrams a, b, c. In order to obtain the function F 
it is necessary to compute P7/p hear in the last 


formula and in the resulting expression substitute 
85 for g? and A, for A; this yields 


Fy = 1120/2 — g?/n2n. (4°) 


Applying Eq. (4’) and Eqs. (3”) and (4) of Ref. 
2 to Eq. (5) one finds 


4 2 eee 
Nee td £o 225 289 
x Soe ee ag t cl? OE Oo eel inet IE 


Carrying out the substitution 
2 (EB) = (gp/ 47) F (x) a2 (x), x= Q's, 
we obtain the equation for the meson-meson scatter- 
ing amplitude P. 
adP/dx= 16/, —11/.(P/ x)? 


with the boundary condition P (1) = Am Aygo The 
solution of Eq. (7) is 

i: 16 1 

eC 


a9 


which coincides with the results obtained in Ref. 
3 for A, =0 (8 =l). 

The present investigation may be used to compute 
asymptotic solutions to any order in g”, » from per- 
turbation theory results to the same order. 


In conclusion, the author would like to thank I. Ia. 
Pomeranchuk and V. B. Berestetskii. 


*The symmetric theory is considered here. 


**The expressions for the logarithmic derivatives of 
renormalized quantities are obtained from Eq. (1). 


1p. V. Shirkov, Dokl. Akad. Nauk SSSR 105, 972(1955). 


2 
V. V. Sudakov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
31, 729 (1956). 


3 
I. T. Diatlov and K. A. Ter-Martirosian, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 416 (1956); Soviet Phys. 
JETP -3, 454 (1956). 
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Excitation of Nuclear Vibrational Levels 
by Scattering of Fast Neutrons 


E. V. INOPIN 
Physico-Technical Institute 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor July 15, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 901-902 
(November, 1956 ) 


[é is shown in Ref. ] that there exists a large 
group of even-even nuclei in the interval 36 
<N < 88, whose first two excited levels apparently 


have vibrational character; this group property may 
be explained by the theory of A. Bohr? for the case 
of weak or intermediate coupling between the 
nuclear surface and the motion of individual 


nucleons. We shall consider here the excitation of 
the first vibrational level as it occurs during scat- 


tering of fast neutrons by a black nucleus and we 
shall limit ourselvestothe zero coupling case. 


The nuclear surface is characterized by the equa- 
tion 


r(3;-o) = R E 7 DCE (9, | (1) 
: 


the coordinates A y are correlated with creation and 
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annihilation operators 8 7 and Bi: 
xLB, + eh ]. 
med and first excited states are given by xno 
(no phonons ) and Me (one phonon with angular 


momentum 2 and ee anecty The matrix ele- 
ments for the operators B, and Bi are 


oy =V1/ 2B @ 


The wave functions for the 


(2u | 6, (2) 


| 00) = 3... (2u.| 6, ,| 00) = 0. 
The energy of the surface vibration is given by the 
expression é,= a(5/2+n), where n is the 
number of phonons. The energy of the first ex- 
cited level, « 
0.3< €, 


In the ground state, the nucleus performs zero 


= # @, is limited to the interval 


< 2.0 mev for the nuclei in question. 


order vibration of frequency w. For sufficiently 
fast neutrons, the problem may be solved in the 
adiabatic approximation by computing the scatter- 
ing of neutrons by a fixed surface nucleus. In this 
case, it is necessary that the period of zero order 
vibration, T = 27/w, be much longer than the 
collision time, T~ R/v, where R is the nuclear 
radius and v the neutron velocity. This leads to 
the condition (€,/47E)kR << 1, which is quite 
well satisfied for «, ~ 1 mev and for a neutron 
energy of several tens mev. 

The amplitude for scattering by a black nucleus 
is obtained from the well-known formula 


f (0, «,) = (ih / 2m) \ ei Kegs, (3) 
where k and k’ are the wave vectors of the inci- 
dent and scattered neutrons, and the integration is 
to be carried out over a projected area of the 
nucleus whose surface is defined by the parameters 
a, the projection being taken on a plane perpen- 
dicular to the incident vector k. The scattering 
cross section in the @ direction for an excited 
state where there is one phonon with angular 
momentum 2 and component p , is computed from 


the formula (see Ref. 3) 


6, (0) =| (2u| F (8, «,,) | 00) |. (4) 


Integral (3) may be calculated after carrying out 
a transformation of the variables which changes the 
surface of an ellipsoid into the surface of a 
sphere; the region of integration becomes a circle 


instead of an ellipse, the projection of an ellipsoid. 


Carrying out the computation, one obtains the 
following expression for the scattering amplitude 
(accurate to within terms linear in uy) : 
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(5) 


FT (0, « p) = ikR? e = ie in % 9) 


The O48 are now replaced by the operators By, and 


Bip and the application of the expression for the 
matrix elements of these operators leads to the 
required cross section 


(6) 


3 (0) = pR® [(Jr (RO) / 6) — 5, (0) =0, 


S19 (0) = 3/5 


Mp RRJ» (RRO)]?, 
p (RR)PR°J3 (RRO), 


where p = (5/87) */Ba. The ratio of the inelastic 
to the elastic scattering cross section depends 
mainly on the quantity p. Hydrodynamical calcula- 
tions give B =(3/87)MR?, where M is the mass 
of the nucleus; it is shown in Ref. 4, however, that 
in order to bring about agreement with experiment, 
this value must be multiplied by a factor of ap- 
proximately five. Choosing such a value of B, the 
quantity p is of the order of 1072 , i.e., the cross 
section forthe process under consideration is two 
orders of magnitude lower than the cross section 
for elastic scattering. 


o(8) 


10 


0 a Qt 03 QY 28 


Figs 


Comparison with experiment can be carried out 
first of all by measuring the angular distribution 
of inelastically scattered neutrons and comparing 
it with the angular distribution predicted by Eq. (6) 
summed over yp, i.e., with a(@) =do Coes 20.5 (6). 
Fig. ] shows o (6)(in units of pk2R4/4) Mie 


kR = 10. Comparison with experiment can also be 
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achieved by measuring the angular correlation be- 
tween inelastically scattered neutrons and y-rays 
produced during nuclear transitions to the ground 
state. The photons here carry two units of angular 
momentum; applying the well-known formula for the 
angular distribution of photons, one obtains the 
following exrpession for the transition cross sec- 
tion, wherein the neutrons are inelastically scat- 
tered at an angle 6 and the photon makes an angle 
d with the direction k 


o (6, 9) dQ,dQ,, (7) 
= = [3 (x? — x4) o (8) + (1 — x4) o2 (0)] dQ,dQ,, 


where x = cos Uv. 
The author wishes to thank D. V. Volkov and 
L. N. Rozentsveig for valuable advice. 
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3S. 1. Drozdov, J. Exptl. Theoret. Phys. (U.S.S.R.) 28, 
734 (1955); Soviet Phys. JETP 1, 591 (1955). 


4 A. 1. Akhiezer and V. B. Berestetskii, Quantum 
Electrodynamics, GITTL, Moscow, 1953. 
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Density of the Normal Component for 
Solutions of the Isotopes of Helium 


N. G. BEREZNIAK AND B. N. ESEL’SON 
Physico-Technical Institute 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor June 31, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 902-903 
(November, 1956) 


N accordance with current ideas! there are to be 


associated with atoms of He® in solution He II 
elementary excitations characterized by the follow- 
ing dependence of energy upon momentum: 


E=E, + (p— py)? /2u, (1) 


where pz is the effective mass of the impurity atom. 
The minimum of the energy corresponds either to 
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Po =O orto py # 0. The contribution of the im- 
purity to the density of the normal component of the 
He II depends critically upon the form of the 

energy spectrum, and can be written in the follow- 
ing manner’: 


Pn = Pny + (9/m) ux | for ey =0, (2) 


On = Pao + (0/m) (pe / 8kT) x for po 0, (3) 


where x is the molar concentration of the He® in the 
solution. From this it is immediately evident that 
an experimental determination of the temperature 
dependence of the normal component density for 
solutions of He® and He* will make it possible to 
establish the form of the energy spectrum. 

For this purpose an experiment was performed to 
determine p, for solutions of the helium isotopes 


by means of the customary method, i.e., the 
measurement of the period of oscillation © of a 
stack of discs immersed in the solution?>4, From 
this the ratio of p, to the density p) of the solu- 
tion for the corresponding A-point was computed. 
The results thus obtained* are presented in Fig. 


ily 


a 
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Fic. 1. Dependence of P,, / P upon temperature: 
1—pure He4 ; 23.0% He® ; 35.6% He® ; 48.2% He3 


Using the indicated values of p, 1 Ose and de- 
termining p) from the known densities of He* and 
He® 6-7, assuming them to be additive, it is possi- 
ble to derive the dependence of p, upon x for 
various temperatures, as shown in Fig. 2. 

It is clearly evident that this dependence is 
linear down to a temperature of 1.8°K, the iso- 
therms thus obtained being parallel to one another. 
A relation of this sort among p,, T and x, in ac- 


cordance with Eq. (2), testifies to the fact that the 


LETTERS TO THE EDITOR 


energy spectrum for the solution is characterized 
by the value Po =9; the effective mass of the He? 
in solution can be determined from the slope of 
these lines. The calculations lead to the value 
p= 3.0 m,, the effective mass depending upon 
neither temperature nor concentration. These re- 
sults fully confirm the conclusions previously 
reached®; the value for Le given here, however, is 
somewhat more exact, insofar as it has been de- 
termined by averaging the data obtained for 


several solutions having different concentrations of 


He?. 


Ay (g/cm?) 
Gr 


FIG. 2. Dependence of the normal component density 


P,, for solutions upon the concentration x for various tem- 


peratures: J—1.4; 2— 1.5; 3—1.6; 4—1.7; 5—1.8; 6—1.9; 
2.0° K. 


It should be mentioned that the sharp break of the 
© — T curve at the A-point may serve to locate the 
latter; the values for T thus obtained agree well 
with other data reported recently®. 
We take this opportunity to thank Prof. B. G. 
Lazarev for his consideration of these results. 


* In the present experiment the temperature was de- 
termined from the He4 vapor pressure, with the aid of 
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On the Total Energy of the 
B-Transition RaC —RaC’ 


A. V. KOGAN AND I. A. SOKOLOV 
Leningrad Physical-Technical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor July 19, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 904 
(November, 1956) 


T HERE exist a large number of works devoted 
to the study of the B-spectrum of RaC and the 
y-spectrum of the excited RaC’ nucleus. Owing 
to the great complexity of these spectra, for a 
long time the diverse data obtained could not be 
made to conform, and to yield a perfectly definite 
scheme of the energy states of the RaC‘ nucleus. 
Some authors!’? assume that the B-tansition with 
the highest limiting energy of 3.17 mev proceeds 
not to the ground level of the RaC’ nucleus but to 
an excited level with an excitation energy of 609 
kev, which corresponds to a total 6-transition 
energy of 3.78 mev. 

In 1955, data obtained by studying the y-ray 
spectrum of RaC’ by means of measurements of 
y-y and B-y coincidences®’* were published.The 
absence of B-y coincidences for the 8-spectrum 
with the highest limiting energy furnished the 
basis for proposing the scheme according to which 
the B-transition with limiting energy 3.17 mev 
proceeds to the ground level*. It should be noted 
that the data of works published up to now do not 
exclude the possibility that the transition we are 
studying proceeds entirely to a metastable level 
rather than to the ground level. 

During recent years, transitions of the type £3 
or M3 were observed for some nuclei with half- 
lives of the order of a few hundred microseconds :®, 
That an isomeric state with such a half-life also 
occurs in the case of RaC’(Po?!*) is not ex- 
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cluded. 
One can detect a metastable state by measure- 


ments of ‘‘delayed’? B—y and B—« coincidences. 
The usual method for such measurements was em- 
ployed. The impulses of a B-counter were fed to 
the coincidence circuit with a time delay ¢ , which 
could be adjusted from zero to a few thousand 
Recording of ‘‘delayed’’ B—y co- 
incidences were carried out without a selection in 
energies of the §- and y-radiation. In these 
measurements, no metastable state was detected 
with half-life within the range 0.5 to 400 secs. 

In registering “‘delayed’? B—a coincidences, an 
aluminum filter was placed between the source 
and the B-counters. The thickness of the filter 
corresponded to the absorption of all the B-parti- 
cles which give coincidences with y-quanta, i.e., 
£-particles pertaining to the highest energy B- 
transition were registered. An exponential de- 
pendence of the number of B—a coincidences on ta 
was obtained, corresponding to the a-decay of 
RaC% It is obvious that this result excludes the 
possibility of the existence of a metastable state 
with long lifetime, preceding the o-decay. 

Thus, comparison of the results from measure- 
ment of “‘delayed’’ B-y and B—«a coincidences 
allows one to assume that the B-transition with 
limiting energy 3.17 mev does not proceed to an 
isomeric level. The data obtained are in agree- 
ment with the decay scheme proposed by Johan- 
son‘ and confirms that the total energy of the B- 
transition equals 3.17 mev. 

The authors thank Prof. L. I. Rusinov for his 
attention and assistance in the completion of the 
current work. 


microseconds. 
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Decay of a 7-Meson 


V. V. ALPERS* AND A. P. MISHAKOVA 
(Submitted to JETP editor July 20, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 904-905 
(November, 1956 ) 


| pte ae: examination of a photographic 
emulsion! exposed in the stratosphere in May 
1955, a particle was found to have stopped in the 
emulsion, decaying into a single positive pion 
which exhibited a typical picture of 7> p> e- 
decay. The range of the p-meson is 550p. The 
track of the primary particle is inclined at a large 
angle to the emulsion, andthat of the secondary 
particle (the pion) is parallel to the emulsion. This 
complicates an interpretation of the event which 
might still be considered as the scattering of a 
pion. Measurements were carried out on the grain 
density of several pion tracks inclined at the same 
angle and going in the same direction as the primary 
particle. Comparison of the grain densities of these 
tracks with the density of the track under considera- 
tion indicated thatthe scattering of a pion is defi- 


nitely excluded. This must therefore be a particle 
decay event. 


The path of the pion measures 600 and its 
energy is E = 4,6 mev; this excludes the decay of 
a K-particle according to the scheme K>7+7°+Q, 
The event may therefore be interpreted as the de- 
cay of a T-meson according to an alternative de- 
cay scheme into one positive and two neutral 7-mesor 
(1’+ 7+ +27°)?"4. Upon retracting the 7-meson 
trajectory, it was found that the meson had entered - 
the emulsion having been created outside, and 
covered a distance of 3.76 cm in the emulsion. It 
is difficult to determine the T~meson mass exactly 
because its track makes a large angle with the 
plane of the emulsion. 

Grain density measurements were carried out ‘oF 
the given track and for the tracks of pions and 
protons lying at the same angle. Results of 
ionization measurements indicate that the nr: 
the particle in question is smaller than the »> 
of a proton but greater than that of a pion. 

One may therefore conclude on the basis «: 
ionization measurements that the particle mis: 

a K-meson. 

In conclusion, we should like tothank Prot. 
I. I. Gurevich for his expression of interest i 
work, 
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Inelastic Scattering Cross Sections of 


Nuclei for 2.5 MEV Neutrons 


V. I. SrRIZHAK 
Institute of Physics 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor July 23, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 907-908 
(November, 1956) 


ie this communication we present briefly the re- 
sults of measurements of inelastic cross sec- 
tions for 2.5 mev neutrons. These measurements 
were carried out in the Institute of Physics of the 
Academy of Sciences, Ukrainian SSR during 1951- 
1952. 

Inelastic scattering cross sections for neutrons 
can be measured rather easily by attenuation 
methods, using radioactive threshold detectors. In 
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In the second method, the spherical threshold de- 
tector was surrounded by a wrapping of scatterer. 
Here the neutrons scattered elastically by the part 
of the scatterer between the source of neutrons and 
the detector and not impinging on the detector will 


be compensated (completely or partly ) by neutrons 
elastically scattered into the detector by other 


parts of the scatterer. It follows that in this way 
also the decrease in activation of the detector due 
to inelastic scattering can be determined after 
establishing the amount of cancellation . 

A detailed analysis showed that both methods of 
measurement are valid under the experimental 


conditions used. 
The reaction P?1(n, p )Si?! was used as a thres- 


holddetector. The effective threshold here is equal 
to ~ 2 mev; the half-life is about 170 min. The 
neutrons were obtained fromthe D(d, n)He reaction. 
A thick, heavy ice target was bombarded with 190 


kev deuterons obtained from a low voltage accelera- 
tor constructed for this purpose. 


The measurements were carried out in the follow- 
ing fashion. A detector with scatterer and a de- 
tector without a scatterer were placed symmetri- 


cally with respect to the target at an aoe of 90° 
relative to the deuteron beam. The irradiations of 


the two detectors were carried out simultaneously. 
After the end of the irradiation the activity of the 
detectors was measured using counters. 


TABLE. Inelastic Scattering Cross 


Sections for 2.5 mev Neutrons. 


such experiments, the shapes of the scatterer and 
detector must be chosen in such a way as to 
eliminate the effect of elastic scattering or else 
make possible the evaluation of this effect. The 
threshold of the detector should be high enough so 
that the inelastically scattered neutrons cannot 
activate it. These problems were solved in two 
ways. In one method, a spherical scatterer was 
surrounded by a thin wrapper of the detector such 


that all neutrons elastically scattered by the 
catterer hada chance to pass through the detector 


nd activate it. Since inelastically scattered neu- 
trons lose a significant fraction of their energy and 
© not activate the detector the experiment gives 
che attenuation of the neutron beam as a result of 
nelastic scattering. 


Cross section Cc f 
Scatterer | forinelastic Sc atterer Eeee Section 
5 for inelastic 
scattering, ; 
Share scattering, 
: in bams __~ 
Na 0,530.26 Zn | 4.88-40,15 
Mg 0.770, 25 Se 4.880.417 
Al 0,960.17 Mo 1,9-£0.3 
P 0.7-40,2 Ag 2440.2 
S 0.5410. 24 Cd 2,940.2 
Cl 0.60.3 Sn 2,210.2 
Ca 0.4+0.2 Sb 1,940.2 
Cr 1,.4+0.3 Te 2.0-++0,35 
Fe 1.16-£0.12 J 4,960.25 
Co 4.40-40.14 Ba 1.6-41.0 
Ni 0.83-£0.12 W 2.60.25 
Cu 1,580.15 Hg 2,6-£0.3 
Pb 1.70.3 
Bi 0.70.3 
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The cross sections for chlorine and barium were 
calculated from measurements of the inelastic cross 
sections of NaCl, BaS, Na and S and the assump- 
tion of the additivity of cross sections. 

The results of the measurements are shown in the 
Table. They make possible the following con- 
clusions: (1) the inelastic cross sections for 2.5 
mev neutrons for most nuclei increase smoothly 
with a mass number; (2) nuclei having a magic 
number of nucleons have inelastic scattering cross 
sections that are significantly smaller than neigh- 
boring nuclei. It may be that this is the result of 
the presence of particularly stable nuclear clouds, 
whose influence is felt even at neutron energies of 
2.0 mev. 

In conclusion, I take the opportunity to acknowl- 
edge the direction of A. I]. Leypounskii in this 
work and the valuable advice and interest of M.V. 
Pasechnik. 
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Level Shifts in p-Mesic Hydrogen and the 
Structure of the Proton 


L. M. AFRIKIAN 
P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor July 27, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 908-909 
(November, 1956) 


HE work of Wheeler! showed that a study of 

pi-mesic atoms can serve to give information on 
the internal structure of the nucleus and to de- 
termine some of its properties. The purpose of this 
note is to call attention to the possibility of using 
data on the fine structure of the p-mesic hydrogen 
system to give information concerning the internal 
structure of the proton and the limits of the applica- 
bility of quantum electrodynamics. 

The energy of the stationary state of p-mesic 
hydrogen to an accuracy including order a* X 
(a = e7/#c) can be written in the form 

E=E, +E, + Ey + E53. (1) 
In this equation the main term, E 9, is the energy of 
the p -meson in a Coulomb field of a point proton 
including the correction for retarded interaction. The 
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correction proportional to o is due tothe polariza- 
tion of the electron vacuum in the neighborhood of 
the p-mesic atom and was first pointed out in the 
work of Galanin and Pomeranchuk? (see also Ref. 
3). The term proportional to u* contains the cor- 
rection to the ‘‘ordinary”’ fine structure of the 
level determined by spin orbit interaction and the 
relativistic dependence of mass on energy, and 
also the second approximation to the polarization 
of the electron vacuum. There is also included in 
the approximation the so-called hyperfine structure 
of the level determined by the interaction of the 
magnetic moments of the proton and p-meson. In 
the given situation this is comparable to the fine 
structure. Finally, the term involving a? includes 
the interaction of the pf -meson with the zero point 
vibrations of the electromagnetic field, the ef- 
fect of the polarization of the p-mesic vacuum and 
third order corrections to the electron vacuum 
polarization. It should be emphasized thatin all 
these terms, it is necessary to take into account 
electromagnetic corrections arising from the finite 
mass of the proton and retarded potentials. 

It is not hard tosee, however, that in addition to 
the electromagnetic terms included above, the 
terms of order «? and a? should also contain ef- 
fects of nonelectromagnetic origin. The term of 
order «” should be strongly affected by the inter- 
action of the proton with the zero point vibration of 
the 7-mesic vacuum. The existence of this inter- 
action should lead to a smearing of the proton 
charge over a distance of the order of the Compton 
wavelength ofthe 7-meson. This will result in a 
deviation of the electric field from the Coulombic 
in the indicated regions. We will examine some of 
the effects arising fromthe existence of the proton 
in a dissociated state (neutron + 7-meson ) during 
a time interval 7. Corresponding tothis effect, 
there exists a correction to the basic energy level 
of the p-mesic hydrogen of the order of the quantity 


AE~ 7 (p/m)? an Ry’ (1 + /M)-, (2) 


where m, p» and M correspond tothe masses of the 


7, w-meson and of the proton; Ry’ = pe*/2k*. Since 


the quantity (/m)? in Eq. (2) is of the order of unity, 
this effect introduces a significant contribution to 
the relativistic fine structure of the level of the p- 
mesic hydrogen (~ a2). For ordinary hydrogen, 
because of the smallness of the quantity 

(m,/m)* =(1/273)2, the dissociation of the pro- 
ton has an effect only of the order of electromagnetic 


. 
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corrections proportional to «4. Thisis at the 
borderline of present-day experimental errors. Non- 
electromagnetic effects should likewise contribute 
significantly to corrections to the (ordinary) fine 
structure of y-mesic hydrogen («* approximation ). 
Let us examine, for example, the polarization of 


the vacuum in p-mesic hydrogen. Generalizing the 
results of Vehling* for polarization corrections to 


arbitrary atomic and vacuum particles having masses 
mo and m_ in the case where m,/my is much less 


than 1/a, we have: 


8 my \2 Ry’, «3 My \~3 
faa 7m (14+ 42) G 


The factor G in Eq. (3) is determined by the spins 
of the particles examined and their interaction 

with the vacuum fields. It follows from Eq. (3) that 
the polarization of the 7-mesic vacuum introduces 
into y-mesic atoms terms of the same order as 


ms (3) 


arise from the polarization of the p-mesic vacuum. 
For ordinary hydrogen the polarization of the z- 
mesic vacuum introduces terms of the same order 
as electromagnetic corrections of order «5. These 
are beyond present-day experimental techniques. 

At the same time, because the polarization of 
the 7-niesic vacuum by the external electromag- 
netic field is seriously affected by the strong 
interaction of virtual 7-mesic and nucleon pairs, 
the nonelectromagnetic additions tothe fine struc- 
ture of the p-mesic hydrogen have a first order 
effect. The isolation of these effects might serve 
toestablish the limits of applicability of pure 
electrodynamics and possibly lead to some tests of 
present-day ideas of the interactions of nucleons 
with 7-mesons. 

In conclusion, I thank Prof. V. L. Ginzburg for 
discussions of this note and for a series of criti- 
cal comments. 
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The Photoproduction Cross Section for 
Positronium in an External Field 
Taking into Account 
Radiative Corrections 


A. I. ALEKSEEV 
Moscow Technical Physics Institute 
(Submitted to JETP editor July 28, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 909-910 
(November, 1956) 


T HE differential cross section do for the photo- 
production of positronoum in an external field, 
taking into account radiative corrections of any 
order, is connected with the differential cross sec- 
tion do, for the photoproduction of the free pro- 
ducts with zero relative velocity by the following 
relation:! 


do =[(¥ (0) ¥ O)/(Y, (2) ¥ , O)] doy. (1) 
where w(x) is a wave function (in relative co- 
ordinates ) of the ground state of positronium (with 
energy E), satisfying a Bethe-Salpeter equation 
which takes into account the possibility of anni- 
hilation!»2, w,(x) is a wave function of the free 
particles and is a proper function of the same com- 
plete set (but with an energy E, = E +, where 

€ > 0 is the binding energy ), as is W(x). In Eq. 


(1) it is necessary to evaluate (W (0) ¥(0)) 
= Spl w (0)w(0)] with the same accuracy as is 
taken in the calculation of do,. 

If only the first radiative corrections are ex- 
amined, the multiplier (w (0) w(0)] must be re- 
placed by its nonrelativistic value, since the 


(0) 2 is of the order of 


next correction to ie 


(e?/itc)* 3. In addition, when positronium is 
produced in a ground state, the factor (w,(0) 

x w ,(0)) can be taken equal to one®. Thus, the 
calculation of the photoproduction cross section of 
positronium in an external field, taking into account 
first order radiative corrections, is reduced to the 
problem of finding the cross sections of either the 
photoproduction of the free particles or of brems- 
strahlung in an external field. This latter has 


4 However, from 


been investigated by Myamlin. 
his results we cannot immediately write down the 
cross section dg,, since the author’s purpose was 


to find the radiative corrections to bremsstrahlung, 
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and so he did not examine three diagrams corre- 
sponding to radiation with double scattering of the 
electron in an external field (higher Born approxi- 
mation ). 

In view of the tedious character of the evaluation 
do, (taking into account the first radiative correc- 
tions ), we have confined ourselves in what fol- 
lows to evaluating the order of magnitude of the 
cross section for small velocities v of positronium, 
large enough, however, so that the Born approxi- 
mation is still justified (Ze?/ire << v/e << 1). 
Calculations lead tothe following result forthe 
photoproduction cross section of positronium in the 
ground state: 


do = Z2?r2x4[D + « (u/c)? (O; + ZO,)] dQ, (2) 


where « = e*/ire, ry = e*/me”, Ze is the charge of 
the external field, and the element of the solid 
angle dQ) indicates the direction of the total 
momentum P of the positronium. ®, and wT; are 
dimensionless functions of P and the photon 
momentum k, having magnitudes of order of unity. 
Further, yi a* OdQ = dg, is the cross section 
in the first nonvanishing approximation having the 
form 


doy = 4Z?r?c4 [(mc)® P [kP]? / k? (P — k)* (kP — k?)] dQ. 
(3) 


It is interesting to notice that, in contrast to kq. 
(2), the first radiative corrections tothe photo- 
production cross section of positronium with two 
quanta * do not contain the multiplier (v/c)? at 
low velocities v. 

At high velocities, the Feynman diagrams with 
Z*; corresponding to a higher Born approximation, 
do not contribute to do, © and the photoproduction 
cross section of positronium do is determined by 
the formula 


do = |v. 
nonre] 


(0) |? [dor (p, P) /d%p (2nh)], _9, (4) 
where p is a relative momentum, and the cross sec- 
tion dos p, P) is the photopraluction cross sec- 
tion for free paticles, taking into account the 
radiative corrections calculated by Myamlin*. 

The infrared divergences in the radiative correc- 
tions [ not only in first order (Eqs. (2) and (4) ), 
but in any order in e*/itc] cancel each otherin the 
photoproduction of positronium. This is seen as 
follows. The amplitude of the photoproduction of 
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positronium, taking into account radiative correc- 
tions of any order, is the same even to the multi- 


plier with the amplitude for the photoproduction of 
free particles with zero relative velocity!. How- 
ever, in the case of free particles, the radiative 
corrections to the process of order (e*/itic ye 
which bring in the infrared divergence, can be 
written as (see-Ref. 7): 2(p, + p,)M where MM is 
the amplitude of the given process to order (e7/fc)", 
and p, and p, are numerical coefficients propor- 
tional to e2/# c and having the form** 


he, poe \ ee ae (5) 
Pr He m)* \(p,) (py) 


_ e& 1 Cdk 
Po Fe (ny? JR, ’ 
where p, and p, are momenta corresponding to the 
initial and final states of the electron. Since in 
the case of photoproduction, p,; = —p, (py is the 


momentum of the positron ), p, =p, (p, is the elec- 
tron momentum), and p, = py, then p, +p, =9; 
therefore, the terms with the infrared divergence in 
the radiative correction to the photoproduction of 
positronium vanish. [ In an analogous fashion it 
can be shown (see Ref. 1 and 3) tha the infrared 


divergences in the radiative corrections to the 
annihilation of positronium likewise cancel to any 


order of e?/irc. | 

At high energies, the more probable process is 
not the formation of positronium, but the formation 
of interacting particles. In fact, on one hand, at 
high energies of the y-quanta, the angle @ between 
the particles formed is small: 9 ~ mc 2 Kay oes 
being the energy of the quantum). On the other 
hand, the angle @ is of the order v,.)/¥» where 
V1 18 the relative velocity of the particles and v 
is the velocity of their center of mass (v ~ c). It 
follows that the particles formed go off with low 
relative velocity v,.)/¢ ~ mc*/w << 1. In this 
case, taking into account the interaction between 
the two particles according to a formula analogous 
to kiq. (1) (see Ref. 1), leads to a significant in- 
crease in the differential cross section [relative 
to Eq. (4)] due to the factor (ys (0) W(0) ) which 
in first approximation, is equal to 

(¥ (0) ¥ (0)) (6) 

= (2ne? / hv.) (1 —exp {— 2ne2 / hu ea 
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In conclusion, I would like to thank A. D. 
Galanin for discussions of the results of this work. 


* This cross section is evaluated (see Ref. 1) by a 
formula analogous to Eq. (1), where the cross section 


do, for the photoproduction of the free particles by two 
quanta is calculated, together with the first radiative 


corrections, by Brown and Feynman”. 
** The following summation rule has been used: 


(ab) —— Ad a a,b, as Agbs — azb3. 
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A bubble Chamber for the Study of 


Cosmic Rays 


E. V. KuzZNeEtSOV, M. F. Lomanov, G. A. BLINOV 
AND CHUAN CHEN-N1IANG(KHUAN SHEN-NIAN’) 
(Submitted to JETP editor July 30, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 911 
(November, 1956 ) 


P until now bubble chambers have not been 
used forthe study of cosmic rays. The reason 
for this lies in the lack of control of such chambers, 


since the life-time of the embryonic bubbles formed 


by ionizing particles in going through the chamber 
is significantly less thanthe time in which decom- 
pression occurs. However, as will be seen in this 
work, bubble chambers can be used to study cosmic 
rays. This can be accomplished by increasing the 
efficiency of the chamber, that is, by increasing 
the fraction of the time in which the chamber is 
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sensitive. The efficiency is determined by the 
Sensitive time in each cycle as well as by the length 
of each cycle. By shortening the cycling time and 
taking certain other precautions, we have increased 
the efficiency of the chamber so that it has be- 

come practical to work with cosmic rays. 
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A schematic plan of the set—up is given in the 
Figure. It consists of the chamber J, a limiter 2, 
and compressor 3. The chamber / has a cylindrical 
form and is filled with freon—13 (CC1F, ). The 
volume of the chamber is 1] liter. The viewing win- 
dows are discs of organic glass mounted without 
gaskets. The membrane M, is constructed out of 
rubber made from domestic synthetic nayrite. 

The compressor 3 is made like the air-compressor 
type KVD and produces a periodic compression and 
decompression of the chamber at a rate of 10 
cycles/sec. The horespower used in sucha 
compression process is not large since the energy 
expended by thé rotor during the compression part 
of the cycle is returned upon decompression. In 
this way, the method described is advantageously 


different from one using a gas. The cylinder of 
the compressor is filled with oil. The pressure 
exerted on it by the plunger is transmitted to 
water occupying the central volume of the limiter 
and through it to the working fluid inthe chamber 
1. 

The limiter 2 determines the limits in which the 
pressure in the chamber can vary. It gives the 
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pressure curve the shape of a square wave. The 
upper limit is determined by the pressure p y 
of the gas in the left part of the limiter; the 
lower limit is determined by the pressure p, 
in the right part. P, is 1.5—2 times higher than 


the vapor pressure ofthe working liquid; P, is 


of the order of 10 atms. less than the vapor pres- 
sure of the liquid. When the plunger is in the 
lower part of the cylinder, as indicated in the 
drawing, the membrane M2 is pressed against 


the right screen, the membrane M, is found in 


some middle position andthe pressure in a sys- 
tem is equal to P, . When, however, the plunger 
is in the upper position, the membrane M, is 
pressed to the right screen and the membrane V, 
is in a neutral position. The pressure in the 
system now is equalto P, . The relation be- 


tween the time of compression and the time of 
decompression can be changed by changing the 
amount of working liquid in the chamber or the 
amount of water in the limiter. The pressure 

curve taken using a condenser manometer has been 
observed on an oscillograph. 

3ubbles which do not collapse during the com- 
pression, rise tothe trap 4 which is cooled with 
dry ice; there they collapse. 

The adjustment of the chamber was made using 
a cobalt 60 y-ray source and cosmic rays. Figure 
2 shows one of the first photographs taken of 
such tracks withthe flash initiated by a counter 
telescope. 

The chamber, in the basement of a two-story 
building, registers on the average 5 cosmic ray 
particles each minute. A rough efficiency cal- 
culation gives the value 0.1. 

A more detailed description of the construction 
of the apparatus will be published later. 

We are grateful to Academician A. I. Alikhanov 
for support ofthe idea of a high efficiency bubble 
chamber and to A. G. Meshkovskii for interest in 
the work. Likewise we thank Iu. V. Bardiukov who 
carried out most ofthe technical work and who 
contributed many valuable improvements to the 
construction of the chamber. 
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Some Properties of Rotating He II 
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Physico-Technical Institute 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor July 31, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 912 
(November, 1956) 


S is well known, it has been established ex- 
perimentally that for oscillatory motion of a 
stack of discs in He II? only the normal component 

is entrained, while forrapid uniform rotation of a 
vessel containing He II*the liquid rotates as a 
whole. The results of these experiments have 
been explained in papers by Landau and Lifshitz® 
and by Feynman’, according to which the condition 
of thermodynamic equilibrium for a rotating vessel 
filled with He II corresponds to entrainment, not 
only of the normal component, but, of the superfluid 
as well; in addition, He II must have a moment of 
inertia which varies with the velocity of rotation 
from a value corresponding to entrainment of the 
normal component alone to a value corresponding to 
rotation of the liquid as a whole®. However, as 
follows from the papers cited above’, entrainment 
of the superfluid component must occur at velocities 
smaller than those encountered in the experiments 
with stacks of discs, and the fact that this effect 
has not been observed might be explainable on the 
basis of an appreciable relaxation time. It would 
therefore be most desirable to verify experimentally 
the dependence of the moment of inertia of rotating 
He II upon the angular velocity, and to attempt to 
determine the relaxation time. 

To resolve this question, the rotational damping 
of a vessel filled with He II was investigated under 
conditions approximating as closely as possible 
continuous equilibrium between the normal and 
superfluid components. Since the relaxation time 
was unknown, it was necessary for the rotating sys- 
tem to suffer as little damping as possible. To 
insure this, the method of suspending a plexiglass 
beaker of He II in a magnetic field was used, per- 
mitting the beaker to rotate for several hours after 
receiving an initial angular velocity of a few revo- 
lutions per second. The beaker (R = 1.5 cm) con- 
tained approximately 300 light aluminum discs 
separated by distances smaller than the penetra- 
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tion depth for the viscous wave. The angular 
velocity of the beaker of He II was raised in a few 
seconds to the desired value by means of a rotating 
magnetic field, which was then turned off. Initially, 
under these conditions, only the normal component 
of the He II should be drawn along by the discs, 
while after the relaxation time had elapsed the 
superfluid component would be entrained as well. 

If the relaxation time exceeds the time required to 
set the vessel into rotation, then, depending on the 
degree of entrainment of the superfluid component, 
an appreciable change in the moment of inertia of 
the beaker of helium (roughly 25%) would be ex- 
pected, leading to a change in the velocity of ro- 
tation. A study of the rotational damping of the 
beaker of He II, however, demonstrates the absence 
of any significant change in velocity; this is illus- 
trated in the Figure, in which the variation of the 
angular velocity of the beaker with time is shown for 


v(rev/ sec) 


a 


T = 1.5°K and for starting times of 10 sec (lower 
curve ) and 2 sec (upper curve ). From this it may 
be concluded that the relaxation time must be less 
than 2 sec. These same experiments permit de- 
termination of the variation in the moment of inertia 
of He II with rotational velocity. It is found that 
for velocities greater than 0.5 rev/sec there is no 
such variation. This latter result is in excellent 
agreement with the results obtained in the experi- 
ments with a stack of discs oscillating at large 
amplitudes6, 

Thus, the absence of entrainment of the superfluid 
Component in the experiments, using an oscillating 
stack of discs with small amplitudes cannot be ex- 
plained on the basis of a long relaxation time. The 
question of the possibility of a velocity-dependent 
relaxation times, which was brought to our attention 
by L. D. Landau, as yet remains open. 


1, L. Andronikashvili, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 16, 780 (1946). 


2D. V. Osborne, Proc. Phys. Soc. (London) A63, 909 
(1950). 

3 L. D. Landau and E. M. Lifshitz, Dokl. Akad. Nauk 
SSSR 100, 669 (1955). 

4 R. P. Feynman, Prog. in Low Temp. Phys. 1, 17 
(1955). 

5 1, M. Lifshitz and M. I. Kaganov, J. Exptl. Theoret. 


Phys. (U.S.S.R.) 29, 257 (1955); Soviet Phys. JETP 2, 
172 (1956). 


6 A. C. Hollis-Hallett, Proc. Roy. Soc. (London) A210, 
404 (1952). 
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